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PREFACE. 






This book has been written as a companion volmne to my 
Treatise on the Differential GaLculus, and in its constniotion 
I have endeavoured to carry out the smne general plan on 
which that book was composed. I have, accordingly, studied 
simplicity so far as was consistent with ngov of deanmstra- 
tiouy and have tried to make the subject as attractive to the 
beginner as the nature of the Calculus would permit. 

I have, as far as possible, confined my attention tathe 
general principles o£ Integration^ and have endeavoured to 
arrange the successive portions of the subject in the order 
best suited for the student. 

I have paid considerable attention to the geometrical ap- 
plications of the Calculus, and have introduced the leading 
fundamental properties of the more important curves and 
surfaces, so far as they were connected with the Integral'' 
Calculus. This has led me to give many remarkable results, •:> 
such as Steiner's general theorems on the connexion of pedals 
and roulettes, Amsler's Planimeter, Landen's theorems on 
the rectification of the hyperbola, Gennocchi's theorem on the 
rectification of the Cartesian Oval, and others which have not 
been usually included in text-books on the Integral Calculus. 

The present Edition has been altered and improved in 
several respects; the principal change, however, consist^ in 
the introduction of two new Chapters, one on Momentst^ 
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Inertia, and the other on Mean Value and ProbabiKty. For 
the methods adopted, and the greater part of the details in 
the former Chapter, I am indebted to the kindness of Pro- 
fessor Townsend. The Chapter on Mean Value and Proba- 
bility has been written by Professor Crofton, of Woolwich, 
and I desire here to express my sense of the deep obligations 
I am under to him, and to tender him my very best thanks. 

I am glad to be able to lay this Chapter before the Student, 
as an introduction to this branch of the subject by a Mathe- 
matician, whose original and admirable papers, in the Philoso- 
phical Tramactiom^ 1868-9, ^'^^ elsewhere, have so largely 
contributed to the recent extension of this important applica- 
tion of the Integral Calculus. 

I have to tliank other friends for their kind assistance, 
more especially Mr. Cathcart and Mr. Panton, who have ex- 
tended to this book the same valuable aid which they afforded 
to my Differential Calculus, in the correction of the proof 
sheets, as well as in many important suggestions during the 
progress of the work. 

Trinitt Gollboe, 
March, 1877. 
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Page 22, line 11, /or Art. 8, read Art. 9. 
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s s 
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CHAPTER L 

ELEMENTAKY FORMS OF INTEGRATION. 

I. Integration. — ^The Integral Galonlus is the inverse of the 
Differential. In the more simple case to which this treatise 
is principally limited, the object of the Integral Calculus is 
to find a function of a single variable when its differential is 
known. 

Let the differential be represented by F (x) dx^ then the 
function whose differential iaF{x) dx ia called its integral^ 
and is represented by the notation 



1 



F{x) dx. 



Thus, since in the notation of the Differential Calculus we 
haye 

dfi?^) =/H dx, 

the integral oif\x) dx is denoted hjf{x) ; or 



I- 



f{x) dx =f{x). 



Moreover, as f{x) and f{x) + C (where C is any arbitrary 
quantity that does not vary with x) have the same differen- 
tial, it follows, that to find the general form of the integral of 
f^ (x) dxit IB neeessary to add an arbitrary constant tof{x) ; 
hence, we obtain, as the general expression for the integral 
in question 

\/{x)dx^f{x) + C. (i) 

II 



p 



2 Elementary Forms of Integration. 

In the subsequent integrals the constant C will be omitted, 
as it can always be supplied when necessary^ In the appli- 
cations of the Integral Calculus the value of the constant is de- 
termined in each case by the data of the problem, as will be 
more fully explained subsequently. 

The process of finding the primitive function or the inte^ 
gral of any given differential is called integration. 

The expression F{x) dx under the sign of integration is 
called an element of the integral ; it is also, in the limit, the 
increment of the primitive function when x is changed into 
x-\- dx (Dif. Cal., Art. 7) ; accordingly, the process of inte- 
gration may be regarded as the finding the sunfi^ of an infinite 
nimiber of such elements. 

We shall postpone the consideration of Integration from 
this point of view, and shall commence with the treatment of 
Integration regarded as being the inverse of Differentiation. 

2. Elementary Integrrals. — ^A very slight acquaintance 
with the Differential Calculus will at once suggest the inte- 
grals of many differentials. We commence with the simplest 
oases, an arbitrary constant being in all cases understood. 

On referring to the elementary forms of differentiation 
established in Chapter I. Dif. Cal. we may write down at 
once the following integrals : — 

J m+ 1 jaf' (m-i) x^'^ ^ ' 

If = log (*). (*) 

f . - ooBmx r _ sin mo? , . 

\smmxda= , \ 00a mxdx= . (c) 

J m J m ^ ' 

— 5- = tan Xj -r-r- = - cot a?. (rf) 

J cos'a? * J sin'iT ^ ' 



* It W9B in this aspect that the process of integration was treated hy Leib- 
nitB, the symbol of integration J being regarded as the initial letter of the word 
4HM^ in the same way as the symbol of differentiation d is the initial letter in 
the word tl{ferfnc$. 
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1 
1 
1 



dx 



, = sin-^ -. (e) 



X* a 



dx \ , .X . ^ 

= - tan-^ -. (/) 



a^ ■>(■ a^ a a 



f «* 
e'dx = e^\ (fdx = z . {g\ 

J log a '^^ 

These, together with two or three additional forms whioh 
shall be cdfterwards supplied, are called ^q fundamental* or 
elementary integrals, to whioh all other f orms,t that admit 
of integration in a fbite number of terms, are ultimately re- 
ducible. 

Many integrals are immediately reducible to one or other 
of these forms ; a few simple examples are given for exercise. 

Examples. 

[dx . I 

I. I -r-. Am. — . 

]x^ X 

-log (cos a;). 
-^ log (a + hx^). 



2. 


r dx 


3- 


> 

tanx dx, 

• 


4- 


f x^-^dx 
J a + bx*' 




f xdx 


S- 


J\/i -«» 


6. 


r dx 


*i. 


rsin 0d$ 



COB*0 ' 



sec 0. 



-■■ (-J!) 



* The fundamental integrals are denoted in this chapter by the letters a, h^ Cy 
Ac. ; the other formulee by numerals i, 2, 3, &c. 

t By integrable forms are here understood those contained in the elementary 
portion of the Integral Calculus, as involying the ordinary transcendental fiine> 
tions only, and excluding what are styled Elliptic and Hyper-£lliptic functiona. 
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Elementary Forms of Integration. 



\% 



%. \ — . Jju. - ^. 



C dx X 

J a?" 
^— ^. log (« - a). 

3. Integrral of a Sum. — ^It follows immediately from Art, 
1 2 Dif. Gal. that the integral of the sum of any number of 
differentials is the sum of the integrals of each taken sepa- 
rately. For example — 

Aaf^' Baf^' CoT' ^ 

= + + + &c. (2) 

m-\- in+ir+i ^' 

Hence we can write down immediately the integral of any 
function which is reducible to a finite number of terms con- 
sisting of powers of x multiplied by constant coeflScients. 
Again, to find the integrals of coa^xdx and ein^xdo! ; here 

f , r I + cos 2^ . a? sin 2a; 
cos Wa? = dx = - + , (3) 

f . , . f I - cos 2a? _ a? sin 2a; , , 

J Bm'xdx = J dx = - —. (4) 

A few examples are added for practice. 



Examples. 

I. I i — . Ans. log x-x* + — . 

J « 4 

J rr V * V * 

3, J tan* xd» = J (sec*d; - i) dx. tan a? - a?. 



Integration by Substitution. 5 

sin (m + fi)« 8in(i» — fi)a: 

4. J cos mx cos nxdx. Am, ^ f- + — 7 r — , 

•' 3 (m 4- m) 2(m— «) 

. . . , sin («-«)« 8in(ffi + f»)x 

5. J sin mj; Bin n^or. 7 r- ; r • 

6. I a/ rfar. a war^ V a*— «*. 

J ^a - X a 

Multiply the numerator and denominator by \/ a 4- x, 

7. Ix*/ X -k- a dx -(* + a) a (« + «). 

<fo? ' a / f 4\ 

8. /— — 7=. — (a:+a)" -arM 

Var + a + 'v/as 3«\ ' / 

Multiply the numerator and denominator by the complementary surd 

V « + a — V a?. 

4. Integrration by Substitution. — The integration of many 
expressions is immediately reducible to the elementary forms 
in Art. 2, by the substitution of a new variable. 

For example, to integrate [a + bxY dx^ we substitute s for 
41 + bx\ then dz = bdx^ and 

J (a 4 bx)d^-^ J -(«+i)6 (^+1)6 • 
Again, to find 

we substitute 2 for a + Ja?, as before, when the integral be- 
•comes 

I r (^ - ay dz 

2a a^ 

or - TT^T ^-r-«-7 r-zr.-^ 



6M (» - 3) 2'*"' (^ - 2)s"~' (w - I ) «"' ) ' 



6 Elementary Forms of Integration. 

On replacing 2 by a + Jo? the required integral can be ex- 
pressed in terms of x. 

The more general integral 



1 



of'dx 



(a + bx) 



n» 



where m is any positive integer, by a like substitution be- 
comes 



I f (2 - aYdz 



expanding by the binomial theorem and integrating each 
term separately the required integral can be immediately 
obtained. 

Again, to find 



1 



da 



mf^ {a + bxY^ 



we substitute 2 for - + 6, and it becomes 

X 






which is integrable, as before, whenever m + w is a positive 
integer greater than unity. 

It may be observed that all fractional expressions in which 
the nimierator is the differential of the denominator can be 
immediately integrated. 

For we obviously have, from (J), 



1 



■^ ■ %/W- (5) 



Integration of r-. 

a^- a^ 

Examples. 

gin xdx log (a + J cos a?) 



Inn xdx 
a + bcoax' 



2. 



3' 



6. 



Ia^dx I . , /aj\* 

— - ■ . r am"* ( - I . 

v/a8-«8 4 \«/ 

3. f log X '^. i (log «)2. 

J X 3 

I x^dx log (a + fta?) 3«» + 4ubr 
(a + bxf ' ^ ■** 2fi{a+bxy* 

I dx 23 a + 3« a + 2te 

«2 (a + *a;)»* ^ ^^ ~1p a^a; (a + bx)' 

I xdx 2(a + bx)% 2a (a + 3«)» 
(a + 6a;)»" ^P 3* ' 

_ f «<te 3 (<» + *^)^ 3<» (<» + **)* 

* J (a + *«)** "~5^ i3» ' 

1<fe 2 ^ . I 2X ^ a 

— , - tan"! w ^ 

av^2fla:-a» « ^ « 

Assume 2az — a^ = e^, then adx = 2(&, and the transformed integral is 

!2dz 



5. Integration of —7 r. 



Since 



a^ - a^ 2a (x - a x -\- a] 
we get 

f tfo I ^ X - a ,,v 

■3 — :;^ = ~i^gTTT- ^^^ 

J or " a 2a X -]- a 

This is to be regarded as another fundamental formula 
additional to those contained in Art. 2. 



8 Elementary Forms of Integration. 

In like manner we liave 



1 



dx I x-a ... 






6. Integration of — , 

a + zbx-^-Gx^ 

This may be written in the form 

cdx 



OTy snbfititating z iorcx + 5, 

dz 
z^-\-ac- 6*' 

This is the form (/) or (A) according as a<? - 6' is poai- 
tiye or negative. 

Hence, if ao 6^ we have 



1: 



dx I . , ca? + J , . 

tan~^ - (7) 



a + zbx + car* ^ac - 6* y^oc - 6* 

If flrc < i% 



1 



log , ^^-- (8) 



fl + zbx + CO?' 2^/^* - ac cx-\- h + ^b^ - ac 



This latter form can also be immediately obtained horn (6). 
In the particular case when ac = V^ the value of the inte- 
gral is 

- I 

ex -^ b' 

(p + gx)dx 

7. Integration. of • ; r. 

a + 2bx-\- car 

This can at once be written in the form 

g (b -\- ex) dx pc + qb dx 

c ' a + zbx-^cx^ c * a-i-zbx + ca^' 



T X J. - (ipcosfl- i)dx 

Integration of ^ -^ — . 9 

or — 2x cos tr + I 

The integral of the first term is evidently 

— log (a + ihx + car*), 

while the integral of the second is obtained by the preceding 
Article. 

Por example, let it be proposed to integrate 

(a?cos0 - \)dx 
a^- 2a coBd+ I* 

The expression becomes in this case 

cos (^ - cos 0) dx sin'* Odx 



x^- 2xcosO-\- 1 {x- cosO)' + sin* 0' 
lience 



1 



(xcosO-i)dx COS0, ., ^ V 

= log {x^ - 2XC0Bd + I) 



x^ - 2x cobO -h I 



' nj. , ^ - COS / V 

- sin tan"^ — . ^ . (9) 

sm& 



When the roots of a + 2hx -\- cx^ are real, it will be found 
simpler to integrate the expression by its decomposition into 
partial fractions. A general discussion of this method will 
be given in the next chapter. 



Examples. 



c dx > 2 ^ /2a?+ i\ 

I. I ;. uins, — T^tan-i 1 — — 1 ^ 

C dx I , /2a;-i4>v/7\ 



I o Elementary Forms of Integration. 



A I __ . jins, tan"^(a?+2). 

Idx I ^ , 5« + 2 

— 5 a* 7 ta^ — 2 — • 

Ia^dx I /«* — 3\ 

:. tan-^(2« — i). 

I — 2j? + 2aj* ^ ' 



8. Exponential Value for sin and cos 0. — By comparing- 
the fundamental formulse (/) and {h) the well-known expo- 
nential forms for sin and cos 6 can be immediately deduced^ 
as follows. 



Substitute Za/- i for a? in both sides of the equation 



1 



dx I . A + a?\ 

= - log! + const. ; 



and we get 



1 



dz I , (\^ z*y^ \ . 

— 5 = — 7= l^g( 7= ) + ^^^^^-J 



I ^- z 



^y - 1 \i --^v^- 



or, by (/), tan-^^r = — -=, log ( -7=^ + <^<^^^ 

2*/ - I \i - z^ - 1/ 

Now, let z = tan and this becomes 

f. I - A + >v/- I tan 0\ 

= — ;= log! — =- — ' + const. 

2^- \ °\i - y- I tanOy 

When = 0, this reduces to o = const. 



Exponential Forma of sin 6 and cos 0. 1 1 



v^ 



OOS0- v^^sinfl 

or e^V"^ = COB0 + ^/- I sin 0, 

e-^ = oosO - \/^ sin 0. 

dx 
9. Integration of 



^x^ ± a* 

Assume* V^^To^ = s - ^, 

then we get ± a' = s' - 2^s, 

hence {z-x)dz = ze&, or 



s - a: s ' 



This is to be regarded as another fundamental form. 

By aid of this and of form {e) it is evident that all ex- 
pressions of the shape 

dx 



^a-h 2bx + cx^ 



can be immediately integrated ; a, i, (?, being any constants^ 
positive or negative. 

The preceding integration evidently depends on formula 
(t), or {e),^ according as the coeflScient of x^ is positive or 
negative. 



♦ Tlie student will better understand the propriety of this assumption after 
reading a subsequent chapter, in which a general transformation, of which th& 
aboye is a particular case, will be given. 



1 2 Elementary Forms of Integration. 

Thus, we liave 

I = ——1ngf/*r-t-fe -t-^//T (/!->- 2^ -t-/»a!»)V (lo) 

J v^a + 2bx + car* v^'^c \ / 

I = — — mn-M L (ll) 

J ^a-{- 2bx-cx* v^c \v/fl<J + 6v 

<; being regarded as posiidve in both integrals. 

When the factors in the quadratic a + 2bx + cai^ are real 
and given the preceding integral can be exhibited in a 
simpler form by tiie method of the two next Articles. 

dx 
lO. Integration of 



y{x -a){x- fi) 
Assume x - a = z\ then dx = 2S(fe, 

dx 



= 2(fe, 



hence 



^x- 
dx idz 






f dx ^ ^ f 

' ' J yix-a) (x-li) J 



= 2 log (2 + v/s*+a-/3), by (0, 

^^ I /, X / ^^ = 2l0g(V^^+V^^). (I2) 

dx 



1 1 . Integration of 



As before, assume x - a = s*, and we get 



y{x-a)(Ji-x) ^fi-a-z' 



Hxponential Forma of sin 9 and cos 0. 13 

Hence, by (e), 



12. Again, as in Art. 7, the expression 

{p + qx) dx 
^ ^/ a -^ zbx + ca^ 

can be transformed into 

q {b + cx)dx PC + qh dx 



a 
a 



(13) 



^ -v/a+ ibx + cx^ ^ y^a + zbx + cx^ 

and is, accordingly, immediately integrable by aid of the 
preceding formulse. 



Examples. 

I. I r Am. 2 log (yx + Yx-a). 

J V a;* — ax 



J a/o* — a^ N a* 



3. [ - . 2 sin-^ \/ic- 1. 

4- I ^ — log(2«+i+2v^ l + a;^a;»)^ 

5- f ^ "Ta ^* ^ ^^^ + «)(«+&) + (« - *) log (\/x-{- a + s/xArh)^ 
Multiply the numerator and denominator by */ a; + a. 

, { dx - . , la; + I 

6. I , — , -4w*. sin"* — — — . 

J\/i-a;-a;2 VS 

7. f ^ -^8in-> WV±^ ' 
J >/(a + bx) (a' - ^'a:) ' \/iO' ^ (ti' ^ ba' " 



IX Eiemkemtary 



U- 



IM ^-1> = -, then 



dr ds ^ I -^ps 

= , and X = 



Jr -p z s 

— ds 






p) v^a -r 2&X -r CJ^ J v/as* -r 2fc ;I -^/»s) + c(l +!»)* 



f -«fe . 

J a/a' -r 26 Z -r fV 



wbere d = Cy V ^ h -t cp^ e = a -k- zbp + ^. 

The integral oonseqnentl j i^ redndble to (lo), or (ii), ao- 
<x>rding aa ^ is positive or negative. 

EXAHPLES. 



I. 



2. 



t dz \ fa\ 
. Aiu, - tOS-^ [-] . 






6. 



dx \i - X 

{i+x)^7^^' .""Vi + X* 

f-7=^— • -7='°8( ) 

[ ,'^:'. . _i^dn-. f *'-' ) . 

f ^r=. ^ Bin- (^^) . 

{, ^ ain-f-i + ii-V 



Integration of 7 -rrr. 15 

14. The transformation adopted in the last Article is ono 

of frequent application in Integration. It is, accordingly, 

'worthy of the student's notice that when we change x into 

I - dx dz , . 1 .A .. I ^^ dz 
- we have — = ; and, in general, if a?" = -, — = . 

z X z z X nz 

These results follow immediately from logarithmic difFer- 
<entiation, and often furnish a clue as to when an Integration 
is facilitated by such a transformation. 

For example, let us take the integral — 



1 



dx 



x{a^bQif^)'' 

Here, the substitution of - for af^ gives 

z 

1 ^ dz 
n]az +b' 

The value of which is obviously 

loff(«2 + J), or — logf r- ). 

na ^^ ^' na ^\a + bx^J 

dx 
15. Xntegrration of -7 rrr-. 

^ ^ (a + cx^)^ 

Jj&t X = -, and the expression becomes 

zdz 



■ {az^ + c)^ ' 
the integral of this is evidently 



I X 

r, or 



a {az^ + c) i a{a-\- cx^)^" 



C dx X • 

Hence -7 :Trr = —, ^tt- (h) 

J (a + ca^)^ a{a + cx^)^ 



1 6 E^m0!;9ZJrJ Ikrjt» iflxs^ 



Tkb ean b& wiirsen in the form 



-6^- cx-iy 



wicfh hi redncisd to the preceding on mating ^jr - 6 = z. 
iienf:^^ ve get 



<£r 6- fx 



{a - 24jr - cr*y* (at - l/^j (a - 2&r -r a^)i 
Again, if we ffdbstrtnte - far x. 



(15) 



beoamee 



(a -r 2isP -H Cir'ji (flZ* -r 2fc -r c)^ 

and, accordinglj, we liaye 



I 



(a -r zbx + £jjr*;t (o^ - b^) (a + 2&1? + cr*)** 

Comliining these two results, we get 

(p ■\-qx)dx _ bp - aq + (cp - hq)x 
(a + ibx + cx^)^ {ac - V) (a + zhx + ftr*)*' 



(16) 



1 



d9 dO 

17. Integration of -7—5 and ^. 

' * sm0 0080 

It will be shown in a subsequent chapter that the Integra* 
tion of a numerous class of expressions is reducible either to 

that of -. -7., or of ^ 5 ^^ accordingly propose to inves- 

sin cos o ^ x- x- 

tigate their values here. For this purpose we shall first find 

tho integral of -r-^ 5. 

» Biniloosil 



Integration of -r—^. ' 7 



dO 



dB _ cos'fl _ rf(tane) 
siiidcosO tand tanO 

C /ffi 

Consequently smeoosg ^ ^^gi^^^)- (^7) 

Next, to find the integral of 

dO 



sind' 
This can be written in the form 

dO 



. ff 
2 Sin- cos- 

2 2 



and by the preceding we have 

A£:ain, to determine the integral of 7;, we substitute 

^ ° COS0 

— ^ for 6, and the expression becomes -r-^ ; the integral 
of this, by (18), is 

- logftan^j, or logfcot|\ or logjcotf^ - -jj. 

Accordingly we have 

This integral can also be easily obtained otherwise, as 
follows : — 

r dO _ ^omOdQ _ r <^(sine) 

J cose " J cos'^e "J cos'il * 

c 



1 8 Elementary Ibrms of ItUegratian. 

Let sin = 2*, and the integral becomes 

J I - a^ 2 ^\i -xj 2 *^ \i - Bin 0/ 

The student will find no difficulty in identifying this re- 
sult with that contained in (19). 

dO 

18. Inteeration of z ^. 

a + 6 cos 

This can be immediately written in the form 

dO 



[a + b) cos' - + {a -b) sin* - 



Q 

sec* - dO 

2 
or _.___ 



0* 

a + b + {a - b) tan* - 



on substituting 2 for tan - this becomes 



2dz 



a + b + {a- b) z*' 



Consequently, by Ex. 6, Art. 2, we get 
(i) when a> by 



f_4« =-^tan-i/i^ta.«l. (20) 
Ja + 6cos0 VV-6* \^a + b 2) 



Different Metlwds of Integration. 



19 



( 2) when a <hyhy formula (A), 



dB 



^b + a + ^/b - a tsm - 



a 



+ 6co80 ^b'^-a' 



log < 



v/6 + a - v^6 - fl tan ~ 



>-{20 



If we assume a = b cos a, the latter integral is easily 
unsf ormed into 

dO 



If dd 

J J cos a + 



cos 



cos 6 sin a 



log < 



cos 



a + ti 



> 



The integral in (20) can be transformed into 



j 



dO 



cos 



>-l 



[b + a cos 0] 



a + b cos y^^2 _ J2 (a + 6 cos 0)' 



In a subsequent chapter a more general class of integrals 
rhich depend on the preceding will be discussed. 

19. Methods of Integrratioii. — The reduction of the inte- 
■ration of functions to one or other of the fundamental 
ormulsB is usually effected by one of the following methods. 

(i). Transformation by the introduction of a new va- 
riable. 
(2). Integration by parts. 
(3). Integration by rationalization. 
(4). Successive reduction. 
(5). Decomposition into partial fractions. 

Two or more of these methods can often be combined 
nth advantage. It may also be observed that these different 
Qethods are not essentially distinct; thus the method of 
ationalization is a case of the first method, as it is always 
tffected by the substitution of a new variable. 

We proceed to illustrate these processes by a few ele- 
aentary examples, reserving their fuller treatment iox wsii- 
equent oojmderation, 

c 2 



20 Elementary Forms of Integrtdion, 

20. IntegTation by Transformatum. — ^Ilxamples of this 
method liave been already given in Arts. 4, 10, &c. One or 
two additional cases are here added. 

Ex. I. To find the int^^ral of sin'j? cos^j? dx. 
Let sin ^ = y^ and the transformed integral is 

^ y* sin'a? 8in*jr 



jy'(i-!^)^y=jy'^y-j/^y = y-^ = 



_, , e'dx 

Ex. 2. 



It 



Let e* = y, smd we get 



f-^, = tan-V = tan-^(^). 



I + y 

21. Integratioii by Parts. — ^We have seen in Art. 15 
Dif . Cal. that 

d {uv) = udv + vdu ; 

hence we get 

uv = J udv + J t'fl^w, 

or J we^e? = we? - J t?rft^. (22) 

Consequently the integration of an expression of the form 
udv can be always made to depend on that of the expression 
vdu. 

The advantage of this method will be best exhibited by 
applying it to a few elementary cases. 

Ex.^ I. sin"^ xdx = X sin"^ x - — - 

= X sin-^ a + yT^. 



Integration hy Parts. 2 1 



Ex. 2. 



|. log X d.. 



Let u = log iB, «? = — , and we get 

% 

Ex.3. \ef"xdx. 

Let a? = w, — = r, then 

a 

xff^dx = — dx^ — [x — ). 

J a ] a a \ a) 

r 
Ex. 4. \ €i^ sin mx dx. 

Let sin ma; = tt, — = f?, then 

a 

f^^- ^ e!^ siamx m{ ^ 

\ e^ smmxax = \ ei^ cob mx dx. 

J a a] 

Similarly, \^ cos mxdx = + — e"' sin nix dx. 

J a aj 

Substituting, and solving f or J ^ sin ww? dir, we obtain 

f ^, . , ^' (a sin W2aj - m cos mx) , ^ 

\e^smmxdx= — ^ ^. {2^) 



a* + nv 
In like manner we get 



1 



^ (a cos mx + m sm ma?) , . 

e^ cos mxdx = — ^ ; -; -. (24) 

a^ + m^ ^ ' 



22 Elementary Forwu of IntegratioH, 






I. iflagxJr. Ant. ( 



kgx- 



1_> 



• + I / 



2. [ Xmdt^x dr. X XxEc^s - - log (i + x»). 

(«< 
X tan' xdx. x tan x + log (coa x} . 

Jam"^ zdz x sin"* x i , , . 
-^- — =r-+-log(l-x«> 

Let JT = ain y, and the integral becomea 

J ^^ c^ = J y<^(tan y) = y tan y 4 log(coe y). 

2 2 . Integrstioii by Rationalization. — By a proper assump-* 
tion of a new variable we can, in many cases, change an ir- 
rational expression into a rational one, and thus integrate it. 
An instance of tliis method has been given in Art. 8. 

The simplest case is where the quantity under the radical 
sign is of the form a + fer ; such expressions admit of being 
easily integrated. 

For example, let the expression be of the form 

{a + bx)^* 

where n is a positive integer. Suppose a -\- bx - e', then 

2zdz . z'-a 
ax = — r~> and x = — z— ; 


making these substitutions, the expression becomes 



2 (g' ~ aY di 

hn+l 
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Expanding by the Binomial Theorem and integrating the 

terms separately, the required integral can be immediately 

of^ dx 
found. It is also evident that the expression — can 

{a + bx)q 
be integrated by a similar substitution. . 

aj**"*^ dx 
23. Integration of 



(a + cx'f' 
where iw is a positive integer. 

Let a + ax? =z^i then xdx = — , a? = : and the 

c c 

transformed expression is 

(s* - a)^dz 



+1 



This can be integrated as before. It can be easily seen 

that the expression ;: is immediately integrable by 

{a + car*)? 

the same substitution. 

A considerable number of integrals will be found to bo 

reducible to this form ; a few examples are given for iUustra* 

tion. 

ExiKPLES. 
- Am. (i - a?«)». 

y/l-Sfi 3 

rX^ dx «* 2^5 , / r- 

— . + « : where z= *y i + x^* 

5 3 






I— 



24. It is easily seen that the more general expression 

f{x^) xdx 

*y a +Cir* 

where /(^) is a rational algebraic function, can be rational- 
ized by the same transformation. 



24 Ekmentenry Ibrm$ of Integration, 

Again, if we make x = -, the expresaioii 

di 



transforms into 

and is rednciUe to the preceding fonn when n is an evenposi^ 
tire integer. 

Hence, in this case, the expression can be easily integrated 
by the substitution (a + r;r*)i = «y. 

It will be subsequently seen that the integrals discussed 
in this and the preceding Articles are cases of a more general 
form, which is integrable by a similar transformation. 

Examples. 

-j__. An,. -^^ («» + ,). 

dx 
25. Integration of 



\A + Cx^) (a + cd^Y 



As in the preceding Art., let {a + ca?')i = «», or a + cx^ 
= «*s* : then, if we differentiate and divide by 2a?, we shall 
have 



dx dz 
cdx = z^dx + xzdzy or — = 



xz c - z* 
dx dz 



{a + cx")^ c -z"' 

and the transformed expression evidently is 

dz 

{Ac - Ca) - Az^ ' 



{25) 



Trigonometrical Tramformatioua. 25 

This is reducible to the fundamental formula (/), or (A), 
Ac - Ca . . V / \ /' 

according as -^ — is positive or negative. 

Ac - Ca 
Hence, (i) if j — > o, the integral is easily seen to be 



I I f ^/A{a + cix^) -f x^Ac - C a\ 

\yA{Ac'Ca) ^^ WA{a +car^) - xyic^^J ^^ ^ 

{2), If -J — < o, the value of the integral is 



, , x^/Ca - Ac . , 

^^ y ., (27) 



^yA[Ca - Ac) ^/A[a + cx^) 



Examples. 



Idx . ' . , f a; \/% \ 

7 — ; — 57- --J . Ans. —TZi tan-* — ^=. ] * 

f dx^ I ^ 1 /__i^__\ 

' J (3 + 4^^) (4 - 3^^)*' 5 ^'^ ''^' viTz^^y 



dx I 2 \/ 



I , 2 ^^3 + 42;« + 5* 



3 4- 4a;* - 5a? 

26. Bationalization by Trigonometrical Transformation. — 
It can be easily seen, as in Art. 6, that the irrational expression 

-v/a + 2bx + cx^ can be always transformed into one or other 
of the following shapes. 

(i)(a'-2% (2)(«'+r')i, (3)(8'-a^)»; 

neglecting a constant multiplier in each case. 

Accordingly, any algebraic expression in x which con- 
tains one, and but one, surd of a quadratic form, is capable 
of being rationalized by a trigonometrical transformation : 
the first of the forms, by making 2 = a sin ; the second, by 
z- a tan ; and the third, by 2 = a sec 0. 



26 Elementary Forms of Integration, 

For, (i) when s = a sin 0, we have (a* - z')i = a cos 9y 
and dz- a cos 00^0. 

(2). When s = a tan 0, .... (a* + s*)i = a sec 0, and 

adQ 

(3). When 2 = a sec 6, .... (s* - a*)i = a tan 0, and 
cfe = a tan sec 0r/0. 

A number of integrations can be performed by aid of one 
or other of these transformations. In a subsequent place thia 
class of transformations will be again considered. For the 
present we shall merely illustrate the method by a few ex- 
amples. 

Examples. 



J. 



r dx 



2. 



Let X — tan 0, and the integral becomes 

fcos ede _^d (sin 0) _ i _ y^i +a:*^ 

sin- Q ~ J sin* d ~ sin ~ x 

r dx 

Let s = a sin 0, and we get 

I f «f0 _ tan _ X 

a^]^^0~"'^ " ^TyV^* 

This Has been integrated by another transformation in Art. 15. 

f dx 
^' J ^{xi-i/ 

Let X = sec 0, and the integral becomes 



I cos> 0d0, or, by (3) Art. 3, 



sin cos 

+ -: 

2 2 

accordingly, the yalue of the integral in question is 



-^ +-C08-M-\ • 

2X* 2 \X/ 



On Transformatiom. 2j 



ga iiT^Xflx 



4 



IgaUxi 

Let X = tan 0, and we get 

e^ {a cos $ 4- sin 0) 



f 



COS e«^d0; or, by (23), 



I + «» 



Hence 



<far^*w»"*« (« + «)«« tan" 



( I + x*)^ ~ (I + 

Idipsin-^f ) . 



a») (I + x^}^ 



Let = sin* 0, or x — a tan' d, and the integral becomes 

a -f X 

aj0d (tan« 0), ot af0d (sec' d) : (since sec' 0=1 + tan' d). 

Integrating by parts, we haye 

/e<?(sec' 0)=0 see* fl -/sec'd d0 = sec' fl - tan fl : 

hence the value of the proposed integral is 



(a + x) tan-^ 



©*=(-)•• 



It may be observed that the fandamental formuIsB (e) and (/} can be at 
once obtained by aid of the transformations of this Article. 

27. The student must not, however, take for granted that 
whenever one or other of the preceding transformations is. 
applicable, it furnishes the simplest method of integration^ 
We have, in Arts. 8 and 13, already met with integrals of the^ 
class here discussed, and have treated them by other substitu- 
tions ; all that can be stated is, that the method given in the^ 
preceding Article will be often found the most simple and 
useful. The most suitable transformation in each case can 
only be arrived at after considerable practice and familiarity 
with the results introduced by such transformations. 

By employing different methods we often obtain integrals 
of the same expression which appear at first sight not to 
agree. On examination, however, it will always be found 
that they only differ by some constant ; othoimae, ticifirj OiOViML 
not have the same differential. 
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28. Higher Transcendental Functions. — Whenever the ex- 
pression under the radical sign contains powers of x beyond 
the second, the integral cannot, unless in exceptional cases, 
he reduced to any of the fundamental formulae ; and conse- 
quently cannot be represented in finite terms of a?, or of the 
ordinary transcendental functions : i. e. logarithmic, expo- 
nential, trigonometrical, or circular functions. Accordingly, 
the investigation of such integrals necessitates the introduc- 
tion of higher classes of transcendental functions. 

Thus the integration of irrational functions of Xy in which 
the expression under the square root is of the third or fourth 
degree in x, depends on a higher class of transcendentals 
■called Elliptic Functions. 

29. The method of integration by successive reduction is 
reserved for a subsequent place. The integration of rational 
fractions by the method of decomposition into partial frac- 
i;ions will be considered in the next chapter. 

30. Observations on Fundamental Forms.^From what has 

been already stated, the sign of integration J may be regarded 

in the light of a question : i. e., the meaning of the expression 

J F (x) dx is the same as asking what function of x has F {x) 

for its first derived. The answer to this question can only 

be derived from our previous knowledge of the differential 

coefficients of the different classes of functions, as obtained by 

^id of the Differential Calculus. The number of fundamental 

formulae of integration must therefore, ultimately, be the 

same as the nimiber of independent kinds of functions in 

Algebra and Trigonometry. These may be briefly classed as 

follows : — 

p 

i). Ordinary powers and roots, such as a^, rr^, &c. 

[2). Exponentials, a*, &c., and their inverse functions; 

viz.. Logarithms. 
(3). Trigonometric functions, sin x, tan x^ &c., and their 

inverse functions ; mr^Xy tan"^a;, &c. 

This classification may assist the student towards under- 
standing why an expression, in order to be capable of inte- 
gration in a finite form, in terms of x and the ordinary 
transcendental functions, must be reducible by transforma- 
iion to one or other of the fundamental iormMisB ^^«a in 



Definite Integrals, iq* 

this chapter. He will also soon find that the classes of in- 
tegrals which are so reducible are very limited, and that the 
large majority of expressions can only be integrated by the 
aid of infinite series. 

The student must not expect to understand at once the 
reason for each transformation which he finds given : as he^ 
however, gains familiarity with the subject he will find that 
most of the elementary integrations which can be performed 
group themselves imder a few heads ; and that the proper 
transformations are in general simple, not numerous, and 
usually not difficult to arrive at. He must often be prepared 
to abandon the transformations which seemed at first siglit 
the most suitable : such failures are not, however, to be con- 
sidered as waste of time, for it is by the application of such 
processes only that the student is enabled gradually to arrive 
at the general principles according to which integrals* may be 
classified. 

Many expressions will be found to admit of integration 
in two or more different ways. Such modes of arriving at 
the same results mutually throw light on each other, and will 
be found an instructive exercise for the beginner. 

3 1 . Definite Xntegr^rals. — ^We now proceed to a brief consi- 
deration of the process of integration regarded as a summa- 
tion, reserving a more complete discussion for a subsequent 
chapter. 

if we suppose any magnitude, Uy to vary continuously by 
successive increments, commencing with a value a, and termi- 
nating with a value {i : its total increment is obviously . repre- 
sented by |3 - a. But this total increment is equal to the sum 
of its partial increments ; and this holds, however small we- 
consider each increment to be. 

This result is denoted in the case of finite increments, by^ 
the equation 

^ 
S {^u) = jS - a : 

and in the case of infinitely smaU increments, by 
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in which (i and a are called the limits of integration : the 
ibrmer being the superior and the latter the inferior limit. 

Now, suppose u to be a function of another variable a?, 
represented by the equation 

u =/(a?) : 

then, if when a? = a, w becomes o, and when x -by u becomes 
i3, we have 

Moreover, in the limit, we have 

du -f (x) dxy 

neglecting* infinitely small quantities of the second order 
(See Dif. Cal., Art. 7). 

Hence, formula (28) becomes 



i 



f{x) dx =/{b) -/{a) ; (29) 



re- 



in which b and a are styled the superior and the inferior limits 
•of Xy respectively. 

It should be observed that the expression /^{x) dx 

^ b 
presents here the limit of the sum denoted by S {/(x) Ax)y 

a 

when Ax is regarded as evanescent. 

In the preceding we assume that each element/' (^r) dx is 
infinitely small for all values of x between the limits of inte- 
gration a and b ; and also that the limits, a and b, are both 
finite. 

A general investigation of these exceptional cases will be 
found in a subsequent chapter : meanwhile it may be stated, 
reserving these exceptions, that whenever/ (^i?), i. e. the integral 
of /' {x) dxy can be formed, the value of the definite integral 

f{x) dx is found by substituting each limit separately in- 
h 



i 



• In a subsequent chapter on Definite Integrals, a rigid demonstrHtion will 
"be founil of the propeity here assumed, namely that the sum of these quantities 
of the second order becomes evanescent in tlie limit, and consequently may be 
neglected. Compare also Art. 39, Dif. Cal. 



Change of Limits. 3 1 

stead of ar in/(ir), and subtracting the value for the lower 
limit from that for the upper. 

A few easy examples are added for illustration. 



Examples. 



w 



1. i mi BdO, An$, I. 





3. 



1 811 
J 

fg dx 



^ dx IT 

4«' 



» 



3. I ^ sin ^xdx. 



IT I 

8 "4 



f 1 dx I ( X 



2 tan"^ 



J 



tios^xdx. 



2 .4 



3.5 

i* xdx I , 

32. Change of Limits. — It should be observed that it is not 
necessary that the increment dx should be regarded as positive, 
for we may regard x as decreasing by successive stages, as 
'well as increasing. 

Accordingly we have 

jV(ar) dx =/(a) -/(*) = - {'fix) dx. (30) 

That is, the interchange of the limits is equivalent to a change 
of sign of the definite integral. 
Also, it is obvious that 



Co Ce rh 

i^{x) dx=\ f^[x) dx ■\-\ i^{x)dx\ 



■and so on. 
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Again, if we assume a? to be any function of a new variable 
s, so that ^ [x) dx becomes (// (s) ofe, we obviously have 



J<^[x)dx = xp {z) dzy 
Xq Jzq 



where Z and Zo are the values which z assumes when X and 

Xo are substituted for x, respectively. 

dx 

For example, if a? = a tan z, the expression -rn ^rrbe- 

^ ^ {a^ -{■ x^)t 

cos z dz 
comes — ; and if the limits of a? be o and a, those of 



a^ 



IT 

z are o and — . Consequently 



/»** dx I 1 ~ I 

I -n ^Ts = "i; n cos z dz- 

\y ^ x-)% a- J ^ a-^: 



Also, if we substitute a - e for a?, we have 

pa ro r« 

(a?) efo? = - <^ (a - s) (/s = f^{a - z) dz. 

Jo J a Jo 

Since neither x nor 2 occurs in the result, this equation 
may evidently be written in the form 

(x) dx =\ i>{a - x) dx. (31) 

33. Values of I ^mxmmxdx^ejid] cos mx cos nxdx. 

Since 2 siama sin, nx = cos (m - n) x - cos {m + w) ir, 
and 2 cos wa? cos wa? = cos (m - n) a? + cos {m + n) x^ 

we have 

sin (w - n) a? sin (m + n) x 



I 



sin ^a; sin nxdx = 



2(m - n) 2{m + rt) ^ 
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, f - sin (m - «) a; sin (w + n) « 

and cos ma cos nxda = — ) 7- + ) r-. 

J 2 {m - n) 2 {m-\- n) 

Hence, wlien m and n are unequal integers, we liaye 

^mxsisinxdx=OyQjA\ oob ma 00s nxdx = 0, (32) 
When w = w, we liaye 



- COB 2nx - a sin 2nx 
«w? = 



2 2 4n * 



sin* narcfe = — , when n is an integer. 

Jo 2 

In like manner, with the same condition, we have 



1 



ff ^ 



cos* nxdx = -. (33) 

2 



34 Elementary Forms of Integration. 



Examples. 

J(t -\-coax) dx I 
—} : r^. Ant, 

(x + sin x)3 2 



6. 



S. 



lO. 



II, 



[x + sin x)3 2 (:r + sin x)^ 

2. I jp sin a; <£p. sin ;r — a; cos x. 

ii — X 
dXm 2 log (i +«)—«. 

4. I (a + Ja*)"»«»»-i dir. i-- ^. 

J «(»l +1)0 

!x^dx 2 I 



Joa; 

(i + x»)tan-'» - . log (ten-.*). 

iy S + Ix-x^ ' asin-i^Jfll. 

J «• + »»- J* ; *°8 vi^Ti/ • 

r-s-. — tan"* ( — tan x^i . 

a* C08*jr + Ir 8in% ad \a / 

a + 6 tan^aj 2 {o - a) ^ * 

J — I ' sin (log a?). 



dx- 

12. Show that the integral of — can he obtained from that ofx^dx, 

X 

"Write the integral of a;"* dx in the form ; and, by the method of 

HI + I "* 

indeterminate forms, Ex. 5, Ch. iv. Diff. Gal., it can easily he seen that the 
true value of the fraction when w + i = o is log f - j , or log ar, omitting the 
Arbitrary constant. 

13. /««« sin mx cos ttxdx. 

This is immediately reducible to the integral given in formula (23). 

d 2 ( ^ "^ ^ *^^ ~ 

Ans, - tan-> 



f d 



sm a; 3^3 
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J 4.7 



f *^ 



(p+ 9^ cos a;) d!r 



.8. (^-£±i 
J a + 



6 cos X 
This is equivalent to 

« 

J^ <te pb — qa C dx 
b b J a + 6 cos jp' 

and accordingly can be integrated by Art. i8. 

xef'dx . «* 



!are«<*af , 
rr. ^/M. 

ijreZe I * 



20 



22 



f_^^ . 

J (a + i«)* 3* (a + b3?f 



Let «3 + I = 2^. 

dx I - /v^i +«*»-! 
■a3. . - log I ■ .._ 

24. Integrate — . . ^, ^ 

^ ° a + 6 cos 



3 + a cos 
by aid of the asrampUon x = ^^^^^g^ > 

D 2 
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25. Deduce Gregary's expansion for tssr^x finom formnla (/). 
TMien s < i, we bare 

= I -*• +x* -«« + &C 



1+** 



Jdx x^ x^ x"^ 
= x + + &c. 
1+** 3 5 7 

No constant is added since tan-'j; vanishes with x. 
26. Dedoce in a similar manner the expansions of log (^ -¥ x), and sin-^ j;» 

de 



27. Find the integral of 



a + 6coa B-^eand' 



This can be reduced to the form in Art. 18, by assuming - = cot tf, &c» 

c 

r dx 

J (a + bx)^i-\-x^' 

I / a 4- hx \ 

This can be integrated either by the method of Art. 1 3, or by that of Art 25. 



29- 


' 7 sin xdx 


30- 


fi dr 

J ^ cos x' 


31- 


f* dx 


J 0(4+ 3*^)* 




r- 



uiltl. - log 2. 

a 



log (i + v/2)* 



I 



ira2 



4 

2« /«\ 5ir«' 



33. I X yersin-^ f - j rf^. 





C2dx I , 

24- : — • -log2, 

J . 4+ 5sma; 3 



35. 



rl_^_^ ^tan-i(l). 

J 5+48m» 3 \3/ 



( 37 ) 



CHAPTER II. 

INTEGRATION OF RATIONAL FRACTIONS. 

34. Rational Fractions. — ^A fraction whose numerator and 
denominator are both rational algebraic functions of a 
Tariable is called a rational fraction. 

Let the expression in question be of the form 

ax"^ + laf^^ + c^*""* + &c. 
flV + 6V-^ + dar'' + &c. 

in which m and n are positive integers, and ayby... a', 6', . . • 
are constants. 

In the first place, if the degree of the numerator be 
greater than, or equal to, that of the denominator, by 
division we can obtain a quotient together with a new 
fraction in which the numerator is of a lower de^e than 
the denominator ; the former part can be immediately in- 
tegrated by Art. 3. The integration of the latter paaH: in 
general comes imder the method of Partial Fractions. 

35. Before' proceeding to the general process of inte- 
gration of rational fractions, we propose to consider a few 
elementary examples, which will lead up to, and indicate in 
what the general method really consists. 

We commence with the form already considered in Art. 7 ; 
in which, denoting by ai and 02 the roots of the denominator, 
the expression to be integrated may be represented by 

{p + qx) dx 



Assume 

p -^t qx Ax 



+ 



(i^ - oi) (a: - 02) X - ax X - «a 



3 8 Integration of Rational Fractions, 

Multiplying by {x-a\) {x- a?), we get 

p + qx = - {Aia2 + -^ooi) + {Ai + A2) X, 

Hence, we get for the determination of Ai and Az tha 
equations 

p = -AiQi-AzQi, q = Ai + Azj 
whence we obtain 

A - P "^ ^^^ A - JP + $^02 
-^1 — > -^2 — • 

Consequently 

r {p-¥qx)dx _ p •\- qax^ dx p ■¥ qa^ f c?!r 
J (-^-Oi) (a? -02) 01-02 J ^-oi ai-a2 JiP-a2 

* (i? + S'ai) log (a? - ai) - (i? + ^02) log (a? - 02) • 



fll •" ^2 

In like manner 



p + qa^ Ai A2 



(a?* - ai) (a?*'* - 02) a^-ai ' x^- 02 

« 

where -4i and A2 have the same values as above ; hence 

dx 



1 



(p + qx^) dx _ J 



+ -42 



iT^-Oi 



^2 

x^-a2 



33ut each of the latter integrals is of one or other of the- 
fundamental forms (/) and (h) of Chapter I. ; hence the 
proposed expression can be always integrated. 

Again, let it be proposed to integrate an expression of 
the form 

{p -h qx -h rx^) dx 

{x - nij {x - 02) {x - Qzj 
"We assume 

p + qx + rx^ _ Ax A2 A3 



{x - oi) (x - ©2) {x - az) x-Oi x-a2 x-a^^ 
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and, olearmg from fractions, and identifying both sides by 
equating the coefficients of a\ of Xy and the part independent 
of Xy at both sides, we obtain three equations of tne first 
degree in -4i, -^2, Asy which can be readily solved, by ordinary 
algebra ; thus determining the values of Aiy A^y A3 in terms 
of the given constants. 
By this means we get 

r {p ■¥ qx -h ra?) dx j { ^ jf^*^ J \ ^^ 

] (x-ai) {x-a2){x-az) jx-oi ^Jx-Oi J^r-aa 

= Ai log (x - oi) + A2 log {x - 02) + A3 log {x - as). 
We shall illustrate these results by a few simple examples. 



Examples. 

'• l(^^i^y ^"- jiog(.-3)-f5iog(.+.). 

3. I — ; . -log tan-^ar. 

4- I -I 5 . - tan"^ ^ - 7 ta^"* -• 

Ja?*+5** + 4 3 62 






a:' -I 



x^+i 



^ C(3x'-2)dx , /a?'-2\ ^ , 

Jia^ + x-i^dx I, I, , V 'i / . ^\ 

\.t»'-L- glog* + -log(.-.) + -log(» + 3). 

Here the denominator is equal to a; (a; - 2) (2? + 3) ; and we have 

«• + «—! ^1 -^2 -^s 

= f- + 



« (» - 2) (» -h 3) « a; -2 a? + 3' 
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hence «« + «- i = -<<i(«« + «-6) + -<<2ic(« + 3) + -45«(«-a)> 
.*. the equations for determining Ai^ A2 and A3 are 

Ai + Ai-^Ai^ I, -4i + 3-^2 - 2-4s = I, 6A1 = I, 
whence we get 

Ai = ^, ^2 = -> Az = -. 
023 

^- .2^JZt ^'*'- * + log («« + «+ I). 

We now proceed to the consideration of the general 
method ; and, as it is based on the decomposition of partial 
fractions, we begin with the latter process. 

36. Partial Fractions. — The method of decomposition of 
a fraction into its partial fractions is usually given in treatises 
on Algebra ; as, however, the process is intimately connected 
with flie integration of a large class of expressions, a short 
space is devoted to its consideration here. 

For brevity, we shall denote the fraction under con- 
sideration by ^^4-T- 

Let ai, 02, as, . . . an denote the roots of ^ {x) ; then 

^ [x] = [x- ai) [x - 02) (^ - 03) ... (a? - On). (i) 

There are four cases to be considered, according as we 
have roots, (i) real and unequal; (2) real and equal; (3) 
imarinary and unequal ; (4) imaginary and equal. 

We proceed to discuss each class separately. 

37. Beal and Unequal Boots. — In this case we may 
assume 

iP\X) X-Qi X-Qi X~az ^-On 

where -4i, A2, . ... An are independent of a. For, if the 
equation be cleared from fractions by multiplying by 0(^), 
on equating the coefficients of like powers of a on both 
sides, we obtain n equations for the determination of the n 
constants Aiy Azy . . . An» 
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Moreover, since these equations contain -4i, Azy &o., only 
in the first degree, they can always be solved : however, since 
the equations are often too complicated for ready solution, 
the following method is usually more expeditious. 

The equation (2), when cleared from fractions, gives 

f{x) = j4.i[x — 02) (iP - as) ... (a? - On) + •A2{x — oi) (a? — as) . . . 

[x-Qn) + &c. +-4n(a?-ai)(a?-a2) . . . (a?-a»_i) ; 

^nd since, by hypothesis, both sides of this equation are 
identical for all values of a, we may substitute ai for x 
throughout ; this gives 

/(ai) = Ai (ai - 02) (ai - as) . . . (d - On), 
or 

In like manner, we have 

Hence, when all the roots are unequal, we have 

M fMi^m_^^&o.^^,-L-. (4) 

ip[x) i>[ai)x-'ai (piaijx-Qi 0(a«).r-On 

Accordingly, in this case 

+ ^log{x-a„]. (5) 

The preceding inyestigation shows that to any root (a), 
whioh is not a multiple root, corresponds a single term in the 
integral, viz. 

^log(^-«); 



] 
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one which can always be fonnd, whether the remaining roots; 
are known or not ; and whether they are real or imaginary. 

38. It should also be observed that even when the degree 
of « in the numerator is greater than, or equal to, that in the 
denominator, the partial fraction corresponding to any root 
(o) in the denominator is still of the form found above. 

For let 



where Q and R denote the quotient and remainder, and let 

A . . jB 

be the partial fraction of —t-t corresponding to a single 

root a ; then, on multiplying by ^ {x) and substituting a 
instead of a?, it is easily seen, as before, that we get 

For example, let it be proposed to integrate the ex- 
pression 

ct^dx 

x^ - 2x^ - 50: + 6' 

Here the factors of the denominator are easily seen to be 

X - \y ^ + 2, and X - z\ 

accordingly, we may assume 

^' , ^ ^ 5 C 



Q^-lX^-^X-^-t ' X-\ X-Z X-^ 

To find a and j3, we equate the coefficients of x^ and x^ to 
zero, after clearing from fractions : this gives inmiediately, 
a = 2y and jS = 9. 

Again, since ^ (x) = x' - 2x^ -5^ + 6, we have 
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Accordingly, substituting 1,-2, and 3, successively for x- 
in the fraction 



x' 



2^x' - 40? - 5' 



we get 

6 15' 10 

and hence 

^ . I 32 . 243 

= ir+2a?+9-7-; r -. r + 



ar»-2a?*-5J? + 6 ^ 6(a:-i) i^[x-\-2) 10(^-3) 

x^dx a^ log(aj-i) 



•'• J^- 



= — + a?* + 92? - 



2a?' - 5A* + 6 3 6 

72 243 

- 7^1og(a;+2)+— log(^-3). 



39. If the numerator and denominator contain x in even 
powers only, the process can generally be simplified; for^ 
on substituting z for oi^, the fraction becomes of the form 

{^) ' 

Accordingly, whenever the roots of (fi{z) are real and 
unequal^ the fraction can be decomposed into partial fractions^ 
and to any root (a) corresponds a fraction of the form 



^'(a) z - a 

The corresponding term in the integral of 
is obviotiflly represented by 



f(a) r dx 
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This is of the form (/) or {h)y aoooiding as a is a positive 
or negative root. 

Tne case of imaginary roots in {z) "will be considered in 
a subsequent part of the chapter. 

It may be observed that the integrals treated of in Art. 5 
are simple oases of the method of partial fractions discussed 
in this Article. 



Examples. 



I. 






Here the fiiu^rs of the denominator evidently are x, x—i^ and x + i; we 
accordingly assume 

2X+7 A B C 

= — + + 



a^+ x'^-2X X a?-i x-\-2 
Again, as ^ (a?) = a;^ + a:* _ 22;, we have ^'(x) = 30?' + 20? — a ; 

... /(?) = 2:r+3 
^'(x) 31:*+ 2^ — 2' 

Hence, by (3) we have 

23 o 

consequently 



2. 

Here 



I 



dx 



{x^ + a*) (a:2 + ^2)- 



hence the value of the required integral is 

<?r»(-;'-'(i)-i'"-(f)l- 



! 



xdx 



(x'^ + a) (x'^-tt*) 
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SuVstitute » for x^^ and tbe transformed integral is 

r I dz 

J 2 (« + a) (« + b)' 

Consequently the yalue of the required integral is 

i ' ' ^^' zx+ii \og{x - a) - 2 log(a: - i). 

I(x^^'i)dx III 

r (tx+i)Jx I, , . ^ i, , 



8. 



I 



a;«+i(a + *ic»)' 



Let ar»» = -. 

s 



40. Multiple Boal Boots. — Suppose ^ (^) has r roots each, 
equal to a, then the fraction can be written in the shape 



(x-aYxfjix)' 

In this case we may assume 

fix) M, M2 Mr P 



{x - ay \P{x) {x - aY {x - a)**-' ' ' ' x-a 1// (a?)' 

where the last term arises from the remaining roots. 

For, when the expression is cleared from fractions, it is- 
readily seen that, on equating the coefficients of like powers 
at l)eth sides, we have as many equations as there are 
unknotm quantities, and accordingly the assimiption is a 
legitiniate one. 
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In order to determine the coefficients, ifcfi, M2y &c. . . . Mry 
clear from fractions, and we get 

f[x) = Ml \Ij{x) + M2{x - a) \P{x) + M^[x - af ^(a?) + &c (6) 

This gives, when a is substituted for a?, 

/(a) = M.rPia), or if. = ^. (7) 

Next, differentiate with respect to a?, and substitute a 
instead of ^ in the resulting equation, and we get 

/(a) == Mi^a) ^ M,xP{a) ; (8) 

which determines M2. 

By a second differentiation, M3 can be determined ; and 
80 on. 

It can be readily seen, that the series of equations thus 
arrived at may be written as follows — 

/{a) = MixP{a). 
f\a) = M, f '(a) + 2 .M2^if[a) + 1 . 2.M,xP[a). 

+ 1 .2.3.4.itf5;//(a), 

in which the law of formation is obvious, and the coefficients 
oan be obtained in succession. 

The corresponding part of the integral of 

f{x)dx 



evidently is 

_ Mr-i I Mr-2 Ml . . 

MrlOgix-a) J r^ - ... - ', r-7 —-. (o) 

^^ ^ x-a 2[x-af {r-i)[x-aY-^ 

If (x) have a second set of multiple roots, the cor- 
responding terms in the integral can be obtained in like 
manner. 



Imaginary Roots. 47 

41. Imaginary Boots. — The results arrived at in Art. 37 
apply to the case of imaginary, as well as to real, roots; 
however, as the corresponding partial fractions appear in 
this case under an imaginary form, it is desirable to give an 
investigation in which the coefficients are all real. 

Suppose a + b^ - i and a - h^ - i to be a pair of 
conjugate roots in the equation (a;) = o ; then the cor- 
responding quadratic factor is 

{x-a)^ + J% or a^ +jpiF + g' (suppose). 
We accordingly assimie 



and hence 



f(x) ^ Lx + M P 
(x) a^ •\-px + q Q ' 



.here ^ represente the portion arising from the remaining 

Lx 4- Jlf • . . ' 

roots, and -z is the part arising from the roots 

a^-\-px-\-q ^ ° 

<i ± h^ - I. 

Multiplying by ^ {x) we get 

p 

f{x) = {Lx + Jf) 1// (ir) + {^^-px + q)jz\p {x). (10) 

If in this, - {px + q) be substituted for a?*, the last term 
disappears ; and by repeating the same substitution in the 
•equation 

f{x) =^f,{x){Lx^M\ 

it ultimately reduces to a simple equation in a? ; on identify- 
ing both sides of this equation, we can determine the values 
of L and M. 

42. In many cases we can determine the coefficients L, M, 
more expeditiously, either by equating coefficients directly, 
or else by determining the other partial fractionis first, and 
subtracting their sum from the given fraction. 

It will also be found that the determination of many 
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integrals of this class can be much simplified bj a trans- 
formation to a new variable, or by some other suitablo 
expedient. 

Some elementary examples are added for the purpose 
of iUnstration. 



Examples. 

fxdx 
(I + «)(! + ar*)' 
Assume 

X A LxA-M 

+ 



(i + af) (!+««) i+a? i+a?» 
clearing from fractions, this becomes 

X = -4(i+«2)+ (Za: + Jf;(l+ar). 
£qTiate tlie coefficients, and we get 

Z + uf = o, Z + Jf=i, uf + Jf=o. 



Hence 



and accordingly 



2 a a 



II I I +a; 



(i + ir)(i-taf») ai+x al + a? 



2. 

Let 



f xdx I - 
(I + a;) (!+«*) " a °^ 

f d:a? 
J 1+**' 



i+a* 
(i+«)3 



+ -tan-iar. 

a 



ui Zar + 3f 

+ 



i + a^ i+a; i-« + af'* 



consequently, ul = -, by formula (3). Substituting and clearing £rom fractions^ 

o 
we hare 

3 =s i-aj + «« + 3(Z* + Jf)(l+a:); 
hence, diyiding by i + ar, we have 

2 - a? s 3 (Za? + if). 
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ConseqiieiiUjy 

I dx itdx I t{2-x)dx 



3 

= -log(i + a?) - ^log(i - a? + «2) + —L-tan-M ^^^ j . 

Hiis can l)e got from the last by dianging the sign of x, 

r dx 

In this case we haye 

I 1/ 1 I \ 

Let a;* = 2, and the integral becomes 

I f «fe 

Assume 

a;^ A B Zx ^ M 

• (a?- 1 )«(««+ 1) ~ (a?- 1)2 a?- I i + «» * 

To find Z and if, we clear from fractions, and by Art. 41, the yaloes of Z and 
M are f onnd by miJdng a;' » ~ i in the following equation, 

: «»= (Xa; + Jf ) (« - 1)2. 
This gires immediately X = — , Jf = o. 

Again, by Art. 40, we get immediately, A^-, 

To find J^, make a; = o in both sides of onr identity, and we get 

' 2 

E 
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Finallj 



x^dx II II t X 



(a:- !>*(«*+ I) a(ap-i)* 2ar-i 2i+a:«' 

7 f ^ 

Here fhe denominator is easily seen to be a^{x — i) (a; -f i)' (ar* + i)> and the 
expression becomes 

dx 



^ 

«8{a;-i)(a:+i)2(it«+l)' 



Assume d; « -, and the transformed expression is evidently 
z 

sfitbi 



Ispdz 
(a- I) (a+ 1)2 («*+!)• 



The quotient is easily seen to be .x - i ; and, by the method of Art. 38, we may 
assTuie 

(«-l)(«+l)2(«*+l) ""* ^ "*"«-!"*'(«+ l)*"*" 2 + 1"^ 2«+I ' 

Hence (Arts. 37, 40), we have 

* 4 

Kexty Z and Jf are found by making 2^ = — i, in the equation 

Sfi = (Z2 + Jf)(2-l)(2+l)2, 

/. I = 2(X« + Jf)(« + i) = a{Z«2+(X + i!f)« + Jf}, 
which gives 

i + Jf=o, L-M^-l. 

2 

.•. Jf = -, Z = . 

4 4 

In order to find the remaining coefficient C, we make « = o, when we get 
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hence ire haye 



«• iiii oiie-i 

- Z'-i + - : + J 






+ |log(«+0 -^log(«' + I) - - tan"»r. 



JSence, 

Idx Ilia? I, i-« 

a:«+3r7-iP*-i?» 2X^ X 4«+I 8 ®l+«» 

+ |log(»+ i) - logj? - -tan-'-. 

43. Multiple Imagixiary Boots. — To complete the discns- 

f\x) 
«ion of the deoomposition of the fraction ) i y suppose the 

denominator ^ {x) to contain r pairs of equal and imaginary 
TOots, t. e.y let the denominator contain a factor of the form 

.{ [x-af ^-V^Y'y and suppose i^{x) = { (a? - a)* + i') '*^i(a?). 
In this case we assume 

f{x) LiX + jifi itja? + Mi 

+ 



+ . . . + ■: 77 ^ + 



ihe remaining partial fractions being obtained from the other 
Toots. 

There is no diflBculty in seeing that we shall still have 
as many equations as imknown quantities, ii, Mi, L29 -3f2, . . . 
when the coefficients of like powers of x are equated on both 
sides. 

To determine ii, -Sfi, i2, &c. ; let the factor {x - ay + 6* 
be represented by X, and multiply up by J'', when we get 

-^ =i,a? + Jfi+(Z2a? + M2)X + . . . + (i^ + if,) X^' 

£ 2 
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The coefficieiits In and Jfi are determined as in Ait. 41. 
To find In and Jfi ; differentiate with respect to x, and sub- 
stitute a + fty^- I for x in the resolt, irhen it becomes 






il -«- ^[isJr, -r Jfj) 2(X« - fl). 



where x» ^ tf + fty^- i. 

Hence, equating real and imaginary parts, we get two 
equations for the determination of Zs and Jfs- B j a second 
differentiation^ L% and JT, can be determined, and so on. 

It is mmeeessaiy to go more into detail, as sufficient has 
been stated to show that the decomposition into partial frac- 
tions is possible in all cases, when the roots of ^;jr) = o are 
known* 

The practical application is often simplified by transfer- 
niation to a new yariable. 

44. The precedinfi^ investigation shows that the integra- 
tion of rational fractions is in all cases reducible to that of 
one or more fractions of the following forms : 

dx dx {A-\- Bx)dx [Lx + M)dx 

x-a' {x - af ' {x - ay + 6' ' [{x ^ af + b^y' 

The methods of integrating the first three forms have been 
given already. We proceed to show the mode of dealing 
with the last. 

45. In the first place it can be divided into two others, 

L{x - a) dx ^ {La + M) dx 
{{x - ay -\- b']"- '^ {{x - ay '\- b^y 

The integral of the first part is evidently 

-L 



2{r-' i) [{x - ay + by-^' 

To determine the integral of the other part, we substitute 
s for ^ - af and, omitting the constant coefficient, it becomes 

dz 




[ 
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Again 

But we get by iiitegration by parts 

r s'tfe ^ r zdz _ I r / i \ 



+ 



I C dz 



2(r- i)(s^ + 6')'^^ 2(r- 
Substituting in the preceding, we obtain 

f dz ^ 2r- 3 r dz z . . 

J(s^+6y 2{r- i)b']{z' + bj-''^ 2{r - i)b' {z^ + b'y-'' 

This formula reduces the integral to another of the same 

shape, in which the eimonent r is replaced by r - i. By 

successive repetitions of this formula the integral can be re- 

dz 
■duced to depend on that of -r — rr. 

The preceding is a case of the method of integration by 
successive reductioriy referred to in Art. 19. Other examples 
of this method will be found in the next Chapter. 

The preceding integral can often be found more expedi- 
tiously by the following transformation. Substitute b tan d 

dz 
for Zy and the expression -pi — tt;. becomes, obviously, 



b 






The discussion of this class of integrals will be f oimd in 
the next Chapter. 

46. We shall next return to the integration of \(%\ > 

which has been already considered in Art. 39 in the case 



54 Integration of Rational Functions. 

where the roots of ^ (s) are real. To a pair of imaginary 
roots, a±b y^ - I, corresponds a partial fraction of the form 

irhere c» = a* + V. 

In order to integrate this, we assume a = <; cos 2^, when 
the fraction becomes 

{Aa^ -¥ B)dx 



«* - za^c cos 2^ + c*" 

The quadratic factors of the denominator are easily seen 
to be 

a^ - 2ar-v/c cos ^ + c, and a^ + 2x^\/c cos ^ + c. 
Accordingly we assume 

Ax' + B LxA^M rx + Ht 



d?*-2J!*CCOS20 + c' iC*-2irv/^CO80+C ar* + 2ar-v/c COS + c 

hence, it can be seen without difficulty, that 

8 erf cos ^ 2c 

and after a few easy transformations, we find 

r {Ax^ + B)dx Ac- B ^ fa^- 2x^/c cos ^ + A 

JaJ*-2ar»ccos2^ + c«" Scos^d ^^ \j^ + 2a?v/cco8 + c/ 

^c + 5 , , (ix^mi 6^ 
4sm0ct \ c^ - or ^ 

dx 
47. ^tegration of 



(x - «)"• (a? - by * 
This expression can be easily transformed into a shape 



• Integration of ^^_^^^^^_^^^ . 

wldoh is immediately integrable, by the following substita* 
tion: — 

Assume a? - a = (a? - J) s ; then 

a-hz (a-b) z . a - b , (a - b) dz 

1-2 I - s ' I -z (i -«)* ' 

and the expression transforms into 

(i - s)"»+*»-» dz 
{a - 6)*"*^' s"»* 

Expand the numerator by the Binomial Theoremi and the 
integral can be immediately obtained. 
For example, take the integral 

dx 



{x - ay {x - by ' 

Here the transformed expression is 

f (i "zYdz 

J {a - by z' ' 
or 



7 ixi (-^ - ~ + 3-s jcfe = 7 nrl — 32 +3 log 2 + -]. 

{a - by} \z'' z ^ J (a - by [2 "^ "^ ^ z) 

% 

Substituting r for 2, the integral can be expressed in 

X ~~ 

terms of x. 

48. Integration of ^^^^^„ , 

ifhere m and n are integers. 

Let a + co;^ = z, and the expression becomes 

(2 - a)^dz ^ 

a form which is immediately integrable by aid of the Bino- 
mial Theorem. 
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It 18 efrident that tfaeexpresaonisinade int^iaUe byfiie 
JBUDA tnnsf annatum iriiea n is eithear a Pactional or a negar 
txYeindex. 

It may be also oliserYed that the more general e^iiession 

-, ^7;^ can be int^rated by the same tiansfoErmaiion, where 

/(^) denotes an integral algebraic function of ^. 



Js^dx I I I, , • * 



49. IntegTation of 



dx 



^-i' 



wbere n is a positiYe int^er. 

Suppose a an imaginary root of 2:* - i = o, and it is evi- 
dent that d^ is the conjugate root : also, by (3), the partial 
fraction corresponding to the root a is 



flu*"* (« - a) ' n{x-ay 

If to this the fraction arising from the root a'^ be added, 
we get 

n\x - a x-a"^)* n (x* - (a + a""*)ir +1)' 

But, by the theory of equations, a is of the form 

2ihr y . 2fcr 

cos + a/ - I sm , 

n n 
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where k is any integer, 

iktr 

.•. a + a"^ = 2 cos . 

n 

Hence, if be substituted for the preceding fraction 

l)ecomes 

2 a;cos 0-1 

w ' a?* - 2aJcosd+ i' 

The integral of this, by Art. 7, is 

cos - , ^ „^ 2 sin . Jx - cos 



n 



1 / a 2\ 2 sm , ./a? - cos 0\ 

log ( I - 2X cos + X^) tan M ; jr- . 

^ ^ n \ Bmu J 



There are two cases to be considered, according as w is 
jeven or odd. 

(i). Let w = 2r : in this case the equation a^^ - i - o has 
two real roots, viz., + i and - 1 ; and it is easily seen that 

dx I , a? - 1 I ^ *^ 1 / kir „. 

-r- = — log + — S cos — log (i - 2a? cos — + x^) 



Issin^tan-M j-l- [. (13) 



1 




where the summation represented by 2 extends to all inte- 
gral values of k from i to r -i. 

(2). Let n = 2r + I, and we obtain 

f da log(aj-i) I ^ ikv , / ikw A 

\-z—: — =-^-^^ ^+ 2 COS log i-2a'cos +a?M 

Jar^^-i 2r + I 2r+i 2r+i °\ 2r+i J 

^ 2kir 

X -cos 



2 ^ . 2A;7r , J 2r + I , , . 

S sm -— - tan-^ -r— - , (h) 



2r+ I 2r + I \ . 2A:7r 

sm 



2r + I 
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where the STimmation represented by 2 extends to all integral 
values of k from i up to r. 

50. Integrration of — , where m is less than n. 

As before, let a be a root, and the corresponding partial 

fraction is — -— r? r or —7 v ; hence the partial fraction 

/2a**"^(a? -a) n (x - a) 

arising from the complementary roots, a and a"S is 

I / a*" a^ \ I xia"^ + a^) - (a*^^ - a-("»-^)) 

n\x -a X - a^J n ar* - (a + a"^) x + i 

2 X COS mO - cos {m - i)9 
n Q? - 2x cos d + I ' 

where is of the same form as before. 

The corresponding term in the proposed integral is easily 
seen, by Art. 7, to be 

- jcos wOlog (dr* -7 2;r cos + i) ~ 2 sin m6 tan~^ — : — g^-|. (15) 

n 
By giving to h all values from i to — i, when n is even, and 

n — \ 
from I to when n is odd, the integral required can b& 

2 \ 

written down as in the preceding Article. 
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Examples. 



'• j ^aig.a * alog(«-2) + log(«+i). 

se^dx I » - 1 V^ 



a;* + »* — 2 



6 "^ar + i 3 \y^2/ 



5. 1-7 • 7= log ^—^ — + 7=tan-M r) 

6. f (^^"/^fV . -_L_,.IIiogfl±l). 
J(«+3)(« + i)* 2(aPi.i) 4 * \« + 3/ 

f dx I _i_ / gg \ 

''^ J «(a + ^x^)»' . 2a (a + *a:») "*" 2a3 ^^ U + ^a^V * 

8 f ^ J_i / g" \ i_ 

J x{a + ^«»)»* n^ ^^ \a + bx^j na{a + 

f ife 

]x(a-tbx^y 



bxy 



Let a + to* = a^Zf and the transformed expression is — 



fMff'ir 



xdx III 

10. . -log(»«+i)--log(«+i) +-tan-ia?. 

af^ + ar' + g + i 4 -'2'"' 2 

12. Apply the method of Art. 47 to the integration of ^ ^. . 

(I + «V*''''<fe 
The transformed expression is — ^ ^ ^ — . 

fa^idx 



6o 
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14. By a similar transformation, prove that 



J ar«(l -a:)"» J 



(l + «)"»*«- V2 



a» 



Idx ^ I , . * ' 1 ^ 

-: — ; 1 r. Ans, — —. log Sin 1 log COS - 
sin a?(a+^ cos x) a + ^ "* 2 a-b ^ 2 



a^-b'^ 



log (« + J cos x). 



Multiply by sin x^ substitute u for cos x, and the integral becomes 



I 



— du 



.6. f-^ 

J 3 8m« + j 



8m2d; 



IX X 2 

- log sin — log cos - + - log (3+2 cos a). 
5 * * 5 



('-^')'^ ■ :^ t.n-. /'?±i^^ _ i 1„. f fL!^± 






•"-(^)-M^^^f^)- 



Let a?' = -, &c. 
18. Prove that 



C dx I {2k- i)ir , / 
1 5- = 2 cos '— log ( I - 



2ar cos 



(2^ — i)ir 



2n 



+ a; 



') 



+ -2sin^^ ^ tan-i 

» 2I» 



a? — cos 



(2^ - l)ir 



2n 



. (2A;-I)ir 
sm • 



I 



2n 



^here A: extends through aU integral values from i to n, inclusive. 



,5. f_^ l0g(l±£)__i_^^ (»*-.)x / _ 

^ J I + a:<»*^ 2n + I 2« + I 2n + I ^\ 



2a; cos 



(2t-l) 



2n + 



?"•) 



2 . (2A: - iW 

+ 2 sin ^ ^ tan-i ^ 

2« + I 2n + I 



X — cos 



(2;fe - i)ir ^ 



2n+ I 



. (2A;-i>r 
sin 



2n+ I 



where ^ assumes all integral values from i to n inclusive. 
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CHAPTER ni. 



INTEGRATION BY SUCCESSIVE REDUCTION. 

5 1 . Cases in wliicli sin*^0 oos'^0 dO is immediately Integ^rable. — 
"We shall commenoe this Chapter* with the discussion of the 
integral 

J 8in*"0 cos'*0 dO ; 

to which form it wiU be seen that a number of other expres- 
sions are readily reducible. 

In the first place it is easily seen that whenever either m or 
nis an odd positive integer the expression sin'"^ cos'*0 dO can 
be immediately integrated. 

For, if « = 2r + I, the integral becomes 

J sin'^d cos^'-^ee^fl, or J sin"»0 (oos'^d)'* d (sin 0). 
If we assume a? = sin d, the integral transforms into 

jaf^{i -x'Ydx, (i) 

and as, by hypothesis, r is a positive integer, (i -ar^Y can 
be expanded by the Binomial Theorem in a finite numljer of 
terms, each of which can be integrated separately. In like 
manner, if the index of sin d be an odd integer, we assume 
X = cos 0, &c. 

A few jBxamples are added for the purpose of making the 
student familiar with this principle. 



* It may be observed that a large number of the integrals discussed in this^ 
Chapter do not require the method of Successiye Reduction : howeyer, since 
other integrals of the same form require this method, it was not considered 
advisable to separate the discussion into distinct chapters. 
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Examples. 



[. I fOX^OdB. 



3. I COS^id. 



t. (ai 



sin^d coB'^OdS. 






^ 1 



sin $ co^$d0. 



cos'd 

^fW. COB 0. 



Bin d an^$ + . 



coa^Otf coB^d 



lO 



8 



I ^ cos'*^ 

1 + 2 COS d . 

COS 9 3 



2 sin^d 2 sin^d 



€. 



I 



a jD?ed0 
V^cosd 



IcosWd 
8inl0 



2 cos*^ 



- 2 cos*^. 



3 sinitf - - sin^d. 
7 



52. Again, whenever m + w « an even negative integer 
the expression sin*"0 oos**Od0 can be readily integrated. 
For if we assume x = tan 6, we hjive 



cos 6 = 



-v/i + 



:, sin6 = 



X* 



x/i + 



X dx 

Ty and dO = 



a?^ 



I -\-a^' 



^and the expression transf onns into 

af'da! 



m-ri» 



(l + a?«)"^*' 

Hence, if w + w = - 2r, this becomes 

i»«» (i + «^)'^^t&, 
e f onn which is immediately integrable. 
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Take, for example, ^. 

Xiet X = tan 6, and we get 



1 



Next, to find -r 

J 81] 



tan'0 tan'^fl 
x^ (i + or) dx. or + 

^ • 3 5 

dB 



sin d C08*d ' 
Making the same substitution, we obtain 

(i + a?)'^dx 






X 

Eenoe, the value of the proposed integral is 

tan^d 

+ tan*6 + log (tan 6). 

4 

dB 



Again, to find —, 



sin^d cos^d* 

Here the transformed expression is ^ — -| , and 

<K)rdingly the value of the proposed integral is 



. , ao- 



^ tantd - 



2 



2 tanifl' 

In many oases it is more convenient to assume x = cot 6. 

Por example, to find -r-r^' 
^ J sm*fl 

Since rffcot 6) = - . ,^ , if cot 6 = x. the transformed 
integral is 

- I (i + a?^)cfo?, or- cot 6 . 

The following examples are added for illustration. 
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Examples. 



J C08*d * 



Ant, 



tan^d 



2. 



f de 

J C08«d* 



tan a + + . 



J 81 



tfd 



sin cos^d* 

{Kin^ede 
^' «~- 



■ h 



de 



8in*6 C08*d ' 



J fit 



<f0 



Binitfcos^d 



W 



tan'd 



+ log (tan B). 



"tan^d. 



8 



- 8 oot29->-cot>29. 
3 



tania ( I + j. 



When neither of the preceding methods is applicable, the 
integration of the expression sin'^d oos^QdB can be obtained 
only by aid of successive reduction. 

We proceed to establish the formulae of reduction suitably 
to this case. 

53. Formulad of Beduction for sin*"d cos"0c?0. 
[sin"»e oos'»e<?d= I cos'^-^e sin*"erf(sin Q) : 

consequently, if we assume 

sin'^+^e 

u = cos**"^©, V = , 

w + I 

the formula for integration by parts (Art. 21) gives 

cos'^^^e sin'^+^e w - I f . . J . . . ,^ . . 

- sin*"+*dcps'*-Wd. (2) 



|. 



sin~e oos'^erfe 



m + I 



w+ 
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In like manner, if the integral be written in the form 

- sin**-* 6 cos"0 d (00s 0), 

^e obtain 

f • «/i «£i^£i ^-i f . «-,ii n^ta^a 8in"*-»e 008*^*0 , , 

I 8m**0oos*0rf0= Bm*^*0oos'»*'0w . U) 

J n + I J n + I ^^^ 

It may be observed that this latter formula can be de- 
rived from (2) by substituting --0 for 6, and interchanging 

mi 

the letters m and n, in it. 

54. Case of one Positive and one Negative Index. — ^The 
results in (2) and (3) hold whether w or » be positive or ne- 
gative : accordingly, let one of them be negative (w suppose), 
and on changing n into - n, formula (3) becomes 

f sin**0 ^ sin*^^g m - i f sin'^'g ^ 

J ^06^ (n - i) cos«-^fl n-i] cos^-^O ' ^^^ 

in which m and n are supposed to have positive* signs. 

sin"*0 
By this formula the integral of — -7^ dQ is made to de- 
•^ ^ cos'*0 

pend on another in which the indices of sin d and cos are 
each diminished by two. The same method is applicable to 
the new integral, and so on. 

If w be an odd integer, the expression is integrable im- 
mediately by Art. 51. if m be even, and n even and greater 
than i», the method of Art. 52 is applicable; if m = w, the 
expression becomes J tan'^drfd ; which will be treated subse- 
quently; if n < w, the integral reduces to that of sin*"""d d^^ 

Again, if n be odd, and > m, the integral reduces to — ^i;^- 



* The formuls of reduction employed in practice are indicated by the capital 
letters. A, B, &c. : and in them the indices m and n are supposed to have always 
pontive signs. By this means the formulae will be more easily apprehended 
and applied by the student. 

F 
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and if n < m, it reduces to ^ — . The mode of find- 

J cos e 

ing these latter integrals will be considered subsequently. 

Again, if the index of sin be negative, we get, by 

changing the sign of m in (2), 

f oo8*6 >^^ cos""' 9 n-i f oos^' 6 ^ . 

]^^e (m-i)sin"-^d w-i Jsin«-»e ^' ^^ 

We shall next consider the case where the indices are 
both positive. 

55. Indices both Positive.— rlf sin*"6 (i - cos*0) be written 
instead of sin'^^'fl in formula (2), it becomes 



1 



• ma na^a co8~-^ ^ sin-*' 6 
sm~Ocos*OaO = — 



m+ 1 

cos*"*^ sin*^*^ 



+ 
m 



+ 
m 



!?— ifsin-e(cos-»e-cos-0)c^e = ^^^Z-l^ 
!i^ f sin*" e cos**-' edO - ^^^^ f sin«e cos*»ff rfO ; 



hence, transposing the latter integral to the other side, and 



m + n 



dividing by ^j^, we get 

f . ^ /» T/> COS""^ 6 Sin*"*^ 6 n-I f . ^^ ^^ajn fr^\ 

^vdTB cos** QdB^ + sm**ecos"-'erfe. iC) 

J m + n m + nj ^ 

In like manner, from (3), we get 

f sin-e cos-ec^e = ^^^ f sin-' e cos- QdQ - s^^""'^^Qs"''g (2)) 
J m + n] m-^n . ' 

By aid of these formulae the integral of sin*" cos** dO is 
made to depend on another in which the index of either 
sinO, or of cosfl, is reduced by two. By successive appli- 
cation of these formulse, the complete integral can always be 
found when the indices are integers. 
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56. Formulad of Beduction for mi^QdB and QO^^QdO. 
These integrals are evidently cases of the general formulae 
{C) and (D) ; however, they are so frequently employed that 
we give the f ormnlsB of reduction separately in their case, 

f t/ijr/i sin0oos'»-*0 n-if ^^^ja ( .\ 

cos^fl rfO = + oos^^^OdO. (4) 

J n n } 

r • ^aja COsflsin"-*0 W-lf . ^,/i,n /,v 

J n n J 

The former gives, when n is even, 



I 



cos*6 dO = '( cos"-^ 9 + cos*^0 

n \ n- 2 

(/i-2)(n-4) 



^ (/t-i)(n-3)(n-5) . . . i ^^ ^^^ 

w (w - 2) (w - 4) ... 2 

A similar expression is readily obtained for the latter 
integral. 

Examples. 

{.^ . ^-3.. sin a COS d/ sin* d sin*d i\ ^ 

2 V 3 12 8/ 16 

co^ede. ^ (co82a + -j +-^f srna cosd + tfj. 

57. Indices both negative. — It remains to consider the 
«dse where the indices of sind and cos0 are both negative. 

Writing - m and - n instead of m and n in formula (C), 
it becomes 



i 



dO - I n + I f tf 0' 

+ 



sin* cos" 6 {m& n) oos***^ 6f sin*""^ ft m -V n j ein^tt ^q^'^^'VI * 

Y 2 
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or, transposing and multiplying by , 

dO I m + nf dO 



{ dO _ I m-^nC c 

J 8in*"tf O08"*'d "" (n + i) cos"*^d sin*^^^ w + i J sin^O oos*fl' 

Again, if we substitute n f or n + 2 in this, it becomes 
dB I 



1 



sin*" Q cos** (n - i ) cos~~^ sin*""^ fl 

m-^-n- 2 C dO 



n-i J sin*" tf eos~-^ e* 



Making a like transformation* in formula D, it becomes- 
dB -I 



1 



sin"*doos'*0 (ni - i) sin*^^6 cos**"^9 ' 



-MJ^-2 r__^fl__ ,^ 

m-i J sin"*-'* 61 cos" 0* ^ ^ 



In each of these one of the indices is reduced by two 
degrees, and consequently, by successive applications of the 
formulae, the integrals are reducible ultimately to those of 

one or other of the forms — 7; or -: — 75 : these have been 

cos B sm t^ 

already integrated in Art. 17. 

The formulfle of reduction for . ^^ and ;, are so^ 

sm**© cos**0 

important that they are added independently, as follows : — 



♦ It may be observed tbat formnlee (5), (D) and (^F) can be immediately 
obtained from {A)y (C7) and {E)t by interchanging the letters m and n, and 

substituting - — ^ instead of 9. For, in this case, sin 0, cos and dB^ transform 

2 

into COB ^, -sin ^, and - d<^, respectively, &c« 
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f dO ^ sine n-2^ d9 ,^v 

f rfO -oosO n - 2 r dO / X 

J Bin^fl " (n - i) Bm«-^ 6 "^ JT^J sin^-'fl' ^ ' 

It may be here observed that, sinee sin'O + oos'd = i, we 
have immediately 

f d9 ^ r dd r dd , ,gv 

J sin*" e cos" fl J sin~-*d cos'»tt "*" J sin'"^ co8~-*e ' 

«nd a similar process is applicable to the latter integrals. 
This method is often useful in elementary cases. 

Examples. 

[ ^ ^ [ ^9de f dB i_ . B_ 

f <f9 ^ t tm9d$ f de 
Jsindcos^i^ J cos<0 Jsintfcos^^' 

4uid is accordingly immediatelj integrated by the last. 

{dB CO80 I. ^ B 
-^-TW' ^-ri+::^ogtan-. 

IdB I cosa 3, ^ B 
"^-T^ 77' 2 :-r:+ -logta»-• 

8m>(^co6*0 CO80 2 8m<0 2 ° 2 

58. The formulflB of reduction given in the preceding 
Articles can also be readily arrived at by direct difEeren- 
iiation. 

Thus, for example, we have 

d /sin*" ^\ ^ sin*""^© n sin*"*^ 6 ^ 
d0 Vcos** e) " "ooF^ "*" "oos~«fl" ' 

and, consequently 

f sin«^^e ^ _ i sin'^g m fsin^^^fl ^ 
J cos^^^e "" ncos'» d n] cos«-^0 * 

This roBult Is easily identiBed with formula (^A^ • 
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Again 

-^ (am** COB" 8) = w sm^^^O oos"+^ B-n sm***^ oos""* fl. 

If we substitute for oos"*^6 its equivalent cos*"^0(i -sin^ft), 
we get 

-7^ (sin*" 6 COB* 6) = m sin»*~^ 6 cos*^^ 6 - (w + n) sin"^^ d cos"-* 6 ; 

hence we get 

f • —1/1 nxAjn ein*"0co8'»0 m f . ^, /» «-, /ita 

sm~-^6coB''-*0rfd = + BmT'^Ooos'^^Bddy, 

J m + n m + nj 

a result easily identified with (D). 

The other formulaB of reduction can be readily obtained 
in like manner. 

59. Integration of tan'*0e/6 and - — ^. 

xan Cr 

These integrals may be regarded as cases of the pre- 
ceding ; they can, however, be arrived at in a simpler 
manner, as follows : — 

Since tan'6 = sec'0 - i, we have 

ftan'^erfe = [tan"-»fl(sec^e-i)rfe = [tan''-*erf(tand) 

- [tan"-»erffl = ^Y' ' f*^^"^'^^^- (9> 

By aid of this formula we have, at once 

f^ na^n tan'^-^fl tan--«0 tan'^-'fl . , v 

tBiD^'OdO = + &c. (io> 

J w-i n-3 n-5 

(i.) If n = 2r+ I, the last term is easily seen to be^ 
(-i)''log(cose). 

(2.) If n = 2r, the two last terms may be represented 
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In a similar manner we have 

Jtan-e-J tan"fl J tan'^'tf "" (»- ijtan^-^d Jtan'^^^O' ^"^ 

Examples. 

taji*$d$. Ans, taiid + 0. 

3 

4* I cot*^ do, + cotd + ^. 

60. Trigonometrical Transformations. — Many elementary 

integrations are immediately reducible to one or other of the 

preceding formulae of reduction by aid of the transformations 

given in Art. 23. For example, if we assume x = atand, 

sf'^dx 
the expression . ^ transforms into sin** cos**"*""' dd 

[a "rSt/j'S 

(neglecting a constant multiplier). 

In like manner, the substitution of a sind for x trans- 

. ,, . af^dx . . a**"'»*^8in*"dc?fl , .. 
forms the expression y-z ^rz mto —7-75 — : and, if 

i^dx . cos**"*^* <3?0 

^ = a seed, the expression 7-; — ^ transforms into — . ,, , ,. 

(neglecting the constant multiplier). 

A similar transformation may be applied in other cases ; 

»tf^ dx 

for example to find the integral of 7 ttt. 

° (2ax-(xrp 

Let X = 2a sin' 0, then dx = 4a sin 6 cos 6 e/0, 

and the transformed integral is 

2*»+^a'»Jsin"»drfe; 
aocordin^lT' tbd formula of reduction is the Eomfe ^"&\)EL^\.m^^* 
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Examples. 

Jx^dx ^ 1.3., x\/i - X* , ^ 






2»* 

dx X sfi 



r dx 

Ia^rfia? — if' 3 / .x\ 

The Integrals considered in this Article admit also of 
a more direct treatment. We shall commence with the 
following : — 

61. Cases in whidi -7 rr;r i« immediately inteerable. 

(a + car*); ^ * 

We have seen, in Art. 48, that the proposed expression is 
integrahle immediately when m is an odd positive integer. 

Again, when m is an even integer, if we assume a + ca^ 
= 0!^z\ the transformed expression is 





n- 


-m- 


-s 


-(z^ 


-c) 


2 


(/Z 


a 


-m-1 

2 s» 


-1 


( 



This is immediately integrahle when n - w - 3 is even 
and positive, i. e., when m is either an even negative integer ^ 
or an even positive integer less than n - i . 

n-3 

dx (z^ ^ c^ * dz 

For example -7 ;rr- becomes - , . , and 

^ (a + car*)5 — , 

accordingly is always inteffrable by this transformation, 
sihoe n IB an odd integer, by nypotlieaiB. 



I. 



2. 



Binomial Differentials. , 73 

Examples. 

f dx X i tx^ \ 

J (I + x^)^ a^f^a + ftr*)i (3 " 5(« + «a?*)r 

Ia;'<fe - (aa* + 3a;*) 

f ^ 

J «* (a + « 



3(a2+a;«)* ' 



(a + «c*)2* 



The differentials considered in this Article axe cases of a 
more general class called binomial differentials. 

62. Binomial DifferentiaLB. — Expressions of the form 

ii^ (fl + hd^'Y dx, 

in which m, «, p denote any numbers, positive, negative, or 
fractional, are called binomial differentials. 

Such expressions can be immediately integrated in two 
'Cases, which we proceed to determine by transformations 
analogous to those adopted in the preceding Article. 



z — a\n 



(i). Let « + Ja^ = s ; then x = 
and 

hence 

^ {z-a) ** z!Pdz 



-1 
ixf^ {a -^^ laf^Y dx „^j 



Consequently, whenever is a positive integer j the 

n 

transformed expression is immediately integrable after ex- 
pansion hjr the Binomial Theorem. 
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(2). Again, if we substitute - for a?, the differential 
becomes 

This is immediately integrable as in the preceding- 
case whenever — ^ is a positive integer ; i. e., when 

+ ji? is a negative integer. In this latter case the in- 



n 
tegration is effected by the substitution of z for aaf^ + J. 

Examples. 

f sfidx ^ 2(1 + a:»)* (sx^ - 2> 
I. y-z rr. An$. -^ 

Idx X 

(TT^* (I + a:8>* 

f dx _ (I + Q^)\ 

^' Ja?»(i + a:*)r % 

(dx 2S^ 

^HiT^r (I + x^)i ' 

When neither of the preceding processes is applicable, the 
expression, if j9 be a fractional index, is, in general, incapable 
of integration in a finite number of terms. Before proceed- 
ing with this investigation we shall discuss a few simple 
forms of integration by reduction, involving transcendental 
functions. 

63. deduction of ^ of dXy 

where n is an integer. 

Integrating by parts we have 

{af'e'^dx = — ■ \af'-U'^da!. (12) 

J m m} 

By successive applications of this formula the integral 



is made to depend on e^^dx, i.e., on 



g«IX 



til 



Reductiofi of a^ {log af*)dx, 75 



Again, to find J -rf.. 



Assuming u = e^y v = ^ , and integrating by 

ytl ^ I ) iu 

X)arts, we have 

Ce^dx ^ -e"^ m ?ef^dx . v 

By means of this the integral is reduced to depend on 



\ 



X 



The value of this integral cannot be obtained in a finite 
form : it however may be exhibited in the shape of an 
infinite series ; for, expanding ^ and integrating each term 
separately, we have 



1 



f^dx . mx m'ir' m^^ * ,, v 
= log a? + — + r + + &c. (14} 



X ^ I 1.2' 1.2.3* 



The integral of oFaf^dx is immediately reducible to the 
preceding, since a* = e**<««. Consequently, by the substitu- 
tion of log a for »i in (12) and (13), we obtain the formulae 
of reduction for 

aFaS^dx and — dx. 

In like manner we have immediately 

J e^Qi^dx = - e^af^ + w / e'^af^^dx. (15) 

64. deduction of J x^ (log xYdx. 

Let y = log Xy and the integral reduces to that discussed 
in the last Article. 

The formula of reduction is 



1 



;r-aog^)-^ = -'^"^^"^^'" " 



m + I m-h I 



x'^ (log xY'^ dx. (i 6) 
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Examples. 

J a \ a a^ t? ) 

2. j *• (log *)' dx. ^ [ aog *)» - ^^ + 1 j. 

(e*dx e* I I I I I I f e«<fe 

65. deduction of /o^ oos 02; dx. 

Joaf^ sin flf*B w I- 
a^ oosaxdx== a**^^ sin axdx : 
a a}, 



again 



f _ . - ^'^^ cos flo; » - I f ^ . , 

a?**"* sin axax = + a;** * oos axaxy 

J a a } 



hence 

f ^ - a^^'^ (a sm ax + n COB ax) n(n-i)\ ^, . 
ic^ cos axax = = ■ ^ ^— r — - af*^^ cos axax. 

J rt' «' J 

The formula of reduction for a^ ein axdx can be obtained 
in like manner. 

Again, if we substitute y for sin'^o?, the integral 

/ {eia'^xydx 
transforms into 

Sl/^ ooB ydj/y 

and accordingly its value can be found by the preceding 
formula. 

Examples. 

1. Xa^coBSfdx, Ans.a^sinx + ^aflcoBx^^.i , xemx^^,2 .1 ,C0BX, 

2. \x* sin xdx. 



Integration of co^x sin nxdx. 77 



66. deduction of / ^ QO^^xdx. 
Integrating by parts, we get 



&^ QO^^xdx = + -\&^ 0O8'*"*a? Bin xdx ; 

J a a] 



again 

^ CDS'*"* rr sin «cte 



I 



^COS**" 



^ {co8**«- (n - i) oos'^'a? sin'ir) efar 

a « J 

c"*cos''"*irBin 0? fw— i)f „, nC 

a a J aj 

substituting, and solving for / ^ cos'*ir^ir, we get 

' ^ ^ y e^ cos'*"*^? fflj cosar -h n sina?) 
ef^ ooa'^xdx^ ^ r 



[ 



a^ + w' 



w(w- l) 



-^ — Vl^cos~-'^a?(fo. (17) 

The form of reduction for ^ sin**a?dir can be obtained in 
like manner. 

67. Breduction of J cos*" a? sin nxdx. 
Integrating by parts, we get 

f -. . T C08*^ir cos nx m C ^^ . _ 

I cos"*ir sin nxdx = cos^^^a? cos nx sm xdx ; 

J n nj 

replacing cos nx sin x by sin nx cos a? - sin (w - i) a?, after one 
or two simple transformations we get 



I 



_ cos*^ X cos nx 

Qoa^x sm nxdx = 

w + w 

m 



+ 



^/j + 



- cos*""*ir sin (n - i)xdx. (18) 



The formulae of reduction for cos"* a? cos nx dx, and 
sin"* a; sin nxdof can he easily found in like ma'miec. 
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EXAICPLBS. 



e^an*xdx. Am, r- (a sin jp ~ 2 cos «) + 

4 + a» ^ 



a*** 



4 + a* ^^ " » ' ■ 0(4 + a'; ' 

cos* j; cos ^ cos « . cos 3^; cos 2x 



3. I cos' X sin 4z<2r. 

J ^ 6 12 24 

I, , ^"* cos x(2 sin X — cos x) 2$'* 

5 3 



68. We shall now return to the discussion of the integrals 

already considered in Arts. 60 and 61 ; and commence with 

(xf^ dx Mi., 
the reduction of the expression -. -^, . This, as well as 

other formulae of reduction of the same type, is best investi- 
gated by aid of a previous differentiation, 
xhus we have 



" I ixf^^{a + cx'W = (m - i)af"-^{a + (^)i + j-— 



[m - i)af*"*(a + coiP) + caf» 
{a + t^)i 

+ - 



hence, transposing and integrating, we obtain 

f af^dx __ af^-'^ [a + cx^yt [m-i)a^ af^'^dx , . 

J (a + cuc^) * mc mc ][a -^ caP-y 

By this formula the integral is reduced to one of lower 
dimensions ; and by repetition of the same process the ex- 
pression can be always integrated when m is a positive 
integer. 

The formula (19) evidently holds whether m be positive 



Reduction of -. rr-. ^' 

(fl + c^Y 

or negative ; accordingly, if we change m into - (w - 2), we 
obtain, after transposing and dividing, 

( dx _ (^ + ^)^ (w - 2) c r dx 

J aj"(a + «r»)i "" (/n - i)a;c^-^ " (w - i)aj a^»(a + cr*)4* ^^^^ 

69. More generallj, we liave 

— [af^^ {a + ca^y) = (m - i)a?~-* {a + ca?')'* + 2nca^(a + ca^)*^* 

= (fl + cjiJ^)**"* {(w-i)air^*+(w+2n- i)cic~). 
Hence 

U^ (a + carr^dx^ . — ^ ^ 

J ^ (W+2W-I}(J 

^ (m-i)g [^a(^^^)n-i^^ (21) 

Hence, when m is positive the integral can be reduced to 
one lower by two degrees. If m be negative, the fommla 
•can be transformed as in the preceding Article, and the inte- 
.gration reduced two degrees. 

We next proceed to consider the case where n is negative. 

f ^dx 

70. Breduction of 7 ^rr, 

' J (fl + cuff* 

m and n being both positive. 

Here f "'"'^ = \^-^ "^'^ 

r X dx 
Let af^^ = w, and ; rr- = r, 

J (a + car*)'* 

- I 

2 (n - i)c (a+ cr*)**"^ "~ ' 
and we get 

af^dx - Qf^^ m - I f af^'^dx , , 



I 



(a+caj*)* 2[n-i)c (a-hcx^)^^ 2(n-i)cJ(^a-vcx^Y"^* 



8o Integration by Successive deduction. 

By suooessive applications of this form the integral admits 
of being reduced to another of a simpler shape. As ob- 
served already, the complete integral cannot be determined 
in general unless when n is either an integer, or is of the 

form -, where r is an integer. 



f af^dx 

71. deduction of 7 7 -rrr. 

By differentiation, we have 



a -v 2bx + ca^)^ • {a + zbx ■¥ ca^)^ 

, [ x^dx af^^ (a + 2bx-h cx^)^ 
hence . r -ttt = -' ^ 

J[a + 2bx + cir)^ mc 

(2m-i)6f af^^dx (m-i)flj 



> 



mc 



f af^^dx {m-'i)aC af^^dx 

J (a + 2&c + ca?*)i mc ] [a + zbx + cx^]^' ^ ^^ 



This furnishes the formula of reduction for this case : by 
successive applications of it the integral depends ultimately 
on those of 

xdx , dx 

and 



{a-^2bx + cx^)i {a + 2bx + ca^)^' 

These have been determined already in Arts. 9 and 12. 

dx 
Again, the integral of -^. 7 -v can be reduced to 

X id "v 2 Ox ~r CX") * 

the preceding form by making x = -. 

z 

72. The more general integral 

af^dx 
{a+ 2bx + cx^)^ 

admits oi being treated in like manner. 



Reduction of 7 r rr-. 

{a •{■ 2bx -¥ ca?Y 

For if a + ibx + ca? be represented by T, we have, by 
differentiatioiii 

af^^\ (m-i)jr"»^ 2(n- i)af^^(i + «p) 






»»-i 



op» 



(m- i)aj*^'(fl + 2&r+ac') - 2(n- i)a?^*(6 + r^) 



(w~i)fla^^ 2b(m-n)af^^ {2n-m-i)ca^ 
Hence, we get the formula of reduction 

J T* "" (2n-m-i)cr'^* "*" (2n-m-i]cJ T" 

{zn-m- \)c] T** 

By aid of this, the integral of ^^ , when m is a positive 

icdx dos 
integer, i8 made to depend on ttiose of ^ and ^. Again, 

it is easily seen that the integral of -^^^ is reduced to that 



Cxdx J Hb + ca)dx b Cdx 



- I 



o 



-^^. (^5) 
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73. In order to reduce ^, we have 

d /b + cx\ _ c 2n{b+cxY 
dx\ T"" )^ 



n T'lH-l 



c 2n[ac-l^) 2nc __2n[ac-V) [2n - i)c 

Hence' f-^ = ^ + ^ + i£!Llil£ f ^. (a6) 

By aid of this formula of rednction the integral of ^ caa 
be found whenever w is an integer, or when it is of the form 
- (r being an integer). 

f dx 
74. Beduction of 7 ; — - — r , 

when w is a positive integer, . 

Let 27= fl + J cos a?, then-;- = - J sina?, cosa: = — 7 — . 

dx 

Again, by difiEerentiation, we have 

c? ( sin iT ) cos X (n - 1)6 sin'^ 

_ cos X (n-i)J (n- i)Jcos*iP 

U- a 

substitute — 7 — for cos x in the numerators of these fractions, 

and we get 

^(sin_^| = _? ?_ (^ - Qft ** - I 2{n - i)a 

_ (n - i)g' ^ - (/^ - 2) (2n - 3)^ __ (n-i)(g»-y) 
6Cr« bU"^^ bU''-^ bU^ • 



Reduction of r — . 

Hence, transposing and integrating, we get 

Cdx __ - J sin ^ {zn - ^)a f djr 

- ^-^ f ^ (2-) 

By this fonmila the proposed integral can be reduced to 
depend on 



I 



da 



a ■\h cos x^ 



the value of which has been found in Art. i8. 

75. The integral considered in the last Article can also 
be found by aid of a transformation, as follows : 

dx dx 



(a + 6 cos xY 



{a + 6) cos' - + (a - 6) sin' -> 



a?^** 



- . I + tan' - 1 dx 



(^oos'l + isin'iy (^ + 5taii'|Y 



^where -4 = a + J, B = a - b). 

X (a 
Next, assume tan - = L tan ^, then 

( I + tan*-)cte= 2 /-^ (i + tan'^)rf0: 



2j SB 

G 2 
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and we grt 

(5 008*^ + ^ ffln»"-*rff 



Henoe, leplaomg ^ and B\}j a + b and a - i, we get 

f dx J ia-b cos 2i,)--'d4^ 

J (a + 6 cos 2?r J (a' - y)»-i • ^ ^ 

When n is a positiye integer, the integral at the right- 
hand side can be found by expanding (a- b cos 2ji)^\ and 
integrating each term separately by formula (4). 

fix) dx 

76. Integration of 



0(^) v^a+ 2bx'¥ca^' 

We shall conclude this chapter with the discussion of the 
above form, where /(^) and (x) are supposed rational alge- 
braic functions of x. 

If /(a?) be of hiffher dimensions than ^ (a?), the fraction 
may be written in me form 



(^) « W 

Again, since Q is of the form p -^^ qx ■\- ra^ -v &c., the into- 

Qdx 
gration of can be found by the method of 

a/ a + 2bx + ca;* 

Art. 71, 

jp 

The fraction — r-v can be decomposed by the method of 
partial iraoHonB (Chap. II.) To any root a, which is not a 



T J. A' ^ f{x)dx 85 

Integratum of —====-• ^ 

multiple root, correspondfl a term of the form , and the 

corresponding tenn in the expression under di^on is 

Adx 

- • 

{x - a) v^a + zbx + cs? 

the method of integration of this has been given in Art. 13. 
Next, to a multiple root correspond terms of the form 

Bdx 



{x - aY^a + ibx + cx^ 

This is reducible to the form of Art. 71 on making 
4r - a= -. Again, to a pair of imaginary roots corresponds 
an expression of the form 

(& + m) <& 
[(x - a)' + j3*) y/a + 2bx + ci^ 

If z be substituted for x - a the transformed expression 
may be written 

{Lz + M)dz 



{z^ -^ (i')y A ■\- zBz + cz^' 

where i, Jf, A, Bj (7, are constants. 

^ To integrate this form ; assume* s = )3 tan {0 + 7), where 
is a new variable, and 7 an arbitrary constant, and the 
transformed expression is 

[Lfi sin (g + 7) + 3f cos [9 + 7)) dB * 

^-/-4cos»(fl + 7) + 25j3cos(fl + 7)sin(fl+7)+C13*sin^(fl + 7f 



* For this simple method of determining the integral in question^ I am in- 
^ehtedtoMr, Catbeart, 
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Again, the expression under the square root is easily 
transformed into 

i {^ + C)3» + (-4 - C)3') cos 2 (d + y) +2Bfi sin2(e + 7)J 
« i r^ + C)3' + cos 20 {(^ - C7/3') cos 27 + 2jBj3 sin 27} 

+ sin 20 [2BP cos 2y - (-4- (7/3*) sin 27) L 

Moreover, since 7 is perfectly arbitrary it may be assumed 
so as to satisfy the equation 

2-Bj3 cos 27 - (-4 - (7/3*) sin 27 = o, or tan 27 = _^ ^ : 

and consequently the proposed expression is reducible to the 
form 

(r cos e^M' sin 0) ^0 
yP+Q cos 20 . ' 

(in which L\ M\ P and Q are constants), or 

i'rf (sin 0) -af'rf(cos 0) 



v/P + Q-2Q sin*0 -/P-Q+ 2Qcos*0 
each of which is immediately integrable. 
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Examples. 



I. I CO8S0 sin lede. Am. - - cos^a. 



!- 



sinSff 008^9^9. 



sin'^ sin*^ 



3. I Sin*^ OO6^0d0. - — { COS 2© C98?2a + - COS* 20 { . 

fcofi«tfiftf cos^a ^ , / 0\ 

4' I — : — ;^. + 008 d + log I tan - 1 . 

J sintf 3 \ a/ 

(cos^a - - cosd I -r-r-i - - log tan I - J . 
2 /Bin^O 2 ° \2/ 



Jcos^0d0 



J (!+«»)* Vs. 3 3 /(i+a:*)* 

7- J ^at^arja;^. n{p + i) (p + 2) b* 

8. I r'cofi'dreZir. — |6 (8ina;-co8a;)4-co8*d;(3 sindr-cosar)!. 

^* * J sin*" cos»tf " 8in»»»-i d cos*-^ a J 8m*»-< a C08" a ' 
determine the yalues of A and 3 by differentiation. 

nn*0d0 ^ ^ 

II. ; r-. 2 tan — 0. 

(i + coa^)* 2 

Iaii^0dO . . r 8in***6 dA 
-r- transforms into i^-^+i I — wrzi- 
(l + COSa)" J C08*»^^ 

where = 2^. 
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f _*L_ 

f eo0#A . 5 «n» «x..i(**^») 

• 

15. f (8m-»«)*&p = ap {(«m-»«)*-4.3.(Bin-»4f)« + 4 . 3 • » • 1} 

16. Proye by Ait. 74, that any expreaBum of the fona / - — ^— r- is 
capable of bong integrated wben/(eoa ^r) conaiatB of integral powers of ooe jt. 

^ 17. Show, in like manner, that the expresaion 

/(co8 Xy fa3ix)dx 
(« + ^ cos xy^ 

can be integrated when /(cos x^ sin «} consists only of integral powers of cos r 
and sin a;. 

J (a + ^) {a-^bx-t ex*) 

find the values of P, Q, and J2. 

,0 f <^^ .^ (^ + ^)» . (a-^)>in2» 

^' J(aco8«« + *8in««)«* "'^ (a*)t "^ a(a*)| ' 

where tan ^ = ^- tan ^. 

20. The formula of reduction in (24 feuls when m s in > r ; show bow to 
perform the integration in this case. 
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CHAPTER IV. 

INTEGRATION BY RATIONALIZATION. 

7>. Integration of Monomials. — ^If an algebraio expression 
tontain fractional powers of the variable x it can evidentlj 
)e rendered rational by assuming x = a*, where n is the 
east common multiple of the denominators of the several 
ractional powers. JBj this means the integration of such 
xpresfiions is reduced to that of rational functions. 
For example, to find 

(i ■\-x^)dx 






I +iui 
IJet X = z^y and the transformed expression is 

'2^(1 + z)dz 



J 1 + 



z" 



Consequently the value of the integral is 

— + 2^-4a;* + 4tan"^(^) -2log(i +a?i). 

Again, any algebraio expression containing integral 
K)wers of X along with irrational powers of an expression 
»f the form a + hx v& immediately reduced to the preceding, 
)y the substitution of 2 for a + hx. 



Examples. 
a^dx 2v a? - 



!s,dx t\/ a? — I 

— . Ans, -J- [5«3 + 6a^ + 8a: + 16]. 
v^x-i 5.7 

!9dx 2 (la + bx) 
(a + te)** *' v^a + bx 
C dx , , / , 2 ^ ,/2Va?-i + i\ 
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78. Bationalization of F{xy ^/a + ihx + ca^) dx. It ha» 
been observed (Art. 28) that the integration, in a finite 
form, of irrational expressions containing powers of x beyond 
the second, is in general impossible without introduoii^ new 
transcendental functions. We shall accordingly restrict our 
investigation to the case of an algebraic function containing 

a single radical of the form -v/a + 2te + car*, where a, J, <?, are 
any constants, positive or negative. 

Integrals of this form have been already treated by the 
method of Beduction (Art. 76). We shall discuss them here 
by the method of rationalization. 

The expression* *^ \ ' - — - can be made ra- 

* W ^/a-¥2bx + cai' 
tional in several ways; which we propose to consider in 
order. 



(i). Assume ^a^- 2bx-¥cx^ = z-x^c, (i) 

Then a + ibx = s' - ixz^Cy .•. bdx = zdz - ^yc{xdz-^-zdx)y 

or (&(6 + 2-v/c) = dz{z-x^/c) = dz^/a-^-ibx-^-cx'^. 

dx dz f^\ 

(2) 



Also X = 



z^ - a 



i 

2 (6 + 2 ^c) 



This substitution obviously renders the proposed ex- 
pression rational ; and its inte^ation is reducible to that of 
the class considered in Chapter II. 



* It will be shown subsequently that the integration of all expressions of 
the form 

is reducible to that of the above when P is a rational algebraic function. 

It may also be observed that, in general, the most expeditious method of in* 
tegratioD in practice is that of succesdve Eeductiou (^AxVa. •\\, -\2V 



nationalization ofF{xj ^a + 26a? + cx^) dx, 9* 

"When 5 = o, we get 

dx dz - 2' - fif / A i X 

, and X = — (see Art. 9). 



By aid of the preceding substitution the expression 

dx 



transforms into 



(x -p) ^/a + zhx + cx^ 

dz 



(Art. 13) 



s^ - 2zp *yc - a - 2pb 



f dx 
For example, to find 

J (^ + g'aj) -v/i + a^ 

Tx s'- 1 , eir 2flfe 

Here, x = — ^ — , and 



22 (j9 + ^^)yiT^ ^S*+2i?2-^ 

qz-\-p- vP^^^^ 



J (^ + ja?) ^/^ +a^ y^' + g* Vj^S + ^ + y^' + 



"When the coefficient c is negative the preceding method 
roduces imafi^inaries ; we proceed to 
to which this objection does not apply. 

(2). Assume* ^a + 2bx + cx^ = ^/a-^xz. (4) 

Squaring both sides, we get immediately 

26 + ciP = zz^a + ars% 



.•. di(c-s') = 2dz{^ya'¥xz) = 2cfe-v/a + 26a? + c^^ 

Mil/ 2uis / \ 

Hence =:. = 5. (5) 



* This is reducible to the preceding, by cbanging x into -, and then em* 
•piojing the former transformation. 



9 2 Integration by BatumaHzation. 

And a, = 2(zya-b) ^^^ 

c — sr 

This substitution also evidently renders the proposed 
expression rational, provided a be positive. 
For example, to find 



1: 



dx 



Assume y^i - a^ « i + a?2, and we get 



(3). Again, when the roots of a + 2bx + ca^ are real, there 
is another method of transformation. 

For, let a and 3 be the roots, and the Iradioal becomes 
either of the form 



-v/c {x -a){x- /3), or \/c (^ - a) (/3 - a?), 

according as the coefficient of ic* is po sitive or neg ative. 

In the former case, assume ^/a- a = sv^a?-/3, and 
we get 

a-Bz^ , n «-i3 dp 2zdz 
X = i-r-; hence ar-p = ^, .*. 5 = 1. 

Accordingly 

dx dx 2 dz r V 



yc(a;-a)(a;-/3) ^(ar-jS)^^ -/7i-«'* 



In the latter case, let ^/x -a ^ z v^/S-a?, and we get 



a? = 



I +s»' 



and ^ « ""7= ■":""«• v^/ 
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For example, the integral 

dx 



J(P + 



transforms into 

idz 



r 2d\ 



+i?-^ 



s»-i 



on making x = ^ — 



The student can compare this method of integrating the- 
preceding example with that of Art/ 13, and he will find no 
difficulty in identifying the results. 

It may be observed that in the application of the f orego* 
ing methods it is advisable that the student should in each 
case select whichever method avoids the introduction of 
ima^naries. 

Thus, as already observed, the first should be em* 
ployed only when c is positive : in like manner, the second 
requires a to be positive : and the third, that the roota 
boreal. 

It is easily seen that when a and c are both negative, the 
roots must be real ; for the expression 



^-a-^tzlx-CQ^y or ^h^ - ac - {ex- by 

is imaginary for all real values of x unless h* -aci& positive r 
i. e., unless the roots are real. 

Accordingly, the third method is always applicable when 
the other two fail. 

EVom the preceding investigation it follows that the 
expression 

F{xj ^/a + zbx + cor*) dx 

can be always rational ized ; F den oting a rational algebraio 
function of x and of ^a + zbx + ax^. 
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Examples. 



fWC I 

-, , y J-ns, -log 



a; 



Assume « = («2+ aj^)* + a, and we get for the value of the proposed integral 

2 . 2 a* 

3 5i^ 

!, */ / , 2 aj^ + aj-v/ 2 + a;*-2 
ifoV a; + y^j + a:«. ^n». -. . 

4. [ a^ {(a* + a?«)» + a;}»rfar. 
Maying the same assumption as in Ex. 2, the transformed expression is 

-which is immediately integrable when m is & positive integer. 

■f dx [(i-f a;2)* + a;]»^^ [(i + a;^)^ -t- a:]"-» 

^' J{(i+«*)*-iP}»* •^'**' 2(n + i) ■*■ 2{n-i) • 

f<fa; 
>V/a + zbx + cx^ (v a + 2bx i-cx^±x yc)** 

Let v a + 2^a; + ftc* ±xyc = «, then, as in Art. 78, we get 

dx dz 

lience the proposed expression transforms into 

ds ^ 
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. 79. General Investigation. — The following more general 
investigation of the preceding may be worthy of the notice 
of the student. 

Let R denote the quadratic expression a + zbx-^ ca? \ 

then, since the even powers of ^/R are rational, and the 

odd contain ^/R as a factor, any rational algebraic function 

of X and of a/R can evidently be reduced to the form 

P'+ q^^r' 

i^vhere P, Q, P', Q' are rational algebraic functions of x. 

On multiplying the numerator and denominator of this 

ifraction by the complementary surd P' - Q[^/R the de- 
nominator becomes rational, and the resulting expression 
may be written in the form 

M+N^R, 

^where M and N are rational functions. 

The integration of Mdx is effected by the method of 
Chapter II. 

Also \n^^^^^, 

^hich is of the form 

f[x)dx 



\ 



fp [x) ^a + ihx + cx^ 



Let as before ^a + zhx •¥ cx^ = ^c (x - a) (a: - ji3), and 

A -t- 2uZ -h vZ 

substitute C7 — —, 7-r instead of a?, when the radical becomes 

— ■■■.■■ ■ ■ ■ -. - ^ 

X' + 2fl'z + P'Z^ 

(9) 

Again, if the quadratic factors imder this radical be 
made each a perfect square the expression obviously 
becomes rational. 
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The simplest method of fulfilling these conditions is by 
reducing one factor to a constant, and the other to the term 
containing 2'. 

Accordingly, let 

X - aX' = 0, /i - aiJL =0, H" Pfi =0, v - (3v = o ; 
or /i = o, /i' = o, X = aX', V = /3v', 

On making these substitutions the expression (9) becomes 



A + V 2 A + V S 

In order that v^-cXv should be real, X' and v must 
have opposite signs when c is positive ; and the same sign 
when e is negative. 

It is also easily seen that without loss* of generality we 
may assume X' = i, and v =± i. 

a — fis* 

Hence, when c is positive, we get x = ^, and when 

I ~~ s 

. . a + Bz^ 

c IS negative, x = —t' 

These agree with the third transformation in the pre* 
ceding Article. 

More generally, when the factors in (9) are each squares^ 
we must have 

(ji - afi)^ - (X - aX) {v - av) = O, 
or /u*-Xv + (Xv'+i;X'-2/u/xOa+(iu'^-XV)a' = o, (10) 

and a similar equation with (i instead of a. 

Moreover, by hypothesis, a satisfies the equation 

a + 2ba + Co? = o. 



/g2 



♦ For tlie substitution of y* for — ^ transforms 

— ; 7-^ into T-> •'• »c. 
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Aooordingl7(io) is satisfied if we assume the constants X, 
fif &o.y SO as to satisfy the equations 

/i*-Xv = «, yv + \v-2fifi = 2by /'-AV = c. (11) 

Again, solving for 2 from the equation 

X (X' + 2f/z + vV) = X + 2fAZ + VZ^y (l 2) 

we obtain 

{V-XV')Z ^fl-Xfl = ^l^-\v + (Xv'+X'v - 2/l/i>+ (|u'*-XV)a?* 



= -v/a + 262: + car*. (13) 

Also, by differentiation, we get from (12), 
(X' + 2/s + vV) cte = 2 {/x + i;s - a? (/x' + v'2) jflfe 

= 2 ^a + 26a? + cx^ dz. 



dx 2dz 



ya + %bx + ex"- >< + 2^'s + i;V 



(14) 



Now, since we have but three equations (11) connecting 
X, fly &c., they can be satisfied in an indefinite number of 
ways. 

We proceed to consider the simplest cases for real 
transformations. 

(i). Let a be positive, and we may assume v = o, and 
ju' = o ; this gives 

II = ^/(li Xv' = 2J, Xv = - c. 

Again, without loss of generality, we may assume v' = ~ i, 
which gives 

X = -26, X' = c; whence x = ^ ^^ — ^, 



and 



dx 2dz 



^a-\'2bx-i-cx^ ^~^ 
These agree with the results in (5) and (6). 



H 
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(2). In like manner if c be positive, we may assume 

v' = o, /I = o, and r = i, 
which gives 

fi = v^c, X = - a, and ' A' = 26. 



0? = --, and 



2[b-\-z^c) y/'a-^zbx + cx^ b + z^c 

as in (2) and (3). 

It may be observed that since these results do not 
contain the roots a and j3, they hold whether these roots be 
real or imaginary ; as already shown in Art. 78. 

It is easily seen that if we make /u = o, and // = o, we 
get the third transformation. 

80. If the expression to be integrated be of the form 

f{x)dx 



• 



^a + zba -h cx^ 

where f{x) is a rational algebraic function of a?, it is often 
more convenient to proceed as follows : — 

The substitution of s — for a; transforms the proposed 
into •'H)* „h»e «- . i=^. , 



^a' + cz^ 



If the even and odd powers be separated in the expan- 
sion of /(z - *\ it can plainly be written in the form 

i^{z')+zxp(z% 
and the proposed integral becomes 



1 



(s^) dz z\P (2^) dz 
^d + cz^ s/d + C2* 



The former of these is rationalized (Art. 25), by making 



^a' + cs' = yc, and the latter by making */(i ^ cz^ ^ y. 
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It may be observed that in general the expression 

/(a?^) do! 
^(iC^) ^a + cu^ 

is also evidently made rational by the transformation 

^a ■\- cj^ = xy, 

81. Case of a Recurring Biquadratic under the Radical 
. Sign. — ^As the solution of a recurring equation of the fourth 
degree is immediately reducible to that of a quadratic, it 
is natural to consider in what case an Elliptic Integral 
(Art. 28), in which the biquadratic \mder the radical sign is 
recurring, is reducible by the corresponding substitution. 

Writing the expression in the form 

<b(x)dx d> (x) dx 
^-^^ , or ^} ^ J 



^a + 2bx + cx^ + 2bx^ + ax* //, i\ ,/ i. 

^ X a{x^ + -z] + 2b{x'h-] + e 



x^i \ x. 



and, assuming a? + - = s, the radical becomes ^az^-^ zbz+c-zai 

X 

and also — [x — j = dz, 

X \ x] 

Consequently, in order that the transformed equation 
should be of the required type, it \& obvious that ^ (a?) must 
be reducible to the form 



<"^)(-^)- 



In this case 



transforms into 



f(z) dz 
y a^ -^-ihz-vc- la 

H 2 



loo Integration hj Rationalization. 

In like manner, the expression 

^a-\-2bx-^cx^-2ba^+a{x^ 

f(z) dz 
transforms into , by the assumption 

^/az^- 263 + 2a -c 
I 

St-- = z. 
X 

When J = o the expression can in some cases be reduced 
bj assuming 

x^ x^ 



Examples. 

»• I — Ans. log 

J x^/i +x* 



(x^-l)dx ^ , i-l-ar*+\/i +;r* 

:7 



4; 



/— ^ ' log • 

«V I + a?* ' 



'v/i + ar* V^: 



I -a;3 



This and the preceding were given by Euler (Cal. Int., torn. 4) : the 
connexion, however, of their solution with the method of recurring equations 
does not appear to have been pointed out by him. 

Iis^^iSdx ^ v^jT* + a;2 + I 

— \ — ' -dus. 

Let *i + — = 5, &c. 

x^ 

^ , (x^-i)dx 

6 



X 



■■■\ 



x^/{x'^+ ax+i)(jc^-^fix+i) 

- , ^x* + etc + I + ^/x'^ ■¥fix-\- I 
Ans. 2 log . 



7. I ^ 7===.' Ans. sin-* ( ) . 



Exampks. 



lOI 



Examples. 



fxdx 
{a + ia:)* * 

r f + a?» rfa; 

'^* J(i + a:*){(i+a:*)»"=r^' 
Assume a; s= (i + ic*)Um^, &c. 

f dx 
4. I 1 . 

Ixdx 
(I + a:)* + (I + arX 



^n«. 



10^3 



(a+*ic)t. 



— logV^' + ^'-»- «*+ ^\/3 



V^3 



«»-i 



sinV— ^\ 



Assume 



I + a; = 2«. 



'* J (I -«*)(! + 



(I -«*)(!+ »*)i * 



4V2 * * 4v a XV 2 






(i + «*)<& 



(I-**) 



i 



^n«. 



(I - *«)»• 






■■)» 



I -a^ 



<fa; 



2aa; + a;«^j^2flwp+ 2bx*+2ax^-^x* 
I - aa:* rfa; 



f I - aa:« 

to. 



2CX* + «^J^ 



^n«. 



, a:v^2(<j-a) + \/i + 2ca;2+a*a;* . 

log ^ - ^ ) wnen c> a» 



i + aa;* 



'v/a (c — a) 
V ■ sin-^ ( ^- — ^ — z-^ I , wlien 



a>c. 




( I02 ) 



CHAPTER V. 

HISCELLANEOrS EXAMPLES OP INTEGRATION. 

o2. inteeratiozL oi ; — r • 

a coBx + b smx + c 

Let a cos a? + J sin a? + c = tf, then - a sin a? + J cos a? = -7- . 

ax 

Now assume 

A 008X -{- £ sinx + (7 = At* + 11 ^- H v, 

and equating coefficients we have 

A = \a + fihy B = \b - fiGy C =\c + V. 
Solving for A, ju, v, we get 

. Aa + Bb Ab - B a ^ (Aa + Bb)c 



a' + 6^ ' ^ a* + 6^ ' a'* + 6* 



Hence 



f(-4 cosii?+jBsinir + C)^;i? 
J a cos a? + 6 sin a? + c 



^2^y + ^2 ^ y. log (a cosa? + Jsin/r + c) 
(a» + j2) C'-{Aa+Bb)c f e^ 



h 



a' + J'* ] a cos a? + 6 sin ^ +c* 

The latter inte^l can be readily found ; for, if we mako 
^ = r cos a, 6 = r sin a, we get 

or COB a + h ^ (t - r (cos X cos a + sin a? sin a) = r cos (a? - a). 
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Integration of —^^—^ -z — r-^ . 

a cos X -\- 8in X + c 

On making x - a = 0, the integral reduces to the form con- 
sidered in Art. 18. 

As a simple example, let us take 



1 



{A + B tan x) dx 



Here 



a + b tan x 
A +B tan x A cos x -{■ Bsiax 



a + b tan x a cos a? + 6 sin x ' 
and we evidently have 
(A-{-Btanx) dx (Aa-hBb) Ab-Ba^ , , . v 

83. Integration of /fco« '^> f .^) ^ . 

a cos a? + 6 sm a; + c 



1 



where/is a rational algebraic fimction, not involving frac- 
tions. 

As in the preceding Article, assume a? = + a, and the 
expression becomes of the form 

(cos 61, sin 0) d^ 
-4 COS tf + -B 

Again, since sin^0 = i - cos'^O, any integral function of sin 9 
and cos can be transformed into another of the shape 

01 (cos 0) + sin 02 (cos 0). 

Accordingly, the proposed expression is reducible to 

01 (cos 0) dQ 02 (cos 0) sin 0c?0 
^ cos + JS -4 cos + JS 

The latter is immediately integrable, by assuming 

-4 cos + -B = z. 

To integrate the former, we divide by -4 cos + -B, and 
integrate each term separately. 
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84. luteg^tion of 

/(cos x) dx 
(fli + bi cos a?) (fl2 + 62 cos ^) . . . . (an + K cos ar)* 

where/, as before, denotes a rational algebraic function. 
Substitute z for cos x and decompose 



(fli + 6iS) (fl2 + 6a2) .... (an + Jn2) 

by the method of partial fractions : then the expression to be 
integrated reduces to the sum of a number of terms of the form 

dx 



A-\-B ooQ x^ 
each of which can be immediately integrated. 

Examples. 



tan - 



I 



J COS a; (5 + 3 cos a;) 10 \i — sm. xj 10 \ 2 / 



Idx 
sin'o; {a + b cos x) 

b — acoBx h 

(a* -42) sin a? (a«-*»)^ 



^fW. • " COS'- ( J 



f dx tana: b /tt x\ b^ C dx 

J C08'a;(a+ d cosx)' a a* ° \4 2/ a^Ja + ^cos*' 

85. Integration Of {f{x) +/(«?)) ^dx. 

The expression e* Pcfo? is immediately integrable whenever 
P can be divided into the sum of two functions, one of which 
is the derived of the other. 

For, let P=/(a?)+/», 

then Je^Pdx ^j^f (a?) dx -v J ^f («^ ctx. 
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Again, integratiiig by parts, we Hare 

J ^/{x) dx=f{x)d'-l(ff (x) dx. 
Accordingly 

l[f{x)+f\x))d'dx=ef{x). 

For instance, to find 



Here 



X I 



dx. 



{i^xy i+a? [i-^xf' 



and consequently the value of the proposed is 



X 



Examples. 



1 . I ^ (cos X + sin «) dx. Am, (Ffsaix, 

f I + a? log a? , , 

2. I «« — dx, «« log X, 

f *2 + I X - 1 



I +« 



86. Differentiation under the Sig^n of Integration. — ^The in- 
tegral of any expression of the form ^ (a?, a) dx^ where a is 
independent of a?, is obviously a function of a as well as of x. 
Suppose the integral to be denoted by F(^^ a), i. e. let 

F{x, a)^\i^ {x, a)dx, 
then ~[F{x,a)\=^{^,a). 
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Again, differentiating both sides with respect to a, we 
have, since x and a are independent, 

(P.F{x^ a) _d ,<fi {x,a) 
da dx da * 

or (Art. 119, Dif. Cal.), 

d fd . F{x, a)\ _ d . <l>{x, a) 
dx\ da J da 

Consequently, integrating with respect to x, we get 



d,F(x, a) Cd. (p {x,a) 



=1' 



da da 



dxj 



In other words, if 

u = j <l> {x, a) dxy 



then 3- = -^ (^'^y 

aa J aa 



provided a be independent of a? ; in which case, accordingly, it 
18 permitted to differentiate under the sign of integration. 

By continuing the same process of reasoning we obviously 
get 

where w = / <l> {x, a) da^ a being independent of x. 
For example, if the equation 



1 



&^dx = 

a 
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be difPerentiated n times with respect to a, we get 



1 



x''e^dx = {—] I — 



=•"(-00- 



(See Arts. 49, 50, Dif. Cal.). 

Again, in Art. 2 1 we have seen that 

f ^ . y e^ (a sin mx - m cos mx) 

\e^ ^vamxax- — ^ \ 

J nr + a^ 

Accordingly 

f ^ ^ . , / ^ V (^ (a sin w^a; - m cos mx\ 

We now proceed to consider the inverse process, namely, 
the method of integration imder the sign of integration. 

87. Integration iinder the Sig^ of Integration. — If in the 
last Article we suppose ^ [x^ a) to be the derived with respect 
to a of another function v, i.e. if 

then ^ = J (i^, a) da. 

Also by the preceding Article we have 

— f vdx j = \ — dx = \<^{xya)dx = F{xy a). 

Hence vdx = \F{x, a) da. 

In other words, if 

F{xya) = L {x,a)dx, 
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then F[Xy a) da= \lS <l>[Xy a) da] dx, ' (3) 

It may be remarked that the results established in this 
and in the preceding Article are chiefly of importance in 
connexion with definite integrals. Some examples of such 
application will be given in the next chapter. 

%^. luteg^tion by Infinite Series. — It has been ab*eady 
observed that in most cases we fail in exhibiting the integral 
of any proposed expression in finite terms. In such cases we 
oan often represent the integral in the form of an infinite 
series. 

An example of an integral exhibited in such a form has 
. been given in Art. 63. 

The simplest mode of seeking the integral of /(a?) cfeinthe 
form of an infinite series consists in expanding f[x) in a 
series of ascending powers of rr, and integrating each term 
separately : then 2 the series be convergent, it represents the 
integral proposed. 

It can be easily seen that if the expansion of f{x) be a 
convergent series, that of J /(a?) (& is also convergent. 

For let 

f[x) = Oo + aiX+a^ + . . . anpif^ + &c., 
then 



1 



.f X , «i«* a^ anof^^ 

f[x) ax= a(^ + + + . . . + + . . . 

^ ' 2 ^ n+ I 



Now (Dif. CaL, Art. 73), the expansion for f{x) is 

a*uX 
convergent whenever — is less than imity for all values 

an-i 

of n beyond a certain nimiber ; and the latter series is con- 

fi ax 
vergent provided -^ be less than imity, under the same 

conditions. 

Accordingly, the latter series is convergent whenever the 
former is so. 
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Examples. 



J^I _j;5 1 26 2.4II 2.4.6 16 

frf* /-. — / I va^x 1.3 8in*a; \ 

J. = 2 V am jr I + + — - + . . . . 

A/sin X \ -^ S ^'^ ^ ) 



^/w g m + n i . 2 . j' m + 21} 



89. Expansion of J log (i + 2W COS a? + m') efe. 

We shall conclude by showing that the integral 

J log (i + 2m 008 rr + m^) dx 

can be exhibited in the form of an infinite series. 
For, we have 

I + 2w cos 0? + m^ = (i + me^ ~^) (i +wc"* "^). 
Hence 

log (i + 2w COS 0? + w^) = log (i + W6^ "^) + log (i + me"^ -^) 

2 



_ 4»l2 

= m [f^^ + e-^-') - — (e'^-i + a-'^^-*) + &c. 



= 2 m cos a? cos 2ir + — cos 3a; - &c. . 

\ 2 3 y 

Accordingly 

ft / ox 7 / • ,sin2aj , sin 3a? \ 

log(i + 2wcosir + m*jaa;=2 I msina?- w' — j— +w' — ^... ]• 

This series becomes divergent when m is greater than 
unity. In that case, however, the corresponding series can be^ 
easily obtained. 
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( ^''~^\ ( er^'^\ 

For I + 2m cos X + m^ = ni^i i + I i + , 

V ^^ J\ wi ; 

and accordingly 

cos a? cos 2a; cos 3a; „ , 

f -&e. . 



m zni^ 3m^ 



log {1 + 2m COB X -f m^) = 2 log m + 2i 

Consequently, 'when m > i, we have 

, , ON 7 t /sin X sin 2x sin 3a? 
log(i+2wcosa?+m'*jaa;=2a?logw+2( ^— ^ -1 



1 



2^3 •• 



\ m 2^m^ ym^ 

From the above it is easily seen that the integral 

/log (i + a cos ;r) c^ 

can be exhibited in the form of an infinite series when a is 

2m 
less than unity : for, making a = -, we have 

log (i + acos x) =log(i + 2m Qosx + m^) - log (i + m^). 
The relation between m and a admits of being exhibited 
in a simple form ; for let a = sin a, and we get m = tan -. 
Making this substitution in (4) we get 



log (i + sina cosar) dx = 2x log f cos - j 



+ 2 ( tan - sin a? - tan^ ^— + &c. ). (5) 
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Examples. 



f (2 cos a? + 3 sin ^)dx ^ 12^ 5 , / 
I. I ; — -: . Am, ^ log (3 cos ar + 2 sin x). 



3 cos :r + 2 sin « 13 13 

{ de II ,- 

'• Jl^Td^- -tan(>+— tan-i(tan(>v/I). 

r tf*(a;' + a; + i)«fa: ar 

4- -: -2 r-T= 7l0g(l + COSa) --log(l-C08a)4--log(l-2C08e' 

J sin 2a -sin 6°' '2°^ 3 

sin - tan - <?0 / i - sin - \ 
'cos/ ='°g( -^1 + 

6. When a;* < i, prove that 

!dx X I x^ I . I ofi 1.3.53?^' 

yvv^ ~ 1 "" 2 5 2. 4*9 2.4.6 T] •*•' 




<fa; __ I I I 1.3 I .'•3«5 



and when a;' > i 

J v/7Ta* ~ x^ 2 s^ 2.4 9a;9 "^2.4.6 I3a;i3 

7. Prove that 

•and determine when the series is convergent, and when divergent. 

8. Prove that 



i 



<A«^.^-Aiu ^ ^ g^f^ x2+i2 sin^ 

/i + I 1.2 * /i + 3 



sinf^^ctf d<a = 



^+6 



(x2+,2)(xM- 32) 8in'**'*« 

+ 1- • . . 

1.2.3.4 /A + 5 



Suhstitute a for sin'^x in the expansion of c^*"^ * (Dif. Cal. Art. 87), &c. 

c^^e-^ . , \ 8in''*'« X(X2 + 2«) sin'^^w 

«. I sin/*^» rt« = - . + 

^ J 2 I ft+a i.2.3/i + 4 

x(x2 + 22)(x« + 4») sin'^^'c. ' 

+ —7- + «c. 

I-2.3-4-5 M+6 
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CHAPTER VI. 



DEFINITE INTEGRALS. 



90. Integrration regarded as Summation. — We have in the 
oommencement observed that the process of integration may- 
be regarded as that of finding the limit of the sum of the 
series of values of a differential/ (a:) c?a?, when x varies by in- 
definitely small increments from any one assigned value to 
another. 

It is in this aspect that the practical importance of inte- 
gration chiefly consists. For example, in seeking the area of 
a curve, we conceive it divided into an indefinite number of 
suitable elementary areas, of which we seek to determine the 
sum by a process of integration. Applications of finding 
areas by this method will be given in the next chapter. 

We now proceed to show more fully than in Chapter I. 
the connexion between the process of integration regarded 
from this point of view and that from which we have hitherto 
considered it. 

Suppose (a?) to represent a fimction of x which is Jiniti- 
and continuous for all values of x between the limits Xand x^ ; 
suppose also that X - Xo is divided into n intervals Xi - a?„, 
x^ - Xij Xz - X2y ... X - Xn-i ; then by definition (Dif. Cal., 
Art. 6), we have 

<p{Xi)-(^{Xo) 

Xi-Xq ^ ^ ' 

in the limit when Xi = Xq\ accordingly we have 

^ (•^i) - i> W = (^i - Xo) (^' [Xo) + Co)r 
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where to becomes infinitely small along with Xi - Xq. Hence, 
we may write 

(p (Xi) - (Xo) = {Xi - Xo) {^'(iPo) + 60) , 
* (^2) - {Xi) = (a^a - Xi) {0'(a?i) + £1) , 

(^3) - (^2) = (^3 - X2) [(t>'{X2) + C2} , 



(X) - (a?^i) = (X - Xn-i) {(l>\Xn-i) + €«-i) , 

where co, €1 . . . Cn-f become evanescent when the intervals are 
taken as infinitely small. 
By addition, we have 

(X) - {xo) = (^1 - ^0) ^'(iro) + (a?2 - ^1) <p'{xi) + . . . 

+ {X-Xn.i) <p\Xn-i) + {X^ - a?o) €0+ (a?2-^i) «i + • • •+ (X-iT^i) £^i* 

Now if t| denote the greatest of the quantities co^ €i> . . . Ctj-i, 
the latter portion of the right hand side is evidently less 
than (X - a?o) ti ; and accordingly becomes evanescent ulti- 
mately (compare Dif. Cal., Art. 39). 

Hence 

(X) - (x^j = limit of [(a?! - x^ <t>'{xo) + (Xi-Xi) 0'(a?i) + . . . 

+ (X-a?;^0*'(^«-i)] (i) 

when n is iucreased indefinitely. 

This result can also be written in the form 

(X) - {xo) = S 0'(a?) cfa?, 

where the sign of summation 2 is supposed to extend through 
all values of x between the limits Xo and X. 

91. Definite Integrals, Limits of Integration. — ^The^result 

just arrived at, as already stated in Art. 3 1 , is written in the 
form 

/(x)-/(^o)-r/(^)t^, (2) 

where X is called the mperiovj and Xo the inferior limit of the 
integral. 

I -^ 
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Again, the expressioii 



1 



A' 



'o 



ifi called the definite integral of {x) dx between the limits x^ 
and X, and represents the limit of the sum of the infinitely 
small elements {x) dxy taken between the proposed limits. 
From equation (i) we see that the limit of 

(^i - iro)f{Xo) + {Xi - x,)/{x,) + . . . + (^ - iCn-i)f"(x^i), 

when Xi - Xo, X2- xiy . . . X - Xn^i beoome evanesoent, is got 
by finding the integral of /'(^r) dx (Le., the function of which 
/\x) is the derived), and substituting the limits Xo, Xfor x in 
it, and subtracting the value for the lower limit from that for 
the upper. 

If we write x instead of X in (2) we have 



/w-/(^«)=fV(*)«^, (3) 



in which the upper limit* x may be regarded as variable. 
Again, as the lower limit Xo may be assumed arbitrarily, j^(aro) 
may have any value, and may be regarded as an arbitrary 
constant. This agrees with the results hitherto arrived at. 

In contradistinction, the name indefinite integrals is often 
applied to integrals such as have been considered in the pre- 
vious chapters, in which the form of the function is merely 
taken into account, without regard to any assigned limits. 

As already observed, the definite integral of any expres- 
sion between assigned limits can be at once f oimd whenever 
the indefinite integral is known. 

A few easy examples are added for illustration. 



* The student should observe that in (3) the letter x which stands for the 
superior limit and the x in the element f'(x) dx must be considered as beiog 
entirely distinct. The want of attention to this distinction often causes much 
confusion in the mind of the beginner. 



s 
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Examples. 






a 



sin 9 do 



f« ax 

ov a: -f- a + 

f" dx 

■■■ r 



v^. 



•6. I «"«* die, (a positiye). 
Jo 



20; cos 4> i- ^ 



r 

Jo I + 2j; cos ^ + a;« 

•9. I «■<»« sin m* Ap. 
Jo 



.00 



» + I 



f 4' sm 9 d9 

■' Jo '^^^' \/2-I. 



-/« (v/2 - I), 



dx w 

dx w 



y/a2 - a;2 a 



I 
a 



^. 


asin^' 


1> 

8m^ 


m 


«• + m» 


a 



*o. I «-« cos ma? <f«. •:^-, — i. 

Jo «* + m» 

r^ dx IT 
; = , - T when atf - ^ is positiye. 



92. To prove that 



Jo ^ ^ Jo n(n+ i) . . (n + m- i) 

fcAeij w awrf n are poaitive^ and m is an integer. 

12 
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The first relation is evident from (31) Art. 32. 
Again, integrating by parts, we have 

r it?^ 7w — I r 

ar^[\ 'xy^'dx = - (i "xy-"^ + — ;i^(i - x^'^clx. 

Moreover, since w and m - i are positive, the term 
^"(1 - x)^^ vanishes for both limits. 



Jo ^ n 



af{i -xy-'^dx. 



The repeated application of this formula reduces the in- 
tegral to depend on a;"****~*dfr,thefalueof whiohis . 

^ ^ Jo m-\-n-i 



Hence we have 



[^^{i^xr-'dx^ — ;>^'3...>^ I) 

Jo n . (m + i) . . . . (?n- m - i) ^^^ 

This result shows that when either /w or n is an integer 
the definite integral 



jcr'{i -xY-^dx 



can be easily evaluated. 

When m and n are both fractional, the preceding is one 
of the mo^t important definite integrals in analysis. 

We purpose in a subsequent part of the chapter to give 
an investigation of some of its simplest properties. 



Examples. 



9?{\^ xy dx. Am, — : . 

3- 7' '» • '3 

r. / z* (i~ a?)i dx. 



5.7.9. 13. 17 
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» IT 



f2 . • f2" 

93. Values of sm'^a; c;^ and 008**^^^. 



One of the simplest and most useful applications of 
definite integration is to the case of the circular integrals 
considered in the commencement of Chapter HI. 

We begin with the simple case of 










If in the equation, (Art. 56), 



1 



««n-i 



. ^ , coBXBm"^^x n-i f . ^_ , 

sm*^xax = + 1 QiDP^xax 

n n } 



mm COS X sin**"^ X 

we take o and - for limits, the tenn vanishes 

2 n 



for both limits, and we have 



rr w 



f 2 , W — I f*' 

Bm^xda> = BVD^^xdx. 

Jo W Jo 

Now if n be an integer the definite integral can be 
easily obtained ; its form, however, depends on whether the 
index n is even or odd. 

(i). Suppose the index even, and represented by zniy 
then 



w 



sin^'^iP dx = sin*»»-*a? dx. 

Jo 2m Jo 

Similarly 

W IT 

Jo 2»J-2jo 

and by successive applications of the formula, we get 



1 



sin-^rdir = » • 3- 5 • • • ■ (a>n- O .x ^^^ 
2.4.6.... 2m 2 
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(2). Suppose the index odd, and represented by 2;;*+ i, 
then 



ir 



Jo 2m + I Jo 



Hence, it is easily seen that 






'sin'-:r dlr = '^^'^- "'' ^^^ ^ . (6) 

3.5.7 (2m + i) 



Again, it is evident from (31) Art. 32, that 



I OQB^xdx = sin**iP^jr, 



and consequently (5) and (6) hold equally when cos^ i& 
substituted for sin^. 



igation of I si 



94. Investigation of sin"*^cos"a?e2r. 

From Art. 55, when m and n are positive we have 



V 



Bia^xQOB^xdx = sin'^a? cos**"-ir f/lr, 

Jo m+njo 



V 



and sin'"a?cos*a?flte «= sin*^*a?cos'*a?(fo. 

Jo m-¥n}o 

Hence, when one of the indices is an odd integer, the- 
value of the definite* integral is easily found. 



* The result in this case follows also immediately from Art. 92, by making 
€08* a; = 2 ; for this substitution transforms the integral into 



fj n-l 
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Por, writing 2m +1 instead of my we have 

- * 

Jo 2W + W+1J0 

Hence 

w 

)?^^^XQO^^xdx 

2m . (2m - 2) ... . 2 r» . ^ ^ 

[2m + n+i)[2m-\-n- i) . . . . (w + 3)Jo 






2.4.6 ... {2m) 

" (w+ i) (w + 3) . . . {n + 2m-¥ i)' 
In like manner 



(7) 



w 



C2 2fh — I Tz 

sin^*^a? oos'^ir efo = ■— ; r sin*"* a? eos''*"'ii; dx, 

Jo 2 {m + n) Jo 



Hence 

'sin*"*ir cos''*a? dx = , • 3 o - » - v J^ sin** a? dx 

Jo (2m + 2) . . . (2m + 2/i) Jo 

_ 1 .3.5... (2/i- i). 1.3.5 ...(2^-1) ''' 
2.4.6 {2m + 2n) 2' 

in which m and ^ are supposed both positive integers. 

Many elementary definite integnils are immediately re- 
ducible to one or other of the preceding forms. 

For example, on making x - tan 0, we get 



(8) 



w 



r_^ = \'^^ede , I > 3 ■ 5 . • . (2«-3) IT 

Jo(i+a?7* Jo 2.4.6 . . . (2/i-2) 2 ''^^ 

Similarly, by a? = a sin 0, aJ** (a' - a^y dx transforms into 

IT 



|20 
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In like maimer {lax - a^y dxy 



i 



m 



on making a? = a (i - cob 0), becomes 



a*"*' I Bin"*' 



9de. 



Jo 

The expressions for these integrals, when m and n are 
fractional in form, will be given in a subsequent Article. 



Examples. 



• f" 



sin^^p coB^^p dx. 



Ans, 



I. I an^xcoB^dx. 



3. I * 8m2»»~^ 
Jo 



fl a;an4lffo 

J <^i _ a;» 



'^xcos^**''^xdx. 



3- 


J-' 


7. II 






5- 


10 


. 20 . 30 . 40 




9- 


»9 


. 29 . 39 . 49 




I 


. 2 . 


3. . • 


(m-i] 


1 


It. 


(«+i). . 


. (fi + m- 





2 


.4. 


6 . . , 


(2n) 




3 


•5- 


7 . . . 


(2« + I)' 




I 


•3. 


5 • • 


. (2n - i) 


» 


2 


.4. 


6 . . 


2n 


• 

'2 


2 


. 4. . 


.6.. 


2» 





3.5- 7. . 



(2» + l)' 



7. Deduce Wallis's value for «- by aid of the two preceding definite integrals. 

2.4.6 .. . (n-i) I 
3.5.7.... n ^ab^*^ 



f * x**dx 



bx^y*"^ 



where it is an odd integer. 
p. I a^ {2ax " s^Y dx. 
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kOD 



95. Value of e"'^ af^ dx^ when nin 2l positive integ^er. 



In Art. 63 we have seen that 

Again, the expression -— vanishes when a? = o, and also 
when 0? = 00, (Dif. Cal., Art. 94, Ex. 2). 

Hence e-' ixf^ dx = n e-^mf^^dx. (10) 

Consequently e"'ir" <fe = i . 2 . 3 . . . j^. (11) 

Many other forms are immediately reducible to the pre- 
ceding definite integral. 

For example, if we make a; = «s we get 



Jo a 

in which a is supposed to be positive. 

Again, to find of* (log a?)" (& ; let iu = r', and the in- 
tegral becomes 

(- i)~ fV('»+^)^s"efis = (- x^ 1 . 2 . 3 . . . n 
Since logo; = -logf-j, this result is often written in 



the form 



Jo \ ^aj (m-v-iY^^ 
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The definite integral e~^ af^'^ dx is sometimes known as 

The Second* Eulerian Integral, and is fundamental in the 
theory of definite integrals. Being obviously a fimction 
of n it is denoted by the symbol r (n) ; and is styled the 
Gamma-Function. 

It follows from (lo) that 

r(«+ i) = nr{n). (14) 

Also, when t^ is an integer we have 

r(w+ 1) = 1.2.3...;/. (15) 

Again, when x is less than unity, we have 



I -X 



\o^x = \o^x{i-\-x + oi? + , , .)dx 

Jo I — ^ Jo 



■I 



= - ( ^ + T» + Ti + • • • I = - 6 ' 



(by a well known result in Trigonometiy), 
In like manner we get 



i 



^ \ogxdx tt' 

I -\-x " 8 



An account of the more elementary properties of Gamma- 
Functions will be given at the end of this chapter. 



* The integral I sc^'^ (i — x]^"^ dx, considered in Art. 92, is also sometimes 

called the First Eulerian Integral ; we shall show subsequently how it can be 
expressed in terms of Gamma-functions. 
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Examples. 

jitu, I . 3 . 3 • • • ''^ 

I . 2 ... 9} 



(log a)»» * 1 ' 



2. I a'*x*^dx. 

3. f-^d^. 

Jo I - a* 
,fi Ar(loga!)«"-' , , r I I "I 

^- J. .-/ =-'-'-3---(»>'-i)[i + i5; + ^ + ---J- 

g6. If u and v be both functions of a?, and if v preserve the' 
same sign while x varies from Xq to X, then we shall have 



tivdx = U vdx. 



where U is some quantity comprised between the greatest and the- 
least values ofUy between the assigned limits. 

For, let A and B be the greatest and the least values of 
Uy and we shall have, when v is positive, 

Av > uv > Bv; 
when V is negative, 

Av <uv < Br. 

Consequently, for all values of x between Xq and X the 
expression uvdx lies between Avdx and BvdXy and accord- 
ingly, since the sign of v does not change between the limits^ 



uvdx lies between A 



'0 



vdx and B vdx : 



*o J^o 



l; 



which establishes the theorem proposed. 
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Cor. If f{x) be finite and continuous for all values of x 
between the finite limits Xo and X, then the integral 



f. 



X 

f{x)dx 



•will also have a finite value. 

For, let A be the greatest value of /{x)^ and B the least, 

then f{x) dx evidently lies between the quantities 



A dx and B dx. 

.-. I f{x)dx>B{X-x^fixA<A{X-Xo). 

97. Taylor's Theorem. — ^The method of definite integra- 
iion combined with that of integration by parts furnishes a 
simple proof of Taylor's series. 

JFor, if in the equation 

/(X+A)-/(X) =|^'/(a;)tfe 



-we assume a? = X + A-s, we get dx^ -dz, and also 

rX+h rh 

f{x)dx = f{X + h-'z)dz, 

.-. /(X + A) -/W = \y{X-^h-z)dz. 

Again, integrating by parts, we have 
{/{X+h-z)dz = z/{X+h-z) + {z/\X+h'-z)dz. 

Hence, substituting the limits, we have 

f /(X+A-2) dz = A/(X) + f s/'(X+ A-s) dz. 

Jo Jo 
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In like manner 

[zf{X+h-z)dz = j/'(X+A-s) + [ j/"(X+A-s)rfs, 

which gives 

\^zf{X-vh-z)dz = -/'(X) + p-/"(X+A-s)r7;:; 

Jo 2 J 2 

and so on. 

Accordingly, we have finally 

/(X+ A) =/(X) + \f{X) + ^/'(X) + . . . + 1-^/('->' (X) 



J/"'(X + A-.)-j^. (16) 



This is Taylor's well-known expansion.* 

98. Bemainder in Taylor's Theorem expressed as a. 
Definite Integral. — ^Let Rn represent the remainder after 
n terms in Taylor's series, then by the preceding Article- 
we have 



En- /W(X+A-s)?— ^. (17) 

Jo '\ n-i 



There is no difficulty in deducing Lagrange's form for 
the remainder from this result. 
For, by Art. 96, we have 

Jo I .2 .3...(?l-l) I . 2 . . . W 

where U lies between the greatest and least values which 
/(**) (X + A - s) assumes while z varies between o and h. 

* The student wUl observe that it is essential for the validity of this proof 
(Art. 90) that the successive derived functions, /'(*)> /"(^)» &©•> should b& 
finite and continuous for all values of x between the limits X and Z+ A. 
Compare Articles 54 and 75, Dif. Cal. ^^ 
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Hence, as in Art. 75, Dif. Cal. (since any value of z between 
o and h maybe represented by (i - 0) A, where 0>o and < i) ; 
we have 

i?„ = — -^/(-)(X+0A), 

1 • ^ • • • /I' 

where d is some quantity between the limits zero and unity. 

99. Bernoulli's Series. — ^If we apply the method of in- 
tegration by parts to the expression f{x) dxy we get 



\f{x) dx = xf(x) '-\xf{x)dx\ 
.-. [y{x)dx = X/(X) -[y{x)xdx. 



In like manner 



Jo-' ^ ^1.2 I.Z.S-" ^ ' J*'' ^ ^I .2.3' 

end so on. 

Hence, we get finally 

%)dx=^A^)-^/{X)+j^^r{x)-&o.... (18) 

Compare Art. 66, Dif. Cal., where the result was obtained 
directly from Taylor's expansion. 

100. Exceptional Cases in Definite Integrals. — In the 
foregoing discussion of definite integrals we have supposed 
that the function /(a?), under the sign of integration, has a 
finite value for all values of x between the limits. We have 
also supposed that the limits are finite. We purpose now to 
give a short discussion of the exceptional cases.* They may 



I 



* The complete inyestigation of definite integrals in these exceptional cases 
is due to Oauchv. For a more general discussion the student is referred to M. 
Moigiio*B Csdcul Integral, as also to those of M. Serret and M. Bertrand. 
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le classed as follows: — (i). When /(a?) becomes infinite at 
one of the limits of integration. (2). When f{w) becomes 
infinite for one or more values of x between the limits of 
integration. (3). When one or both of the limits become 
infinite. 

In these cases, the integral f{x) dx may still have a 

finite value, or it may be infinite, or indeterminate : depend- 
ing on the form of the function f{x) in each particular case. 
The following investigation will be found to comprise the 
cases which usually arise. 

loi. Case in which. f{x) becomes infinite at one of the 
Ximits. — Suppose that f{x) is finite for all values of x 
between Xq and X, but that it becomes infinite when x- X. 

The case that most commonly arises is where f{x) is of 

the form /V xn > ^^ which \p{x) is finite for all values 

between the limits, and w is a positive index. 

Let a be assumed so that -"^{x) preserves the same sign 
letween the limits a and X, then 

r-^ ^ {x) dx ^ ^'^ yf^ (x) dx C^ xf; (x) dx 

The former of the integrals at the right-hand side is 
dRnite by Art. 96. The consideration of the latter resolves 
into two cases, according as /} is less or greater than unity. 

(i). Let n < ly and also let A and B be the greatest 
and least values of xp (x) between the limits a and X : then, 
by Art. 96, the integral 

r t^ (x\ dif r dx r dx 

I /!} — r- lies between A t:= r- and JB I -7^= r- . 

Moreover, sinoe n< i, we have evidently 

dx {X- a)'-» 



i: 



(X - ^r)** 1 - h 



and consequently, in this case, the proposed integral has a 
finite value. 
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(2). Let n > I, and, as before, suppose ^ and B iho 
greatest and least values of xp (x) between a and X ; then 



r^^- ^^ ^^*^««^ ^r (x^:^' "°*^ -^i! 



rfo 



Again, we have 

dx - I 



f 



(i-;r)'» (;*- i) {X-x)"^'' 



Now j= r^ becomes infinite when a? = X, but has a 

finite value when a? = a ; consequently the definite integral 

proposed has an infinite value in this case. 

f dx 
When w = I, ,^_ = - log (X - x). This becomes 

infinite when x = X; and consequently in this case also the 
inte^al proposed becomes infinite. 

The investigation when f{x) becomes infinite for a? = a*» 
follows from the preceding by interchanging the limits. 

102. Case where f{x) becomes infinite between the lamits* 
— Suppose f{x) becomes infinite when x = a^ where a lies 
between the limits Xo and X ; then, since 

^^^J{x) dx = ^l^f{x) dx + |y (^) dx, 

the investigation is reduced to two integrals, each of which 
may be treated as in the preceding Article. 

Hence, if we suppose / {x) = ^ ^ , it follows, as in 

(X - a) 

the last Article, that f{x) dx has a finite or an infinite 

value according as ^ is less or not less than unity. 

The case in which f{x) becomes infinite for two or more 
values between the limito is treated in a similar manner. 
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For example, if 

f(fli) = 00, /(«2) = 00, . . . f{an) = 00, 

where ati, 02 . . . ^n lie between the limits X and Xq ; then 
f{x) dx = ['f{x) dx + [^f{x) dx + &Q. + \ f{x) dx, 

each of which can be treated separately. 

103. Case of Infinite Limits. — Suppose the superior limit 

X to be infinite, and, as in the preceding discussion, let f{x) 

\L(x) 
be of the form -, — ^-^, where \p{x) is finite for all values of x. 

[X """ dj 

As before we have 



*0 •'*0 



cte + 



f{x) dx. 



The integral between the finite limits Xq and a has a finite 
value as before. The investigation of the other integral con- 
sists again of two cases. 

(i). Let n > I, and let A be the greatest value of \fj{x) 
between the limits a and 00, then 



r , , . is less than A 



dx 



{x - af 



•R f f^ ^^ ^ I r I I 1 

Ja {x -af n-il{a- ay-' [X - ay-']' 

The latter term becomes evanescent when X = 00 ; accord- 
ingly in this case the proposed integral has a finite value. 

In like manner it is easily seen that iin}}Qnot greater than 
unity, the definite integral 



f 



dx 



[x - ay 

K 
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has an infinite value ; and consequently 

;// [x] dx 



r 



is also infinite, provided xp {x) does not become evanescent for 
infinite values of x. 

Hence, the definite integral 

r* ^{x)dx 

has, in general, a finite or an infinite value according as n is 
greater or not greater than unity: '^j[x) being supposed finite^ 
and Xq being greater than a. 

If X become - 00, a similar investigation is applicable, for 
on changing x into - a?, we have 






c-x 



f[x)dx^- f{-x)dx, 



^0 *' ~*'(i 



in which the superior limit becomes 00. 

104. Principal and General Values of a Definite Integral. — 
We shall conclude this discussion with a short account of 
Cauchy's* method of investigation. 

Suppose /(a?) to be infinite when ir = a, where a lies be- 
tween the limits Xq and X, then the integral f[x) dx is re- 

garded as the limit towards which the sum 

X 



ra>~ii€ ex 

f[x)dx+\ f[x)dx 



approaches when c becomes evanescent : /it and v being any 
arbitrary constants. 



♦ This and the four following Articles haye heen taken, with some modifica- 
tioDB^ from Moigno*s Galcul Integral. 
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This value depends on the nature of /(a?), and maybe 
finite and determinate, or infinite, or indeterminate. 

If we suppose /it = v, the limiting value of the preceding 
sum is called the principal value of the proposed integral : 
while that given above is called its general value. 

For example, let us consider the integral — . 



Here 



Eut 



^^=]imitrr^^r^]. 



Also, making d* = - 2, 



r^=r^=iogf^\ 

— islogf — ]; while 



/X 



f^\ 



its general value is log f — j + log ( - j* The latter expres- 
sion is perfectly arbitrary and indeterminate^ 

Again, let us take — . 

J-Xq ^ 

As before j^^ § = limit [j^ +j^J_. 



But 



[^ dx I I ,[-^dx\ I 






^ dx .. ,, 

-r-= limit 



" I I I I 1 



Consequently, both the principal and the general value of the 
integral are infinite in this case. 



K 2 



132 Definite Integrals, 

In like manner 

Hence the general value of the integral is infinite, while 
its principal value '^\\^^- ^ )• 

It may be observed that the principal value of 



^ dx . 1 i r^^ dx 

— is equal to 



r 



X" 



H 



X^' 



This holds also whenever f{x) is a function of an odd 
order : i.e., when/( - x) .= -f[x). 
For, we have 

[ ' f{x)dx^yf{x)dx+ [ f[x)dx. 

J' r § r^o 

f[x)dx^"\ f[^x)dx=\ f{-x)dx. 
-oCq JXq Jo 

.-. [ ''/(w)dxJ " {/{x) +/(- x)}dx (19) 

J-Xq Jo 

Accordingly if /(- x) = -/(ip) we get 



/{x)dx = o. 



J.flTQ 
-^0 

Again, if /(a?) be of an even order, i.e., if/(- x) =f{x), wo 

r *o r^o 

have /(ip) dx=2\ f[x) dx. 

J-Xq Jo 

105. Singular Definite Integral. — The difference between 
the general and the principal value of the integral considered 
at the commencement of the preceding Article is represented 

f[x)dx, 
in which/ (a) = 00, and £ is evanescent. 
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Such an integral is called by Cauchy a singular definite 
integral^ in which the limits differ by an infinitely small 
quantity. The preceding discussion shows that such an in- 
tegral may be either infinite or indeterminate. 

106. Infinite Limits. — If the superior limit be infinite, we 



X 

>* GO 



regard 



^0 



f*e 



f[x)dx as the limit of f[x) d<t, v/hen e becomes 
evanescent. 



^0 



Also f{x) dx = limit of I f[x)dx when c is evanescent. 

J-oo J- 5_ 

/Lie 

In the latter case the value of the definite integral when 
ft = V is, as before, called the principal value of 



f* flD 



f{x) dx. 

In this we assume that/(^) does not become infinite for 

any real value of x. 

fix) 
107. Example. — ^Suppose —^ to be a rational algebraic 

fraction, in which /(ir) is at least two degrees lower in x than 
F{x), and suppose all the roots of F{x) = o to be imaginary, 
it is required to find the value of 



00 



— CD 



F{x) 



fix) 
From the foregoing conditions it follows that ^Q— cannot 

become infinite for any real value of x : accordingly the true 
value of the integral is the limit of 



I 



"•^(^)^ 



.m 



when £ vanishes. 



/*« 
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fix) 
To find this value, suppose ^^ decomposed by the me- 
thod of partial fractions, and let 



A-B^- I - A + By^ 

and 



x-a-h^-i x-a^-by/-i 
be the fractions corresponding to the pair of conjugate roots 

a + b^y- I and a - h^ - i, of F{^£) = o : 

then the corresponding quadratic fraction is the sum of 



A-B^- I A^B^ - I 



or- a- h^y - I X -a-^ h^/ - i 

2A [x - a) + 2Bh 

. . f iBhdx _. Jx-a' 

Agam 7 T^ — 77 = 2jB tan"^ 



1 

»'^ iBbdx 






/U.C 



= 2irB when € vanishes. 



Also 



2A{x''a)dx . 



1 
•'• J_ Jo! - a)* + 6» ~ ^^ (i)' (i + a;ut)» + l/yt'l 



M« 



= 2-4 log -, when e = o. 



-oo 
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F{x) 



dx. 



* 1^ 



{2A (x - a) + zBb] dx . . /u\ ^ / v 

^-, ~— TT-* — = 2-4 log ^ + 2irB. (20) 

i_ {x - af + b^ ° \vy 



fte 



Now, suppose -P(a?) to be of the degree 2n in a?, and let the 
values of A and JB, corresponding to the n pairs of imaginary 
roots, be denoted by Aiy Azj . . . -4„, and -Bi, JB2, . . . -Bn> re- 
spectively ; then we have 



1 



+ 27r (JBi + JBa + . . . + ^n). 

Again, since/(a?) is of the degree 2» - 2 at most, we have 

Ai+ Ai-\- . . . ■¥ An = o. 

For, if we clear the equation 

f{x) 2A1 [x-a^ + 2Bihx 2 An [X - a„) + 2Bnf>n 

+ • • . + 



F{x) [x-ckf + b^ {x-OnY + bn^ 

from fractions, the coefficient of x^^'^ at the right-hand side is 
evidently 

2{Ai +A,-¥...+An)\ 

which must be zero, as there is no corresponding term on the 
other side. 

Accordingly we have, in this* case. 



I 



CD 



•'^''' dx = 2v{Bi + Bt + ...+ Bn). (21) 



-. F{x) 



* It may be observed that when/(«) is but one degree lower than FC^\^ 
Xh»principaJ value of ~. [ dx is tstiU oi tAie ioxm ra«a.Vsi<s>\^. * j 
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We proceed to apply this result to an important example. 
108. Value of 



roo 



— , wh&nm and n are positive integers. 



1+^ 
and n> m. 

Let a be a root of iT" + i =0, and, by Art. 37, we have 

^-5^-1 = -^,=-°^. 

Again, by the theory of equations, a is of the form 

(2^+i)V / — . {2k+i)ir 

cos -^ — + a/ - I sm ^^ ^— , 

2n in 

in which A is a positive integer and less than n ; 

.-. a^w+i = cos (2A + i)0 + a/^^ sin (2^ + i) By 

zn 
Hence B = —\ and accordingly we have 

J?i + J?2 + . . . + -Bn = — {sin + sin 30 + . .. +sin(2;j- i)0). 

2n 

To find this sum, let 

S = sin + sin 3O + . . . + sin [zn - i) 0, 
then 

2/Ssin0=2 sin^0 + 2 8in0sin30 + .. . + 2 sin0sin(2n- i)Q 
= I - cos 20+ cos 20 - cos 40 + ... + cos (27^ - 2)0 - cos 2;i0 

= I - cos 2W0 = 2 sin*w0 = 2 sinV2m + i) - = 2. 

^ ^ 2 



sm . (2m + i)7r 

sm-^ — 

zn 



TT^"^' 
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Accordingly, we have 



r 00 

J-flD 



TT 



n sin -^^ — 



Hence, by (19), 



2n 



f 



I +«?'** 



= i 



f* ,r'*»^^ TT 



-co 



I -\-a^*^ zn . (2m 4- i)7r* 
Bin- ^— 



(22) 



2n 



We now proceed to consider the analogous integral 

x^*'*dx 

-, where m and w, as before, are positive integers, 



Jo i-a^ 
and n > m. 



,.2«n 



■a? 



2n 



r ^' 

109. Investigation of — 

Jo I- 

We commence by showing that 

dx 



dx. 



f 



= o. 



fo I -^ 

This is easily seen as follows. 



f»(D 



dx 



I -^' 



^ d^ r dx 

^ + 



I - X' 



I I - ar* 



Now, transform the latter integral, by making a; = -, and 



we get 



Ji i-^-~Jii-2'~ Joi-s*"" Joi-i^' 



/** 



diC 



= o. 



I -x^ 
Again, proceeding to the integral 

a^dx 



\- 

o I 



X 



,2n* 
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we observe that i + x and i - x are the only real factors of 
I - a^**, and that the corresponding partial quadratic fraction 
in the decomposition of 



ar*" 



IS 



i-a?2« n[i-x^)'' 

M 

Consequently, the part of the definite integral which corres- 
ponds to the real roots disappears. 

Moreover, it is easily seen that the method of Arts. 107 
and 108 applies to the fractions arising from the n - \ pairs 
of imaginary roots, and accordingly 



i 



mp'^dx 



where J?i, JB2, • • • ^n-i bave the same signification as before. 
Again, since the roots of ic*'* - i = o are of the form 

Att j . hir 

cos — ± a/ - I sm — , 
n n 

it follows, as in Art. 108, that 

-Bi +^2 + . . • + -Sn-i = — [sin 20 + sin40 + . .. + sin2(«- i)0], 

zn 

where « ^ —. as before. 

2n 

Proceeding as in the former case, it is easily seen that 
sin 20 + sin 40 + . . . + sin 2{n - i) 

COS0-COsf2n- l)0 , (2W+ l)7r 
= r^-7j ^—= cot -^ '—. 

2 Bin U 2n 



f " X^"*dx TT , 2m + 1 

Senoe — = — cot tt, 



I -d?^" n 2n 



f 



a^dx IT , 2m +1 , . 

^= — cot TT. (23) 

i-a^^ 2n 2n ^ ' 
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Again, if we transform {22) and (23) by making x^^ = s 



- 2m + i 

and a = , we ffet 

2n ° 



= -: , = TT cot air. 

Jo I + s sin air Jo i - s 



(24) 



The conditions imposed on m and n require thatja should 
be positive and less than unity. 

Moreover, since the resiilts in (24) hold for all integer 
values of m and 7^, provided n > m, we assume, by the law of 
continuity, that they hold for all values of a, so long as it ia 
positive and less than unity. 

1 10. The definite integrals discussed in the two preceding^ 
Articles admit of several important transformations, of whick 
we proceed to add a few. 

For example, on making w = s* in (24), we get 



/»•» 



du 



aw 



/*^ 



I + w 



a 



Sin ATT 



dit 



= aw cot aw. 



1 -tc 



a 



On makin&r— = r, these become 
° a 



du w C du w ,w 

= = _ oot -, 

I + «r . TT Jo I -w*^ r r 

rsm- -^ 



r 



where r is positive and greater than unity. 
Again 



/»■» 



a^dx 



f* af'dx r afdx 

; + 

I + iT 



I + a?* 



I + X^ 

Now, if in the latter integral we make a? =-, we get 

z'^dz 



z 



' afdx __ __ f ° z-^dz _^ p x^dx 
1 i+iir* Jii+s^^Joi+a:^' 



(-^5) 



Jo I +ar*"Jo I + 



X 



.-n 



dx. 



(26) 
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Moreover, from {22)^ when n is less than unity, we have 



'"^ a^dx TT 



Accordingly 



f 



I +x^ nir 

2 cos — 

2 



^af* -\- ar^ dx ir 



(27) 



X + x~^ X nir 

2 cos 

2 



(28) 



In like manner, it is easily seen that 



1 



^af* ~ ar^ dx IT , mr , x 

= tan — . (29) 

X - ar^ X 2 2 



It should be noted, that in these results n must be less than 
unity. 

Again, transform (28) and (29) by making x = e"^ and 
nit = a, and we get 



a 1 ^ 

sec- .« „ __ tan 



r e"- + e^^ , 2 r €f^ - e^'' , 2 , , 
dz = . dz = — . f^o) 

We add a few additional examples for illustration. 



Examples. 



'" dx 



ir 



I. I — — :. jins. 

Jo .. .IT 



2. 



Jo (««+a2)C»« + *Y 
Jo I -a:** 



20^ (a + b) 

4 



■2 



4. I Uxi^BdOy where n lies between + i and - r 



nir 
2 COS — 

2 
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— , where n> m. Ans. 

«" + «~" X 



mw 

2« cos — 

in 



a b 



f « (^a« + g-«) (g&r + g-&r) 2 COS - COS - 

Jo e^ + e-^» T^TTTm 



cos a + cos b 



! 



CO 



(<f«* + «-«») (^-r*«) , sin J 

dx. 



I ^j ^« _ e-ir* cos a + cos b 

It should be observed, that in these we must have a-\- b<v, 
8. Hence, when ^ < ir prove that 



c«-«-f C-T* tf« + 2 COS d + e~'* 



COS «a:aa: = 



CO 



gfea: _ g-&x gin 5 

COS aa;a^ = 



girx — es'T* e;«+ 2 COS b + C" 
\ sm axdx = - ; 

J ^* — ^"^ 2 C" + 2 COS ^ + e « 

Jo I - 



1 ga _ 2j-a J 

— ^2. IT cot air . 

z a 



III. Differentiation of Definite Integrals. — ^It is plain from 
Art. 86 that the method of differentiation under the sign of 
integration applies to definite, as well as to indefinite inte- 
grals, provided the limits of integration are independent of 
the quantity with respect to which we differentiate. 

On accoimt of the importance of this principle we add an 
independent proof, as follows : — 

Suppose u to denote the definite integral in question, i.e.^ 
let 

rb 



u = 



<j> (xy a) dxy 



where a and b are independent of a. 

du 

To find — let ^u denote the change in u arising from the 
da 

change Aa in a ; then, since the limits are unaltered, 
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Aw = {^(;2?, a + Aa) - ^(ir, a)} rf>, 

* f^, a + Act) - (ir, a) 



Aw P 
' * Aa J a 



Aa 

Hence, on passing to the limit,* we have 

du C^ d(t>{x, a) 



dx. 



=1 



da \ a da 



dx. 



Also, If we differentiate n times In succession, we ob- 
viously have 



d^u 
~d€^ 



a da"" 



The Importance of this method will be best exhibited by a 
few elementary examples. 

112. Integrals deduced by Differentiation. — If the equa- 
tion 



1 



OD 

e^dx= - 
Q a 



be differentiated n times with respect to a, we get 

I . 2 . 3 . . . n 



1. 



afe-^''dx= ^^, , 



as In Art. 95. 

Again, from the equation 



r 

Jo 



dx TT I 



we get, after n differentiations with respect to a, 

dx _ TT I . 3 . 5 . . . [in- i) I 
[c^ + aY^"^ " 7 2.4.6... 2n 0^^ ' 

which agrees with Art. 94. 

* Foi- exceptions to tMs general result the student is referred to Bertrand*s 
« Calcul Integral," p. 181. 



i 
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Again, if we take o and 00 for limits in the integrals (23) 
and (24) of Art. 21, we get 

fx poo 
e'^' co^mxdx-— ^. e"^' sin mxdx=— -. (xz) 

Now, differentiate each of these n times with respect to a, 
and we get 



], 



^-ax ^ COS mxax= {- 1) ( ^ 1 ( - 



« + m" 



i 



_ \n . cos(n + i)0 
[a^ + m'^) 2 

_r-r « • 7 I ^ • sill f w + i)0 
<?~*^aj" sm ma? flw? = k= ^ / , 

(a* + m') 2 



where m = a tan 0. (See Ex. 17, 18, Dif. Cal., pp. 55, 56.) 
Next, from (24) we have 



i 



CO 



= IT cot air. 

I - X 



Accordingly, if we differentiate with respect to a, we have 

r" x^^logxdx tt' 



J 



1 - X sin^flTT* 



Again, if the equation 
Toe transformed by leaking y = r-, it evidently gives 

a ~r OiP 

p af^~^dx I 



JO 



(a + 60;)"+^ waft'*' 
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Now, differentiating with respect to a, we have 

af-^ dx I 



[ 



(a+ bxY^"" n{n-v i)a^b''' • 

If we proceed to differentiate m - i times with regard to 
a we have 



i 



OD 



x"-'dx 



1.2.3... {771 - I ) 



(a+6a;)"*"^'* n . (n + i) (n + z) .. . {n + m - 1) ' a'^^b*'' 

113. By aid of the preceding method the determination 
of a definite integral can often be reduced to a known integral ; 
we shall illustrate this statement by one or two examples. 
Ex. I. To find 



f 



'^ log (i + sin a cos a?) 



cos X 



dx. 



Denote the definite integral by u, and differentiate with 
respect to a ; then 



dx 



du f"^ cos aflw /I A i ov 

-7- = : '• = TT, (by Art. 18). 

da J I + sm a cos x *^ ' 



Hence, we get 



^ dx log (i 4- sin a cos x) 



cos x 



— 7ra. 



No constant is added since the integral evidently vanishes 
along with a. 



Ex. 2. u 




er^^ sinmx , 

'■ dx. 

•^ 


In this case 


du 

dm ^ 


e"^ cos mxdx= — - 

a^ + ni' 


.\u = a 




dm . , fm\ 
-. = tan-^ — . 

+ m* \a J 



No constant is added since u vanishes with m. 
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Ex. 3. Next suppose 



Here 



.., !2<l^^. 



du _ r" 2aa^dx 

da ^ ]o (i + aV) (i + 6V) 

I r r* 2«efo r* 2adx 1 

" a^^LJo i + 6V"Jo I + aV J 



I /flf \ IT 



.-. w = T" 7 = T-log (a + J) + const. 

6 Ja + 6 6 ° ^ ' 

To determine the constant ; let a = o, and we obviously 
liave u = o. 

Consequently, the constant is - -^ log 6. 

The method adopted in this article is plainly equivalent 
to a process of integration under the sign of integration. 
Before proceeding to this method we shall consider the case 
of differentiation when the limits a and 6 are functions of 
the quantity with respect to which we diflferentiate. 

114. D^erentiation where the Limits are variable. — Iiet 
the indefinite inte^al of the expression ^{xy a)dxhe denoted 
by F{iCj a) ; then, by Art. 9 1 , we have 

w = <p{xja)dx = F{bj a) - F{a, a), 
•• db' db~ =*(*'«)' 
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and 

du dF(a,a) , . 

^ = — ^ = -*(«'")• 

Agaiiiy taking the total differential coefficient of u re- 
garding a and h as functions of a, we have 

du [^ d(b (x. a) , du db duda 



= 



da \a da db da da da 



-1: 



* ddi (a?, a) - /y K db . .da /^ v 



By repeating this process, the values of ^r-:^, -r-r, &o., can 

ua da 
be obtained, if required. 

115. Integration under the Sign of Integration. — Re- 
turning to the equation 

u = \ ^ (^, a) dx, 

where the limits are independent of a ; it is obvious, as in 
Art. 85, that 

'6 



uda = N» (a?, a) c/a dx, 

provided a be taken between the same limits in both cases. 
If we denote the limits of a by «io and ai, we get 

J uda =1 <l>{Xya)da\ dx. 

ao J a L Jaq J 

(iC, a) efe L?a = P^ (a?, a) t/a Lto. (34) 



or 



This result is usually written in the form 
•6 rb 



^{x,a)dxda=\ ip{Xya)dadx. (35) 



Integration under the Sign of Integration. 147 

These expressions are called double definite integrals^ as in- 
volving successive integrations with respect to two variables, 
taken between limits. 

It may be observed that the expression 



JaoJ 



h 

{x^ a) dx da 

aoJ a 



is here taken as an abbreviation of 



(l>{x, a)div\ day 



in which the definite integral between the brackets is sup- 
posed to be first determined, and the result afterwards 
integrated with respect to a, between the limits ao and ai. 

The principle* established above may be otherwise stated 
thus, In the determination of the integral of the expresmn 

<l> (Xy a) dx da 

-between the respective limits Xoy Xi; and oo, oi; we map effect the 
integrations in either order ^ provided the limits of x and a are 
independent of each other. 

In a subsequent chapter the geometrical interpretation of 
this, as well as of a more general theorem, will be given. 

We now proceed to illustrate the importance of this 
method by a few examples. 

116. Applications of Integration under the Sign /. 
Ex. I. From the elementary equation 



1: 



(xf-'-^dx = - 
a 



we get 

J0J09 Jao a \ao/ 



* It should be noted that this principle fails whenever ^(x^ a), or either of 
its integrals with respect to a, or to :r, becomes infinite for any values of :r and a 
contained between the limits of integration. The student will find that the 
examples here given are exempt £rom such failure. 

Is 2 
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Hence 



Jo log a? W 



Again, if we make x = e'^m this equation, we get 



r =^- = '"^fe) 



Ex. 2. We have already seen that 



Hence 



i 



QD 

fT^ Gosmxdx = 



a* + m* ■ 



6r«* e/a COS mir tfe = —1 — ^ 

Jo LJ.a J J.o«'+^' 






OP 



I 



oosiwa?efo = iloffi , , ,. 



Ex. 3* Again, from the equation 

m 



e'^siamxdx = „ ,, 
we get 



1. 

e"*'sinma?rfaefo = -- — ^; 
Jo Ja, J«o a* + W*' 

r C--o^-e-*^^ . , . ^VaA . /ao\ 

sm mx ax = tan^ — - tan~^ — ]. 

Jo a? \W \^/2/ 

Compare Ex. 2, Art. 113. 

If we make ao= o and oi = 00 in the latter result, we 
obtain 



I, 



smmx . TT 

ax = — . 

a; 2 



Value of c"*" dx. 



149 



Ex. 4. To find the value of 

er^' dx. 



I 



Denoting the proposed integral by k, and substituting 
ax for Xy we obviously have 



Hence 






dx = AeT*'. 



But 



Hence 



e-*'(»'*) adadx -= k\ ^' da = k\ 

Jo Jo Jo 

Jo i + a?' 4 

e"^' (ife = A; = i y^. 



(36) 



This definite integral is of considerable importance, and 
several others are readily deduced from it. 
117. For example, to find 



Here 



(A) « = 1^ 



39 O* 

r*"'" dx. 



du 
da 



^«-- dw 



Again, let s = -, and we get 

X 
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1 -^1— — I — as— — 

^ *" adx = e ^^ dz = u. 

Jo -^ Jo 

/. -p = - 2w, hence u = Cfe"^". 

To determine C, let a = o, and, by the preceding example^ 

n becomes , 

2 

Consequently 



.« (.* 



,-%V^ = -^.-^ (37) 



Jo 2 

Again, to find 

(B) u = e-^'^'' 00s zbx dx. 

Jo 
Here 

-— = - 2 e'^^'^'fiin ihxxdx, 
db Jo 

But, integrating by parts, we have 



, _ _ , , , e"^'^* sin 2bx 2b 
2\e^' sm 2bxxdx = 7. + 



1 



a' a' 



e'"'-'' 00a 2b.r dx. 



6"**** sin zbxxdx = -r c"^'^' cos 26a? f/d?. 
.0 a' Jo 



Hence 

du 2bi( du 2b db 

do or u w 

Hence u = Ce "*. 

/— 

Also, when J = o, w becomes ^^- — , 

2a 



^*^' cos 26a; rfa; = - — e"«»* (38) 

Jo ^Q' 
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Again, if we differentiate n times with respect to a the 
equation 

Jo 



e"*'" dx = 



i-v/a 



and afterwards make a = i, we get 



("i i 



e^Wdx = 



I .3 .5 . . . (2n-i) 



.n-i-i 



-y/ir. 



Next, to find 

^ ^ Jo 1+^^ • 

We obviously have 



/*V 



aC-*'(^+'')rfa = 



I +a?*' 



/•CD 



.'. 2 



/«» 



^0 ^ 



a e"**(i+**) GOB mxdx da 



f* cos;w 
"" Jo 1 + 



cos mo; t;^ 



But, by (38), we have 



/•9B 



o-a»J:« 



Qosmxdx 



v/tt ^ 



/•OD 






_ r cos 
"Jo ~ 



(TZ^' 



008 mxdr 



+ a^ 



Hence, by (37), we have 



t 



cos mx dx w 



= —e 



,-tn 



I +X' 



(39) 



Again, differentiating with respect to m, we obtain 



X sin mx dx ir 



r x%vn,% 
Jo I + 



= — e 



rm 



(Ao\ 



«' 
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Examples. 

1. I xdg. Ant, -sec*-. 

J «»• - ^^* 4 2 

2. I , logltan— J. 

Jo i+« x' ^\ a/ 

when a > o and < i. 

f' £+£«-, & l0g(j=-). 

•* Jo i-« log« "Vsinoir/ 

4. f'log(i + co8dcos«) . if ^-). 

Jo 'cosic \ 4 / 

_ sm — 

f^ log« <fe IT* 2 






4 nr 
C08^ — 

2 



1 1 8. The values of some important definite integrals can 
be easily deduced from formula (31), Art. 32. 
For example,* to find 



I 



Iog(8in0)rf0. 



IT IT 

Here [' log (sin0) d6 = f ' log (cos0) dO. 
Henoe, denoting either integral by Uy we have 

IT 

2u = {log (sin 6) + log (cos 0) ] dQ 



* These examples are taken from a paper, signed H. G., in the *' Cambridge 
Mathematical Journali" Vol. 3. 
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TT 

f 2 IT 

log (sin 2O) dO log 2. 

Jo 2 

Again, if s = 2d, we have 

IT 

log (sin 26) dQ = ^\ log (sins) dz 

= \ log (sin s) efe + -^ log (sin z) dz ; 
lut, since sin (tt - s) = sin s, 

IT 

log (sin 2) e& = log (sin z) dz. 



Consequently 



Here 



«■ IT 

I" log (sin 2B)d9 == f ' log (sin 9) d9, 

IT 

.-. P log {ane)d9 = -- log (2). (41) 

Jo 2 

Again, to find 

{'dlog{an9)d9. 



[' log (sin 9) d9 = [' (n- - fl) log (sin 9) d9. 



.'. [ 9\og{sin9)d9 = - f log (sin ») rf0 = --log (2). 

Jo 2J0 2 

119. Theorem of Frallani. — ^To prove that 

f" 6 {ax) -4>{bx) _, , ,, fb\ 

J / ^ ^ ^ = »(o)log(-). 
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Let u = ^^-^ — ^-^ dz ; substitute ax for s, and we get 

Jo a 



«=J: 



h 

a » (flKP) - » (O) ^^^ 



If we substitute' J for «, we get 



■j: 



Henoe 

Ik 



r« (or) efo r»' (bx) dx _^ / \ f" ^ 
Jo a? Jo a? ]t X 



= 0(o)logM. 



a 

If we suppose A = oo, we get 



» 



provided ^-^^ — - dx - o when A = oo. 

For example, let ^ (:r) = cos x^ and, since the integral 






* cos hx . 
ax 



a 



evidently vanishes when A = «, we have 



f COS ax - cos &r _ ,5 

^;t. = loff-. 

\o X a 
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As an exceptional case to the theorem of Frullani let us 
consider the integral 



/•QD 



ax, 

X 

Since ^ (o) = o in this case, equation (40) gives 



I 



tan~^ ax - tan~^ hx _ 
dx = 



'6 tan*"^ hx dx 



X 



X 



where h = 00, To find the latter integral, we observe that hr 
is infiidte for all values between the limits, and consequently 

tan"^ bx = — for all values of x in the definite integral. 

Accordingly we have 

r* tan""^ ax - tan"^ hx tt f* eZa? tt , /r/\ 

Jo X " 2]h X ' 2 ^\bj 

a 

120. Gamma-Functions. — It may be observed that there 
is no branch of analysis which has occupied the attention 
of mathematicians more than that which treats of Definite 
Integrals, both single and multiple ; nor in which the results, 
arrived at are of greater elegance and interest. It would 
be manifestly impossible in the limits of an elementary 
treatise to give more than a sketch of the results arrived at. 
At the same time the Gamma or Eulerian Integrals hold so 
fundamental a place, that no treatise, however elementary, 
would be complete without giving at least an outline of their 
properties. With such an outline we propose to conclude 
this chapter. 

The definitions of the Eulerian Integrals, both Eirst and 
Second, have been given already in Art. 95. 

The First Eulerian Integral, viz. : 



1; 



x"^-^ (i -xy-^ dx^ 



is evidently a function of its two parameters, m and n ; it is 
usually represented by the notation, B{my w). 



156 Definite Integrals, 

Thus, we have by definition 

[ or^-i (i -x)'^'dx = B{m,n). 

(44) 
[ e-^x^^dx = T{p), 

The constants m, fi, are supposed positive in all cases. 
It is eyident that the result in equation (14), Art. 95, still 
holds when;) is of fractional form. 
Hence, we have in all cases 

r{p+i) =pr{p). 

This may be regarded as the fundamental property of 
Gamm«i-Functions, and by aid of it the calculations of all 
such fimctions can be reduced to those for which the para- 
meter p is comprised between any two consecutive integers. 
For this purpose the values of r(jt?), or rather of log r(j>), 
have been tabulated by Legeudre* to 1 2 decimal places, for 
all values of p (between i and 2) to 3 decimal places. The 
student will find tables to 6 decimal places at the end of this 
chapter. By aid of such tables we can readily calculate the 
approximate values of all definite integrals which are re- 
ducible to Gamma-Functions. 

It may be remarked that we have 

r(i) = I, r(o) =cx), v{-p) =00, 

p being any integer. For negative values of p which are 
not integer the fimction has a finite value. 

Agam, if we substitute zx instead of a?, where s is a con- 
stant with respect to a?, we obviously have 



1: 



er*» x"^"' dx = ^^. (45) 



gm 



* See Traits des Fonctions EUiptiques, Tome 2, Int. Euler. chap. 16. 



^ ' ^ r{m + n) 

With respect to the First Eulerian Integral, we havo 
already seen (Art. 92) that 

.\ B{my n) - B (w, m). 

Hence, the interchange of the constants m and n does not 
alter the value of the integral. 

Again, if we substitute for a?, we get 



I ic^-i (i -xy-^dx = f 7-^ 
Jo ^ ^ Jo (i -\r% 



d^ 

y) 



m+w 



Hence [ /^""'"fL ^-^K ^)' (4^) 

Jo (i +yr^ ^ ' ^ 

We now proceed to express B (»i, n) in terms of Gumma* 
Functions. 

121. To prove that 

^ ' ^ r(wtw) 

From equation (45) we have 

r OB 

V(m) = r^^z*"^-*^. 
Hence 

Jo 
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But, if s(i + ir) = y, we get 

Jo (i+';'^*J« 

r(w + fi) 



(1+x) 



■H-ll 



.\ r(m) r (») = r (m + ft) r- 

'Jo (l +ir) 
Accordingly, by (46), we have 

Bi^,n).^J^^. (47) 

r (m + n) 

Again, if m = i - m, we get, by (24), 

r{n) r(i -n)=r ^^^^ = -.-^!—. (48) 

^ ' ^ ' Jo I +« sin «ir 

If in this n = i, we get 

This agrees with (36), for if we make ir* = s, we get 

m 

1 2 2." By aid of the relation in (47) a number of definite 
integrals are reducible to gamma-functions. 
For instance, we have 

r y*^' dp P y"*"' dy r y'^^dp 

Jo (i+y^^-Jo (i+y^*~"^Ji (i+yr**' 



now, substituting - for y in the last integral, we get 
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Hence 



[ 



f ^^^ ^ = -^-T V- (49) 

o(i+^)"»*'* r[m+n) 



Next, if we make a: = -^, we get 



J„ (i +x)'^ Jo («y + «)""•■ 

' Jo (ay + bf"^ a"'b» r(m + n)" ^ "^ 

Again,* let ar = sin^d, and we get 

IT 

.-. rsin--e cos-^die =i;^^. (51) 

Jo 2r{m-\'n) 

This result may also be written as follows : 



1 






_ fp + q 



If we make g = i, we get 

f' Binr'0rftf = 



\/ir 



2 

r 



,^) 



(52) 



(53) 



* These results may be regarded as generalizations of those given in Arts. 
f^h 94) to which the student can readily see that they are reducible when the 
indices are integers. 
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Again, if jt> = y in (52) it becomes 






Let 20 - s, and we have 



» » 

Jo Jo Jo 

If we substitute 2m for j?, this becomes 

rHr(m + i)=^r(2m). (54) 



Again, make y « tan'd in (50), and we get 
•i' Bin«*«-» 9 oos'^^'e rfO r (m) r [n] 



t 



(55) 



(a sin'fl + 6 oo8»tf)*"**» zarb"" T {m + w)* 
123. To find the Value* of 

n being any integer. 

Multiply the expression by itself, reversing the order of 
the factors, and we get its square under the form 



* This important theorem is due to Euler, hy whom, as already noticed, ih» 
Oamma-funcliuns were first inyestigated. 



i\_/2\_/3N -/n-iN i6i 




Ffl/weo/r - r - r - ...r 



n \nj \nj \ n 



^{H'-HH-^hi'^H-"-^} 



that is by (48), 



ir«-^ 



. IT , 27r . 37? . (n-TjTT 

sin — sin — sin — ... sin ^^ — 

n n n n 

To calculate this expression, we have by the theory of 
equations 

I -s^ 

t '^ o\f 2ir A / (w-i)7r .. 

= ( i-2iPC0S-+;r- i-2a?cos — +ar ... i-2iP00S^ —-k-ar]. 

n J\ ^ / . \ ^ 

Making successively in this, a? = i, and « = - i, and re- 
placing the first member by its true vaJue n, we get 

n = [ 2 sm — 2 sin — ... 2 sm ^^ 

in) \ 2nJ \ zn 



> 



n = [ 2 cos — 2 cos — ... 2 cos ^^ — 

znj \ 2n) \ 2n 

whence, multiplying and extracting the square root, 

^ , . -jr . 27r . (n-i)7r 

n = 2**~* sm - sm — . . . sm ^^ —. 

n n n 

Hence, it follows that 

■-(l)r(i)...r(^^).(2#. W 



l62 
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124. To find the values of 
e~^ cos hxQif^ 



i 



V;r, and 



er^sin bxaf^^dx. 



If in (45) a - h^ - i be substituted* for s the equation 
becomes 



1: 



^x g&xV-i ipm-1 ^ = 



r(m) 



_^ r(m) (g + ft v'^)«* 

Let a = (a* + 6^) cos 6, then J = (a' + J') sin 0, and the 
preceding result becomes 



1, 



OD 



e"^ (cos hx +^-i wihx) J?*""" efo 



r(m) 



m (cos 6 + v^- I sin d) 



m 



{a" + ¥) 

r{m) — 
m (cos m% + y^- I sin mfl). 

(a* + h-'Y 
Hence, equating real and imaginary parts, we have 

r(m) 



1 
1 



^""'cos bxaf^'^dx = 



- cos mO 



c"^ sin Jiraf*"^ dx = F (m) . ^ 

^— ^sm mO 



>* 



(57) 



{a" + b^y 



in which = tan^^ ( - ). 



IT 



If we make a = o, become -, and these f ormulflB beoome 

2 



♦ For a rigid proof of the validity of this transfonnation the Btudent is 
referred to SerreWa CaL Int., p. 194. 



I 
i 





00 



Examples. 
cos ox af^'^ ax = — , --^ cos 



sin 6ir af^^ ax = — , — - sm 



'^3 



(5«) 



It may be observed that these latter integrals can be ar- 
xived at in another manner, as follows. 
From (45) we have 



, . cos ^5 f* 



e--^ af^^ cos bz dx. 



/•OS 



,\ r (n) 



cos bzdz 

z 



bz dz r* 



/•» 



e~^ cos 62 a;""^ dx dz 



JBut, by (32), we have 



1: 



X 



e^^ cos fetfe = , 



•OD 



bzdz _ I f * iu* ifa? 
^^ "" r(n) Jo FT^ 



cos bzdz 

5 



jn-l 



IT 



r (n) nTT 

^ 2 COS 



.ty(27), 



in which n must be positive and < i. 
In like manner we find 



ftm • 



sm bzdz 6""^ 



»» 



r(n) . WTT 

^ ^ 2 sm — 

2 



The results in (58) follow from these by aid of the relatioa 
contained in equation (48). 



M 2 
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ExAirPLES. 



I. I ««* (i - x^)fdx, Aiis, ' 



2. 



|.i ^pm-i(i ^ y)»-i ^-y. r(m)r(»o 

Jo (« + a?)"»^ * a»» ( 1 + a)«« r(m + w)' 

3. Prove that 

f^ s^dx f^ dx IT 

Jo (I - ^)*'' Jo (TTl^Ti" 4* 

{• X r(#i + 1) cosf*-) 
COS (*«"; dz. V V 

^fi 

125. Numerical Calculatioxi of Oamma-Functions. — ^The 
following Table gives the values of log V [p] to six decimal 
places, for all values oip between i and 2, (taken to three- 
decimal places). 

It may be observed that we have V (i) = i, F (2) = i, and 
that for all values of jo between i and 2, T{p) is positive and 
less than unity ; and hence the values of log T [p] are negative 
for all such values. Consequently, as in ordinary trigono- 
metrical logarithmic Tables, the Tabular logarithm is obtained 
by adding 10 to the natural logarithm. The method of calcu- 
lating these Tables is too complicated for insertion in an 
elementary Treatise. 









Logrfi?). 








165 


I> 





1 


2 


3 


4 


5 


6 


7 


8 


9 


I.OO 




9750 


9500 


9251 


9003 


8755 


8509 


8263 


8017 


7773 


I.OI 


9.997529 


7285 


7043 


6801 


6560 


6320 


6080 


5841 
3489 


5602 


5365 


1.02 


5128 


4892 


4656 


4421 


4187 


3953 


3721 


3257 


3026 


1.03 


2796 


2567 


2338 


2110 


1883 


1656 


1430 


1205 


0981 


0775 


1.04 


0533 


031 1 


0089 


9868 


9647 


9427 


9208 


8989 


8772 


8554 


1.05 


9.988338 


8122 


7907 


7692 


7478 


7265 


7052 


6841 


6629 


6419 


1.06 


6209 


6000 


5791 


5583 


5378 


5169 


4963 


4758 


4553 


4349 


1.07 


4145 


3943 


3741 


3539 


3338 


3138 


2939 


07S6 


2541 


2344 


1.08 


2147 


195 1 


1755 


1560 


1365 


1172 


0978 


0594 


0403 


1.09 


0212 


0022 


9833 


9644 


9456 


9269 


9082 


8900 


8710 


8525 


1. 10 


9.97834^ 


8157 


7974 


7791 


7610 


7428 


7248 


7068 


6888 


6709 


I. II 


6531 


6354 


6177 


6000 


5825 


5650 


5475 


530J 


5128 


4955 


1. 12 


4783 


4612 


4441 


4271 


4101 


3932 


3764 


3596 


3429 


3262 


1. 13 


3096 


2931 


2766 


2602 


2438 


2275 


2113 


1951 


1790 


1629 


1. 14 


1469 


1309 


1 150 


0992 


0835 


0677 


0521 


0365 


0210 


0055 


1. 15 


9.969901 


9747 


9594 


9442 


9290 


9J39 


8988 


8838 


8688 


8539 
7082 


1. 16 


8390 


8243 


8096 


7949 


7803 


7658 


7513 


7369 


7225 


1. 17 


6939 


6797 


6655 


6514 


6374 


6234 


6095 


5957 


581B 


5681 


1. 18 


5544 


5408 


5272 


5137 


5002 


4868 


4734 


4601 


4469 


4337 


1. 19 


4205 


4075 


3944 


3815 


3686 


3557 


3429 


3302 


3175 


3048 


1.20 


2922 


2797 


2672 


2548 


2425 


2302 


2179 


2057 


1936 


1815 


1.21 


1695 


1575 


1456 


1337 


1219 


IIOI 


0984 


0867 


0751 


0636 


1.22 


0521 


0407 


0293 


0180 


0067 


9955 


9843 


9732 


9621 


951 1 


1-23 


9.959401 


9292 


9184 


9076 


8968 


8861 


8755 


8649 


8544 


8439 


1.24 


8335 


8231 


8128 


8025 


7923 


7821 


7720 


7620 


7520 


7420 


1.25 


7321 


7223 


7125 


7027 


6930 


^ 


6738 


6642 


6547 


6453 


1.26 


6359 


6267 


6173 


6081 


5989 


5807 


5716 


5627 


5537 


1.27 


5449 


5360 


5273 


5185 


5099 


5013 


4927 


4842 


4757 


4^73 


1.28 


4589 


4506 


4423 


4341 


4259 


4178 


4097 


4017 


^^ll 


3858 


1.29 


3780 


3702 


3624 


3547 


3470 


3394 


3318 


3243 


3168 


3094 


130 


3020 


2947 


2874 


2802 


2730 


2659 


2588 


2^8 


2448 


2379 


I.3I 


2310 


2242 


2174 


2106 


2040 


1973 


1907 


1842 


1777 


1712 


1.32 


1648 


1585 


1522 


1459 


1307 


1336 


1275 


1214 


"54 


1094 


1.33 


1035 


0977 


0918 


0861 


0803 


0747 


0690 


0634 


0579 


0524 


1.34 


0470 


0416 


0362 


0309 


0257 


0205 


0153 


0102 


0051 


0001 


1.35 


9.949951 


9902 


9853 


9805 


9757 


9710 


9663 


9617 


9571 


9525 


1.36 


9480 


9435 


9391 


9348 


9304 
8898 


9262 


9219 


§'Z^ 


t^^t 


9095 


1.37 


9054 


9015 


8975 


8936 


8859 


8822 


8785 


8748 


8711 


1.38 


8676 


8640 


8605 


8571 


8537 


8503 


8470 


8437 


8405 


5373 


1.39 


•8342 


8311 


8280 


8250 


8221 


8192 


8163 


8135 


8107 


8080 


1.40 


8053 


8026 


8000 


7975 


7950 


7925 


7901 


7877 


7854 


7831 


i 1-41 


7808 


7786 


7765 


7744 


772s 


7703 


7683 


7664 


7645 


7626 


1 1.42 


7608 


7590 


7573 


7556 


7540 


7524 


7509 


7494 
7368 


.7479 


7465 


1-43 


7451 


7438 


7425 


7413 


7401 


7389 


7378 


7357 


7348 


1.44 


7338 


7329 


7321 


7312 


7305 


7298 


7291 


7284 


7278 


7273 


1-45 


7262 


7263 


7259 


7255 


7251 


7248 


7246 


7244 


7242 


7241 


1.46 


7240 


7239 


7239 


7240 


7240 


7242 


7243 
7282 


7245 


7248 


7251 


1.47 


7254 


7258 


7262 


7266 


7271 


7277 


7289 


7295 


7302 


1.48 


7310 


7317 


7326 


7334 


7343 


7353 


7363 


7373 


7384 


7395 


1.49 


7407 7419 


7431 


7444 


7457 


7471 


7485 


7499 


7514 


2iift 



1 66 








Log 


TO;) 


• 










P , 





1 


2 3 


4 


5 


6 


7 


8 


9 


1.50 


9-947545 


7561 


7577 


7594 


7612 


7629 


7647 


7666 


7685 


7704 


1.51 


7724 


7744 


7764 


7785 


7806 


7828 


7850 


7873 


7896 


7919 


1.52 


7943 


7967 


7991 


8016 


8041 


8067 


8093 


8120 


8146 


8174 


1-53 


8201 


8229 


8258 


8287 


8316 


8346 


8376 


8406 


8437 


8468 


1.54 


S5^ 


ll^^ 


8564 


8597 


8630 


8664 


8698 


8732 
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Examples. 

I. I . Ans, i»y a. 

a. If /(a?) =f{a + x) for all values of a?, prove that 

fna ra 

f{x) rfj; = » f{x) dx, 
Jo 

where n is an integer. 
dx 



'■I 



V aa;-a?* 



IT. 



IT 



r2 rfj: 

^- — / T- 



^xdx, r. 



J. I sin- 

f* dx IT 

Jo {l+x)\/l + 2X - !C* 4v* 

}* dx 

^■i.,^«u..^t > «<^-*'l>eing positive. 
-OD <> 4- 20» + ex* 



8. Prove that 

1" ife ir / — 
r-5 7 = TTT, where A = iCy ae + i). 



lo a + 2ia;* + ca;* 2\/aA 

f"" dx 

* Jo I + 



10. \ 

Jo I + c 



COS cos X Bin 



cos cos a; * Bin 6' 



II. 






lo rt^ sin* a? + ^'cos* x' %ab 



"i 



2 dx ir(a» + ft2) 



(a^sin^a? + *2(jog«^:j:«* ^3^ 
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Examples. 



1» d!r 
— 7^= — » Ann, 2*y a. 

a. If /(of) =3/(« + r) for all ralues of x, prove that 

rj{x)dx^n^ J{x)dx, 
Jo Jo 

where m is an integer. 
dx 






IT. 



IT 



y/x^-\ 3* • 

5. I ain'^ « dr. 



■ r. 

a 



{• dm 
r -, a« - i' being positive. 

8. Prove that 



^ ae-l^ 



=-5 T = ^7=, where A = 2(*\/ ac + i). 



^- i— 



dx 






10. \ 

Jo I + c 



COS 6 COS a; sin 

dx e 



II. 



cos 6 COS a; * Bin 6' 

lo «' sin*« + ^' coa* x' TaP 

If dx ir(a» + &g) 
(«' 8in«a? + ** cos« xy' 40^^ 
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Examples. 

I. I . Ans. i»y a, 

Jo *y a-x 

a. If /[a?) =/[a + x) ioix all values of a?, prove that 

fna ra 

f(x) dx = n\ f{x) dx, 
Jo 

where n is an integer. 

f« dx 
•'0 ^ax-x* 

fi dx v_ 



^xdx, r. 



;. I sin" 
Jo 

" f 7 ^ • 



a 



(i +») V I + 2X — a* 4V 2 

7. I ; -, otf - i' being positive. ' 

J-oD a+ 2*» + ca?«' °^ V^ofl-^ 

8. Prove that 



I r-3 7 = — ^^» where h = ^(yae + *). 

Jo a + 2to* + ca;* ^ ^^h 



•• f — 



<fa? IT 



10. r — 

Jo I + 



cos cos X sin 

cos cos a; * sin 



II. 



(2" <?iJ? w 



lo a^ &iv?x + ^'cos* ^* a«^ 



"i: 



£fo; ir(a« + a2) 



(a3 sin« a? + *« cos* x)-^' 4«'^ 
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13. r y/^^^^ CO8-1 - dx. ^'w- 



"IT"*" 8" 



. dx , T 

14. I , , a > *. 



7=, a>o. 



J-i (a - 

-7= 

V (a; - a) (iS - «) 



». 



ira^. 



sin ax COB hx 



17. Show that I dx = -f OT o, according as axsr <o; and 

Jo a? 2 



» 



that when a = ^ the yalue of the integral is -. 

4 



l+\/ ab\ 



18. I r ,ab<i. ^>w. — -;= log ( — ) 

''-1 Y{t-2ax+a^){i — 2bx+b^) y ab \i-v aft/ 



19. I iasi^xdx, } (log 2- 1). 

Shr 

, _ sinar dx ir , , i 

20. I TT . -- + tan-' — 



rr SIB 
). I 

Jo 1 + 



cos^a; 4 ^: 



21. If every infinitesimal element of the side e of any triangle be diyidod 
by its distance from the opposite angle C, and the sum taken, show that its 
Talue is 



(J B \ 

cot — cot — J . 



22. Being given the base of a triangle ; if the sum of every element of the 
base multiplied by the square of the distance from the vertex be constant, show 
that the locus of uie vertex is an ellipse. 

IT 

f2 co8*d8in^<fd . I tan"'tf 

23. I 5 — ;— . Ant. -r 5 — . 



^^ p- cos^esine^a v^L+l* logC^-f a/i+<^) 

* Jo V^ 1 + «« C0S2 tf 26* " 2tfa . 
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35. Deduce the expansions for sin x and cos^ from Bernoulli's series. 
26. Show that the integral 

!ar» (log «)*» dx 


can be immediately evaluated by the method of Art. in, when m is an integer. 

1* tan~* (ax) dx ^ «" i # v 

a; ( I + a;*) 2 

28. Find the value of 

I log (i - 2a cos a? + a') <&, 

distinguishing between the cases where a is >, or < i. 

Am. a< I, its value is o. 
,, a > I , its value is 2 log a, 

29. lif(x) can be expanded in a series of the form 

oo + 01 cos a; + 02 cos 2d; + . ..+«!» coa fix + .. , , 

«how that any coefficient after oo can be exhibited in the form of a definite 
integral. 

Ans, an = — I /{x)oo8nxdx, 

30. Find the analogous theorem when f(jc) can be expanded in a series of 
«ines of multiples of x ; and apply the method to prove the relation 

(sin 2d; sin 3a; . \ 
sm X 1 &c. I , 
2 3/ 

when X lies between + ir. 

3 1 . Prove the identical relation 

IT n^ 

C2 de 



Jo V^sin e 
32. Express the definite integral 



I \/sin6 



XI \/ anO de = IT. 



): 



IT 

2 d$ 



lo y^ I _ ic^sin-^ 
in the form of a series, k being < i. 

-'"■T(-(l)"-*(a'-(^9'-*'-) 
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w 



Jo COSX 2\4 / 



i/- 


Jo ^"n«-*8inay 


38. 


fi <te 


Jo (i-a5«)*' 


tn 


fi ito 


39" 


J<> (i-ar»r 


■j^ 


pr COS ra? <fa: 



34. I xe-^smhxdx, wheTea>o. , „ . ■^^„ . 

Jo (a'* + ^*/ 

f • tan-i aa: tan"! jSar ^ , ( (a + /3)a*^ ) 

3^' Jo 7- ^- T^^^-^;^^) 



36. F log (a' cos'e + /3»siii«e) <fd. ir log 



a + /3 



> ^. IT sin 



-o- 



•K 

3 



IT 

« Sin — 
n 



a-' I - a- 



41. Find the sum of the series 

n n n n 

when ft is increased indefinitely. 

This is eyidently represented hy the definite integral 



I 



^ dx IT 

1 ;» or = — . 

!o i+a:«' 4 

42. Find the limit of the sum 

I.I I 

+ -7==+— 7= + . . .+ 



V^»2- la -/»«- a« 's/»2-3a * y^w* - (n- j/ 

when w = 00. ^„,. J?!^ 

2 
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43. Prove that 



TT IT 

[2" _^ ,^ w (m - 1) (T 



!2 , wfm-ijjT . , 

cos*" a; cos nx ax = — \ ^ \ cos""'' cos nx ax ; 
m^ — n* Jo 

and hence, deduce the values of the integrals 

IT IF 

I cQs^^x cos (2n + i) 0? rfir, and I cos''*** x cos mx dx, 
when m and n are integers. 

44. I log ( I - 2a cos 6 + a') cos w6 <f0, when a* < 1. ' -4«t. 

Jo 

f* irx^ 

cos — <fa:. 
-X 2 



IT flf« 
2 m' 
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CHAPTEE Vn. 



AREAS OF PLANE CUEVES. 



126. Area* of Onrv«a. — The simplest method of regarding 
the area of a ourre ia to suppose it referred to rectangular 
exes of oo-ordiuat«B ; then, tite area included between the 
"^ curve, the axis of x, the two ordinatea o<ttTe8ponding to the 
Talues Xa and xi of x, is represented by the deftoite integral 



ydx. 



For, let the area in question be represented by the space 
AB VT, and suppose B V divided into « equal intervals, and 
the corresponding ordinates drawn, . 
as in the accompanying figure. 

Then the area of the portion 
FMNQ Is less than the rectangle 
pMNQ, and greater than P3tNq. 

Hence the entire area AB VT is 
less than the sum of the rectangles 
represented "bj pMNQ, and greater 
tluin the sum of the rectangles-^ 
PMNq ; but the difference between 
these latter sums is the sum of the rectangles Pp Qq, or (since 
the rectangles have equal bases) the rectangle under MN and 
the difference between TV and AB. Now, by supposing 
the number n increased indefinitely, MN can he made in- 
definitely small, and hence the rectangle MN{TV-AB) 
also becomes infinitely small. Consequently the difference 
between the area ABVT and the sum of the rectangles 
PMNq becomes evanescent at the same time. 
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If now the co-ordinates of P be denoted by x and y, and 
MN by ^x, it follows that the area ABVT is the limiting 
value* of 2 {y Ax) when the increment Ax becomes infinitely 
small. 

Or area ABVT = ydx; where Xi = OF, Xo = OJS. 

It should be observed that this result requires that y 
continues finite, and of the same sign, between the limits. 
of integration. 

If y change its sign between the limits, i.e., if the curve- 
cut the axis of x, the preceding definite integral represents- 
the difference of the areas at opposite sides of the axis of x. 

In such cases it is preferable to consider each area sepa- 
rately, by dividing the integral into two parts, separated by 
the value of x for which y vanishes. 

The preceding mode of proof obviously applies also to* 
the case where the co-ordinate axes are oblique ; in which 
case the area is represented by 



smoi 



ydx, 



where w represents the angle between the axes. 

In applying these formulse the value of y is found ini 
terms of x by means of the equation of the curve : thus^ 
if y ==f{x) be this equation, the area is represented by 



I 



f{x) dx 



taken between suitable limits. 

Conversely the value of any definite integral, such as 

f(x) dx 



i 



• This demonstration is substantially that given by Newton ; (see Principia^ 
liib. I., Sect. I., Lemma 1) ; and is the geometrical representation of the result 
established in Art. 90. 

The modification in the proof when the elements of ^F are considered 
unequal, but each infinitely small, is easily seen. It may be remarked that th& 
resiJt here given is but a particular case of the general principle laid down in 
Arts. 38, 39, Dif. Cal. 
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may be represented geometrically by the area of a definite 
portion of the curve represented by the equation 

y = /W- 

Again, it is plain that the area between the curve, the 
axis 01 y, and two ordinates to that axis, is represented by 



1 



Xdt/y 



taken between the proper limits : the co-ordinate axes being 
supposed rectangular. 

we proceed to illustrate this method of determining 
iireas by a few applications, commencing with the simplest 
examples. 

127. The Circle. — Taking the equation of a circle in the 
form 



a^ + y^ = a\ we get p = y^a*-ic% 
and the area is represented by 



1 




taken between proper limits. 

For instance, to find the area of 
the portion represented by APDE 
in the accompanying figure. Let a; = a cos 0, then the area 
in question is plainly represented by 

J** . a^ , 

sia^OdO = — (a - sino cosa) ; where o = Z DCA. 
2 

This result is also evident from geometry ; for, the area 
DPAE is the difference between DCAP and JDCE^ or is 

0*0 a* sin a cos a 



The area of the quadrant ACB is got by making a = - ; 

2 



ira* 



and accordingly is — : hence, the entire area of the circle 
is Tra'. 
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128. The Ellipse. — From the equation of the ellipse 



+ ^ = I, we get y = -yd'-x\ 



a.nd tlie element of area is 

a 

l)ut this is - times the area of the corresponding element 
of the circle whose radius is a : consequently the area of any 
portion of the ellipse is - times that of the corresponding 

part of the circle. This is also evident from geometry. 

The area of the entire ellipse is i^ah. 

Again, if the equation of an ellipse be given in the form 
Aj? + By^ = C, its area is evidently 



TT 



C 



^ AB 

As an application of the case of oblique axes, let it be 
proposed to find the area of the 
segment of an ellipse cut off by 
any chord D-D'. ^ 

Draw the diameter AA! con- 
jugate to the chord, and BS 
parallel to it. Then, C being 
the centre, let ^ 

CA:^d, CBr=b\ ACB'^w, 

5ind the equation of the ellipse is -7$ + ^ = i ; hence the 

area DA'B^ is represented by 




2 -78m (ti 
a 



"where cos a = 



^d^ - Q^ dx - a'ysinb;(a~sinaCOSa)y 

CE 

CE 



CA'' 
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Again, (/ h' sin (i> = ai, by an elementary property of the 
ellipse, a and h being the semiaxes. 

Hence the area of the segment in question is 

ah (a - sin a cos a). 

This result can also be deduced immediately from the 
circle by the method of orthogonal projection. 

129. The Parabola. — ^Taking the equa- 
tion of the parabola in the form 

y^ = 4pa?, we get y = 2*/^. 
Hence the area of the portion APN is 



2/?i x^dx^ or -]^x^y i.e. - ay. 




Consequently, the area of the segment J^ 
TAP cut ofE by a chord perpendiciilar to 
the axis, is f of the rectangle PMM^P^. 

It is easily seen that a similar relation holds for the seg- 
ment cut off by any chord. 

More generally, let the equation of the curve be y = (U''*\ 
where n is positive. 



Here 



Uc& = a 



a?» ^ = + const. 

n+ I 



If the area be counted from the origin, the constant 
vanishes, and the expression for the area becomes 

a^^ xy 

, or—^. 

w+ I n-\- 1 

Hence, the area is in a constant ratio to the rectangle 
under the co-ordinates. A corresponding result holds for 
oblique axes. The discussion when n is negative is left to the 
student. 

130. The Hyperbola. — ^The simplest form of the equation 
of an hyperbola is where the asymptotes are taken for co- 
ordinate axes ; in this case its equation is of the form xy = 0^. 
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Hence, denoting the angle between the asymptotes by w, 
the area between the curve and the asymptote is denoted by 



c^ sin 



{dx 
m it) — , 



or c* sin cu log 



Xq 



where Xi and Xq are the abscisses of the limiting points. 
If the curve be referred to its axes, its equation is 



x^ if" 

a' " " " ^ ' 



,2 J2 



and the element of area ydx becomes 



a 
Hence the area is represented by 



a 



a/x^ - (? dx, 




taken between proper limits. 

Again L/a?*- a^ dx = ^ - a^ \ — -==. 

J J yx" - a' J y^^^^ 

Also, integrating by parts, we have 

' . . r a^dx 

Adding, and dividing by 2, we get 

dx 



^x^-c^dx = 



xy^ - a* c^ 



-f 



y^f-ci 



= -^ -log («+ -/^^). 
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Accordingly, if we suppose the area counted fix)ni the 
summit A, we have 



APN = — X A/x^-a^ log 

2a ^ 2 ^\ a 



ncy ab 



'»<M) 



Again, since the triangle CPN = ^ xy^ it follows that 

sector ACP = - log (- + |\ (i) 

2 ^\a J 

131. The Catenary. — If an inelastic string of uniform 
density be allowed to hang freely from two fixed points the- 
curve which it assumes is called the Catenary. 

Its equation is easily shown 
from mechanical considerations, ^1 
when reduced to its simplest form, 
to be 



y 



^-ief" + e'^ 




o 



u 



X 



The shape of the curve is 
exhibited in the accompanying 

figure, in which the distance from the origin to the lowest 
point V of the curve is equal to a. 

The area of any portion VPNG^ is 



a 

2J 



,X / X Xy 

e" + e"« ]dx 



4(^=- 



a: 



= a{f- a')i. 



(2) 



* liNL be drawn perpendicular to the tangent at P, it will be shown in 

the next chapter that NL = a, and consequently that PL = y^y* — a\ Accord- 
ingly, the area VFNO is double that of the triangle FNL. 
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Examples. 

f . In the equilateral hyperbola, a;^ — y^ = i, if double the seotorial area 
^CP (figure of Art. 130) be denoted by 8y prove that 

These may ba written in another form, viz. 

X = cos {Sy — 1), y = V — I sin {S\/ - i). 

These functions are called the hyperbolio sine and eosine of 'S', and have many 
analogies to ordinary sines and cosines. 

2. To find the area of the oval of the parabola of the third degree with a 
clouble point 

cyi = (a; - a) (x - hf. 
The area in question is represented by 

h . A 



— 7= I (* "* ^) V ^ - *^^« 




Let X — a = z\ and we easily find for Ihe area* 

3. Find the whole area of the curve 

a^y% = a^ {za - x), Ans. ita*, 

4. Find the whole area between the cissoid 

s^ -^y"^ (a — x) 

and its asymptote. 

Since a; - a = o is the equation of the asymptote, the area in question is 
represented by 

^dx 



I« x^dx 
(« — «) 



* The student will find little difficulty in proving that this area is --^ — 

times the rectangle which circumscribes the oval, having its sides parallel to tfie 
co-ordinate axes. 

K 2 
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Let x^a sin' 9, and this becomes 



!:•' 



2«2 I 8in*d£/a : 




henoe the area in question is - -wa^. 

o 

5. Find the area of the loop of the curve 

aV = a;* (* + x). 

This curve has been considered in Art. 263, Dif. 
Oal. Its form is exhibited in the annexed figure ; and 
the area of the loop is plainly 

^j x'^^bVxdx. 

Let b •{■ x^ifi, and it is easily seen that the area 
ill question is represented by 

8 .b^ 

3 • 5 . 7 . «* 

6. Find the area between the witch of Agnesi 

xy^ = 4a2 (2a - x) 
and its asymptote. 

132. In finding the whole area of a closed curve, such a» 
that represented in the figure, we 
suppose lines, PMj QN^ &o., drawn 
parallel to the axis of y ; then, as- 
suming each of these Imes to meet 
the curve in but two points, and 
making PM = ya, P^M = y^ the 
elementary area PQQ[P^ is repre- 
sented by (ya - yi) cte, and the en- 
tire* area by 

OJff 

{yz -yi)dx; 



Am. 4ira-. 




B'X 



I 



OB 



in which OB^ Off are the limiting values of x. 

For example, let it be proposed to find the whole area of 
an ellipse given by the general equation 

ax^ + ihxy + Jy^ + igx + 2fy + c = o. 

* This form irtill holds when the axis of x intersects the curve, for the ordi* 
nrntea below that axis have a negative sign, and (ya — y\)dx will still represent 
the element of the urea between two parallel ordinates. 
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Here, solving for y, we easily find 



y-i ~ ^1 = T a/(^'' -ab)x'-¥ 2 (hf- hg)x^-p - U. 

Also, the limiting values of x are the roots of the quad- 
ratic expression under the radical sign. 

Accordingly, denoting these roots by a and /3, and ob- 
serving that h^ - ah is negative for an ellipse, the entire area 
is represented by 



2 ^ab - h^ 



r/3 



^/{x - a) (/3 - x) dx. 



b 

To find this, assume x-a = (jS - a) sin^fl : 
then fi -X = (jS - a) cos^ 0, and we get 



IT 

f/3 '•- 



^[x - a) {li -x) dx = 2(li - a)' 



sin'eccs^flcfe 





Again (/3-a)'=4-^ ^^^^lAy 

4^ (af^ + ft.g'^ + cA* - 2fgh - aJc) 

Hence the area of the ellipse is represented by 

TT (aP + hg^ + ch^ - 2fgh - abc) 

{ab - K')^ • 

This result can be verified without difficulty, by deter- 
mining the value of the rectangle under the semiaxes of an 
ellipse in terms of the coefficients of its general equation. 

It is worthy of observation that if we suppose a closed 
ourve to be described by the motion of a point round its 
entire perimeter, the whole inclosed area is represented by 
lydxy taken for every point around the entire curve. 
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Thus, in the preceding figure, if we proceed from A to A'' 
along the upper portion of the curve, the corresponding part 
of the integral jydx represents the area APA^B^B. Again ^ 
in returning from A' to A along the lower part of the curve^ 
the increment dx is negative, and the corresponding part 
of iydx is also negative (assuming that the curve does not 
intersect the axis of a?), and represents the area AP^ABP^y 
taken with a negative sign. Consequently the whole area of 
the closed curve is represented by the integral \ydx^ taken 
for all points on the curve. 

I The student will find no difficulty in showiDg that this 
Iproof is general, whatever be the form of the curve, and 
whatever the nimiber of points in which it is met by the 
parallel ordinates. 

To avoid ambiguity the preceding result may be stated a» 
follows : — The area of any chsed curve is represented by 



1 



dx , 
- ds 



taken through the entire perimeter of the curve^ the element of the 
curve being regarded as positive throughout, 

133. In many cases, instead of determining y in terms of 
.r, we can express them both in terms of a single variable^ 
and thus determine the area by expressing its element in 
terms of that variable. 

For instance, in the ellipse, if we make x = a sin 0, we 
get y = b cos A, and ydx becomes ab cos*^ c/0, the integral of 
which gives tne same result as before. 

In uke manner, to find the area of the curve 




Let X- a sin'0, then y -b cos'^, and ydx becomes 

3a6sin*^cos*^rf0 : 
lienoe the entire area of the curve is represented by 



1*2* , 3 

i2ab sin'*^ cos*^ c?^ = -irab. 
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Examples. 
I. Find the whole area of the eyolute of the ellipse 



^2 

2. Find the whole area of the curve 

2 



3>(«»-^')» 



. i.3.5...(2m+i).i.3.5...(2fi+i) 
2.4.6 2(fB+n+i) 

134. The Cycloid. — ^In the cycloid, we have (Dif. Cal., 

Art. 273) 

X = a(0-smO)j y = a (i - cos 0) : 
.-. [ydx = aA{i -QoaOyde = ^a" f sin^-fl^fl. 

Taking 9 between o and tt, we get ^na^ for the entire 
area between the cycloid and its base. 

The area of the cycloid admits also of an elementary 
geometrical deduction, as foUows : — 




It is obviously sufficient to find the area between the 
semicircle BPD and the semi-cycloid BpA. To determine 
this, let points P and P' be taken on the semicircle such that 
arc JSP = arc DP' : draw MPp and M'P^'p' perpendicular 
to BB. Take MN and M'N' of equal length, and draw 
Nq and N'cl^ also perpendicular to BB : then, by the 
fundamental property of the cycloid, the line Pj? = arc PP, 
and P'y = arc PP' : 

.'. Pp + P'y = semicircle = tea 
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Now, if the interval M^ be regarded as indefinitely 
small, the sum of the elementary areas PpqQ and P^p'q'Q' is 
equal to the rectangle under MN and the simi of Pp and 
P^p\ or to wa X JKZV. 

Again, if the entire figure be supposed divided in like 
manner, it is obvious that the whole area between the semi- 
circle and the cycloid is equal to na multiplied by the sum of 
the elements MNj taken from B to the centre C, i.e., equal 
to 7ra*. 

Consequently the whole area of the cycloid is Sira^y as 
before. 

The area of a prolate or curtate cycloid can be obtained 
in like manner. 

135. Areas in Polar Co-ordinates.— Suppose the curve 
AP£ to be referred to polar 
co-ordinates, being the pole, 
and let OPy OQ, OR represent 
consecutive radii vectores, and 
PLy QMj arcs of circles described 
with as centre. Then the 
area OPQ = OPL + PLQ ; but 
PLQ becomes evanescent in com- 
parison with OPL when P and 
Q are infinitely near points; 
consequently the elementary area ^^q 

OPQ = area OPL (in the limit) = ; r and being the 

polar co-ordinates of P. ^ 

Hence the sectorial area AOB is represented by 




i 



r rvfl, 



where a and j3 are the values of corresponding to the 
limiting points A and JS. 

136. Area of Pedals of Ellipse and Hyperbola. — For 
example, let it be proposed to find the area of the locus of 
the foot of the perpendicular from the centre on a tangent 
to an ellipse. ^ ^2 

Writing the equation of the ellipse in the form —2 + 12 ~ ^ > 

the equation of the locus in question is obviously 

r^ » a' cos*0 + ft' sin'^d. 
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Hence its area is 

^^^sin'OdO = ^-^—^0 + ' — ^sinfloosfl. 



a^f „^ ,. ft'f o^-\-b^^ a^-V . 



2 2 

The entire area of the locus is 

2 ^ '^ 

The equation of the corresponding locus for the hyperbola 
is 

r* = a?" 0,0^% - J-sin'^fl. 

In finding its area, since r must be real, we must have 
<i^ cos^O - 1)^ sin^0 positive : accordingly, the limits for fl are o 

and tan"^— . 


Integrating between these limits, and multiplying by 

4, we get for the entire area 

ah + (a' - If) tan^^ -=-• 



In this case, if we had at once integrated between = o 

and fl = 27r, we should have found for the area (a* - IP) — . 

This anomaly would arise from our having integrated 
through an interval for which r^ is negative, and for which, 
therefore, the corresponding part of the curve is imaginary. 

The expression for the area of the pedal of an ellipse with 
respect to any origin will be given in a subsequent Article. 

Examples. 

1. Show that the entire area of the Lemniscate 

ft — a' cos 20 
is a*. 

2. In the hyperholic spiral 

prove that the area hounded hy any two radii yectores is proportional to the 
^lifference hetween their lengths. 

3. Find the area of a loop of the curye 

r* = a'^coand. Ana, 



o2 



n 



1 86 



Areas of Plane Curves. 



4. Find the area of the loop of the Folium of Descartes, whose equation ia 
Transforming to polar co-ordinates, we hare 



r = 



3a cos B sin 9 
sin^ Q + cos^ i9* 



Again, the limiting values of are o and — , 



IT 



.*. Area 



^a^{* ^m^BcoB^Qdd 



2 Jo 



(sinstf + co8^d)=* 
Let tan 9 = m, and the expression becomes 

2 



(I + «3/ " "T* 



5. To find the area of the Limaqon 

r = a cos d + i. 
Here we must distinguish between two cases. 

(i). Let h> a. In this case the curve consists of one loop, and its area i& 

} [ " (acose + hfd9 = (ly^ + —\ir. 

When i = a, the curve becomes a Cardioid, and the area . 

2 

(2). Let h<a. The curve in this case has two loops, as in the figure (se^ 
Dif. Cal., Art. 270), the outer loop corresponding to r = a cosd + 3, the inner to» 
r = a cos B — b. 

To find the area of the inner loop, we 
take between the limits o and a, where 



o = COB- 

fa 




a 



'^ ( - j ; and the entire area is 
(a cose -bf do 



[ 

= I («2C08'd-3fldC08d + i*)<fa 

Jo 

(a* \ a* 
— + i* J o + — sin a COS a - 2ab si 

\2 / a 7. 

It is easily seen that the sum of the areas of the two loops is obtained by 
integrating between the limits o and 27r, and accordingly is 




as in the former case. 



(?..), 
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137. In finding the whole areji of a closed curve by polar 
co-ordinates we distinguish between two cases. When tha 
origin is outside, we suppose tangents OTj 0T\ drawn 
from 0, and vectors OP^ OQ, &c., 
drawn to cut the curve; then, if 
these lines intersect it in but two 
points each, the element of area 
PpqQ is the difference between 
the areas POQ and pOq; or in 
the limit, is | {ri^ - ra*) dO, where 
OP = ri,Op = n. 

Hence, the expression 

i ! (ri* - r,') dO, ^ ^ 

taken between the limits corre&- '^ 

ponding to the tangents OT and 0T\ represents the entire- 
included area. 

If the origin lie inside the curve, its whole area is in 
general represented by ^ / {ri + r^) dO, taken between th& 
limits fl = o and = ir. 

We shall illustrate these results by applying them ta 
the circle 

r* - 2rc cos + c'* = a*. 

If the origin be outside, we have oa^ and ri + r^^zc cos Oy 
and rir2 = c^-a^ : .*. n - n = 2^/a^ - c* sin^fl. 

Hence (ri^ - r^^) dB = 4c cos Q^a^ ~ c^ sin^ dO ; and the- 

a 
limiting values of are ± sin"^ -. 

Hence the whole area is 



2C 



• 1 " 

sin- •• — 

I I COS d y/d'-c^&m^e d0. 

J-8in-l- 



Let csmO = asm^j and this integral transforms into 



2a^ cos^ <l>d(p = irfl*. 



i^A 



AfBa "j^PjtjUi f*»/T»?!f. 



Agaxn. if the csigizL he fn^ajpy we I!at» '- < «« and 



^ /•i* - r/: = «^ - ^ o*:s z9. 



. » J* 



ff i9 



g 



The method gxren abore mar le applied to find the area 
inelnded between two Isancjies of the same spiral cmre. As 
an example kC ns conads-the caseof the ^Kral of Archimedes. 
138. The Spiral of Azchzmedes. — ^The equation of this earve 
is r = a$f and its 
form, for pomtic^ 
ralues o/O^is repre- 
sented in the ac- 
companying fig^ore, 
in which O is the 
le and OA the 
ine from which 
is measured. Let 
any line drawn 
through O meet the 
different branches 
of the spiral in 
points P, Q, -K, &c. : 
then, if OP = r, and 
POA = 0, we have, 
from the equation of the curve, 

OP = a0, OQ = a{0 + 2ir), OJB = a(e + 4ir), &c. 

Hence PQ = QR = &c., = zaw = c (suppose) ; i. e., the 
intercepts between any two consecutive branches of the spiral 
are of constant length. 

Again, let OQ = r^ OH = r2 = n + c, and the area between 
the two corresponding branches is 




iUr2'-r,')de = J 



2 



dO. 



Now, suppose MN and mn represent the limiting lines, 



* It should be noted that when negatiye values of $ are taken, we get for 
the rumaining half of the spiral a curve symmetricsJly situated with respect to 
the prime vector OA, 
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1 8^ 



and let j3 and a be the corresponding values of ; then tha 
area nMNm will be equal to 

aBcie + - rfO = - (/3 - a) (aa + fl/3 + c) 



= -{/3-a)(0ilf+0n). 



(3) 



If j3 - a = TT, this gives for the area of the portion be* 
tween two consecutive branches QMQ[ and RFKy inter- 
cepted by any right line RK drawn through the pole. 



TV 



- RQ.QKy i. e., half the area of the ellipse whose semi-axes- 

2 

are RQ and RQ. 

139. The formula in Article 137 still holds obviously 
when AB and ab represent portions of different curves. 

It is also easily seen, as in Article 132, that if a point be- 
supposed to move round any closed boundary, the included 
area is in all cases represented by ^Ir^dQy taken round the^ 
entire boundary, whatever be its form ; the elementary angle^ 
dO being taken with its proper sign throughout. 

Again, if we transform to rectangular axes by the relations- 
a^ = r 008 Oj y = r sin 0, we get 



tan0=^, 

X 



dO xdy - ydx 



X' 



oos'^6 

Hence r^dO = xdy - ydx ; 

and the area swept out by the radius vector is represented by 
the integral 

i J {xdy - ydx)y 

taken between suitable limits ; a result which can also be 
easily atrived at geometrioaUy. 

1 40. Area of Elliptic Sector. Lambert's Theorem. — It is. 
of importance in Astronomy to d 

be able to express the area AFP 
swept out by the focal radius 
vector of an ellipse. This can 
beamyedatbyintegxationfrom 
the polar equation of the curve ; 
it is however more easUy ob- a 
tained geometrically. 




tQO 
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For, if the ordinate FN be produced to meet the auxiKary 
^circle in Q, we have 



(4) 



area AFP = - x area AFQ = - (ACQ- CFQ) 

a a ^ 

ah . . . 

= — iu - e sm u). 

where u = L A CQ. 

By aid of this result, the area of any elliptic sector can be 
-expressed in terms of the focal distances of its extremities, 
and of the chord joining them. 

For, let QFF represent the 
sector, and let FF = p, FQ=p\ 
FQ = c ; then, denoting by u 
«,nd u' the eccentric angles cor- 
responding to F and Q, the 
area of the sector QjPP, by (4), a 
is represented by 

ab 




Jf M N A, 



\u - vf - e (sin u - sin w') > . 



We proceed to show that this result can be written in the 
form 



ah 

-7 {0-0'- (sin^-sin^')). 

where and 0' are given by the equations 



(5) 



2^\ «f 2-*\ a 



sm - 
2 

For, assume that and 0' are determined by the equations 
u - u' = <l> - ft>\ e (sin w - sin w') = sin - sin ^'. (a) 
The latter gives 

e sm cos = sm - — - cos - — - . 



or 



^cos 



It + a 



cos 



2 

0+0' 
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Again, since the co-ordinates of P and Q are a cos w, 
I sin Uj and a cos u\ b sin w', respectively, we have 

c' = a^ (cos w - cos uY + J'* (sin w - sin 1*')* 

. ^ u-nW u-^u' -«* + «*'' 

= 4 sm'* a^ sm^ + 0^ cos* 

2 \ 2 2 

= 4a* sin'^ I - e' cos'* 



= 4a'' sin* ^- — ^ sin'* ^- — ^ : 

2 2 

,\ c = 2a sin ^ — ^ sin - — ^ = a (cos 0' - cos ^). (6) 

Again, from the eUipse we have 

p = a {i - e C0& u)f p = a {i - e cos w'). 



,\ p -\- p = 2a - ae (cos w + cos w') = 2a - 2^5^ cos cos 



0—0 <t^ '~ 4> I /v/v 

=» 2a - 2flj cos ^- — ^ cos - — — = 2a - a (cos + cos ). (e) 
Hence, adding and subtracting (6) and (c), we get 

P + p' + C / X .0^ 

- — ' = 2 (i - cos 0) = 4 sin'* -, 

a 2 

'—-^ = 2 (i -cos 00 =4sm'*^; 

a 2 

which proves the theorem in question. 

Consequently, the area* of any focal sector of an ellipse 
-can he expressed in terms of the focal distances of its extremities^ 
of the chord which joins them^ and of the axes of the curve. 



* This remarkable result is an extension, by Lambert — Inaig, orb, comet, 
prop.^ 1761 — of the corresponding formula for a parabola given by Euler in 
Miscell. Berolin., t. vii. (p. 20). It famishes an expression for the time of 
describing any arc of a planet's or a comet's orbit, in terms of its chord, 
the distances of its extremities from the sun, and the major axis of the orbit; 
neglecting the disturbing action of the other bodies of the solar system. 
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141. "We next proceed to an elementary principle which 
is sometimes useful in determining areas, viz. : — 

The area of any portion of the curve represented by the equation 

'(? D" 

is ab times the area of the corresponding portion of the curve 

F {xy y) = c. 
This result is obvious ; for the former equation is trans- 
formed into the latter, by the assumption — = x\ t =y', and 
hence, ydx becomes aby'dx\ 

/. J ydx = ab j t/dx\ 

the integrals being taken through corresponding limits ; & 

result which is also easily shown by projection. 

2 2 

Thus, for example, the area of the ellipse -r + tt = i 

reduces to that of the circle ; and the area of the hyperbola 

x^ v^ 

-5 - ^ = I to that of the equilateral hyperbola 0^ - y^ = i . 

Again, let it be proposed to find the area of the curve 

V y'Y _ x^ y^ 



The transformed equation is 



— + __^ 
P m' 



i^-fy--^^-lT, 



or, in polar co-ordinates, 



V. 



, a^co&'O J'sin'^fl 
r* = — - — + 



/* ni 



2 



But the whole area of this (^Ait. \it) \a - U^ -v — ^V 
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Consequently the whole area of the proposed curve is 

It may be remarked that the equations 

represent similar curves, and their corresponding linear di- 
mensions are as a : i . Consequently the areas of similar curves 
are as the squares of their dimensions ; as is also obvious from 
geometry. 

142. Area of a Pedal Curve. — If from any point perpen- 
diculars be drawn to the tangents to any curve, the locus of 
their feet is a new curve, called the pedal of the original 
(Dif. Cal., Art. 187). 

lip and oi be the polar co-or- 
dinates of iV", the foot of the per- 
pendicular from the origin 0, then 
the polar element of area of the lo- ^^ 

cus described by iV is plainly"^- — , r^ 

and the sectorial area of any por- 
tion is accordingly 




i I P^^, 



taken between proper limits. 

There is another expression for the area of a closed pedal 
curve which is sometimes useful. 

Let Si denote the whole area of the pedal, and 8 that of 
the original curve ; then the area included between the two 
curves is ultimately equal to the sum of the elements repre- 
sented by NTN' in the figure. 

Hence S, = 8 + ^NTN' " 8 + ii\PN'dw. (6) 

Again, by the preceding, 

/8, = J f OlPdu>. 
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(7) 



Accordingly, by addition, 

28, = S + \[0P'dio. 

It is easily seen that equation (6) admits of being stated 
in the following form : — 

The whole area of the pedal of any closed curve is equal to 
the sum of the areas of the curve and of the pedal of its evolute: 
both pedals having the same origin. 

For, FN is equal in length to the perpendicular from O 
on the normal at P: and hence ^PN d(M) represents the ele- 
ment of area of the locus described by the foot of this perpen- 
dicular, i. e., of the pedal of the evolute of the original curve. 

For example, it follows from Art. 136 that the area of 



TT 



the pedal of the evolute of an ellipse is - {a - by, the centre 

being origin. . ' 

143. Area of Pedal of Ellipse for any Origin. — Suppose 
to be the pedal origin, and 
OM, OM^ perpendiculars on 
two parallel tangents to the 
ellipse ; draw CiVthe perpen- 
dicular from the centre C ; let 
OM = pi, OM' =^2, C]Sr = p, 
0C= c, L OCA=a, lACN=(o] 
then 

Pi = MD - OD =p - c cos {(jj - a), 

P2=p + c cos [(jj - a). 

Again, the whole area of the pedal is 

i {Pi^ -^P^) dw=\ [p'^ + (? cos'^(a) - a)] dw 




= p^dw + (? 



Mw + c' |''cos'(w - a)tfa> = - (a^ + J^ + (^). 



(8) 



That is, the area of the pedal with respect to as origin 
exceeds the area of its pedal with respect to C by half the 
area of the circle whose radius is OC, 

If the origin lie outside the ellipse, the pedal consists 
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of two loops intersecting at and lying one inside the 
other ; and in that case the expression in (8) represents the 
sum of the areas of the two loops, as can be easily seen. 

The result established above is aparticnlarcase of a general 
theorem of Steiner, which we next proceed to consider. 

144. Steiner's Theorem on Areas of Pedal Carves. — Sup- 
pose A to be the whole area of the pedal of any closed curve 
with respect to any internal origin 0, and A' the area of its 
pedal with respect to another origin (X; then, iip andjt)' be 
the lengths of the perpendiculars from and ff on a tangent 
to the curve, we have 



Clir 



nrr 



A = ^ p^dvj, -4' = ^ p'^du). 

.0 Jo 

Also, adopting the notation of the last article, 

p' -p - c cos {in - a) ^p - X cos a> - y sin w ; 

where x^ y represent the co-ordinates of Of with respect to 
rectangular axes drawn through 0. Hence we get 



A -A^\ 



'2ir 

[x COS w + y sin 0))^ c?(i> 



- X 



•2ir 



p costo du) - y 



'2ir 



p sin w dio . 



u 



But 



'2ir 



COS 



r2ir [r2ir 

*Ut) d(jj = 7ry sin ^u) dw-Wy I sin u) cos to d(a = o» 



f2ir 



r2ir 

Also, for a given curve, jo cosw dto and I pmnadw are 

constants when is given. Denoting their values by g and 
hy we have 

(9) 



TT , 



A' - A=^ [x^ + y^) - gx - hy. 

This equation shows that if be fixed, the locus of the 
origin (X, for which the area of the pedal of a closed area is 
constant^ is a circle* The centre of this circle is the same, 

* It can be seen, without difficulty, from the demonstration given above, 
that when the curve is not closed the locus of the origin for pedals of equal area 

2 
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whatever be the given area, and all the circles got by varying 
the pedal area are concentric. 

If the origin be supposed taken at the centre of this 
circle, the constants g and h will disappear; and, in this case, 
the pedal area is a mininiiini, and the difference between the 
areas of the pedals is equal to half the area of the circle whose 
radius is the distance between the pedal origins. 

For example, if we take the origin at the centre, the 
pedal of a circle is the circle itself. For any other origin the 
pedal is a lima9on : hence the whole area of a lima9on is 

TT ( a' + — ], as found in Art. 136, Ex. 5. 

145. Areas of Boulettes. — The connexion between the 
areas of roulettes and of pedals is contained in a very elegant 
theorem,* also due to Steiner, which may be stated as f ol* 
lows : — 

TFhen a closed curve rolls on a right line, the area between 
the right line and the roulette generated in a complete revolution 
by any point invariably connected tcith the rolling curve is double 
the area of the pedal of the rolling curve, this pedal being talxcn 
ivith respect to the generating point as origin. 

To prove this, suppose to be the describing point in any 




position of the rolling curve, and P the corresponding point 



is a conic : a theorem due to Pro£ Raabe, of Zurich. See " Crelle's Journal,"" 
▼ol. 1., p. 193. 

The student will find a discussion of these theorems by Prof. Hirst in the 
"Transactions of the Royal Society, i863/* in which he has investigated the 
corresponding relations connecting the volumes of the pedals of surfaces. 

• See " Crelle's Journal," vol. xxi. The corresponding theorem of Steiner 
connecting the lengths of roulettes and pedals will be given in liie next chapter. 
Br the area of a roulette we understand the area between the roidette, the^ 
Mxedline, and the normals drawn at the eiLtcemille& of the roulette. 
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of contact. Let 0' represent an infinitely near position of the 
describing point, Q' the corresponding point of contact, and Q 
a point on the curve such that PQ = PQ' ; then Q is the point 
which coincides with Q' in the new position of the rolling 
onrve ; and, denoting the angle between the tangents at F 
and Q (the angle of contingence) by e/w, we have OPC/ = dw^ 
since we may regard the curve as turning round P at the in- 
«tant (Dif. Cal., Art. 275). 

Moreover, QQ[ ultimately is infinitely small in comparison 
with QPj and consequently the elementary area OPQ[Cf is 
ultimately the sum of the areas POO and QC/P^ neglecting 
an area which is infinitely small in comparison with either of 
these areas. 

f* fit I 

Again, if OP = r, we have POO = , and area QOP 

= QOP in the Kmit. 

Also the sum of the elements QOP in an entire revolu- 
tion is equal to the area {8) of the rolling curve. Conse- 
quently, the entire area of the roulette described by is 

8 + iSf^'dw. ' 

But we have already seen (7) that this is double the area of 
the pedal of the curve with respect to the point ; which 
establishes our proposition. 

Again, from Art. 144, it follows that there is one point in 
any closed curve for which the entire area of the correspond- 
ing roulette is a minimum. Also, the area of the roulette 
described hy any other point exceeds that of the mininium 
roulette hy the area of the circle whose radius is the distance 
between the points. 

For instance, if a circle roll on a right line, its centre de- 
scribes a parallel line, and the area between these lines after 
a complete revolution is equal to the rectangle under the 
radius of the circle and its circimiference ; i. e., is zwd^y denot- 
ing the radius by a. 

Consequently, for a point on the circumference, the area 
generated is zira^ + Tra*, or 37ra' ; which agrees with the area 
found already for the cycloid. 

In like manner, by Steiner's ttieoterci^^^^ ^x^^ ^\ *^^<3t' 
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dinary oycloid is the same as that of a oardioid ; and the area 
of a prolate or curtate cycloid the same as that of a lima9Qii» 

Again, if an ellipse roll on a right line, the area of th& 
path described by any point can be immediately obtained. 

For example, the pedal of an ellipse with respect to a f ocua 
is the circle described on its axis major. Hence, if an ellipse 
roll upon a right line, the area of the roulette described by its 
focus in a complete revolution is double the area of the auxiliary 
circle. Also, the area of the roulette described by the centre 
of the ellipse is equal to the sum of the circles described on 
the axes of the ellipse as diameters, and is less than the area 
of the roulette described by any other point. 

146. If the curve, instead of rolling on a right line, roll 
on another curve, it is easily seen that the method of proof 
given in the last article still holds ; provided we take, instead 
of diOj the sum of the angles of contingence of the two curves 
at the point P. 

Hence the element of area OPCf is in this case 



\ OP'dijj ( I + ^\ or i OP'di^ 




where q and q are the radii of curvature at P of the rolling- 
and fixed curves, respectively. 

Hence, it follows that the area between the roulette, the 
fixed curve, and the two extreme normals, after a complete 
revolution is represented by 



/S + i [r'dJ 



I + - 



)■ 



If a closed curve roll on a curve identical with itself, hav- 
ing corresponding points always in contact, the formula for 
the area generated becomes 

8 + jr^duj. 

In this case, the area generated is four times that of the 
corresponding pedal ; a result which can also be shown imme* 
diately geometrically by drawing a figure. 
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Examples. 



I. If A be the area of a loop of the curve r"* = a*" 00s m0, and Ai the ai'ea of 
its pedal with respect to the polar origin, prove that 



=(-")- 



For, it is easily seen that the angle between tbe radius vector and the per- 
pendicular on the tangent is mB ; and .•. « = (w + i)d. 
Hence, by Art. 142, 

2A1 = ^ + f f^dd = (m-{-2) A. 

2 

2. If a circle of radius b roll on a circle of radius a, and if A denote the 
area, after a complete revolution, between the fixed circle, the roulette described 
by any point, and the extreme normals ; and if A' be the area of the pedal 
of the ciicle with respect to the generating point, prove that 

Aa+ Bb = 2{a + b) A\ 

where B is the area of the rolling circle. 

3. Apply this result to find the area included between the fixed circle and 
the arc of an epicycloid extending from one cusp to the next. 

147. Holditch's Theorem* — ^If a line CC'oi a given length 
move with its extremities on two fixed closed curves, to find, 
in terms of the areas of the 
two fixed curves, an expres- 
sion for the whole area of 
the curve generated, in a 
complete revolution, by any 
given point P situated on 
the moving line. 

Let OF = c, PC = 0', and suppose (iTi, yi), (a?, y), and 
(^2, ^2) to be the two co-ordinates of the points C', P, and C\ 
respectively, with reference to any rectangular axes. 

Then, if be the angle made by (7(7 with the axis of y, 
we have evidently 

a?i = a; - c sin 0, yi=y - c cos ©, 

X2 ^ X + c' aia 0, y%^y -^ c' cos 0. 




* This simple and elegant theorem appeared, in a modified form, as the 
Prize Question, by Mr. Holditch, under the name of " Petraich," in the "Lady's 
and Gentleman's Diary" for the year 1858. 
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Hence we have 

Vidxi = ydx - c cos (6^ + ydB) + c^ cos' 0c?©, 

y^dXi = ydx + c' cos {dx -{^ ydO) + c'* QOS^OdO. 

Multiplying the former equation by c\ and the latter by c, 
and adding, we get 

c^yidxi + cytdxz = (c + c')ydx + (c + <;')<;<?' cos* c?©, 
.*. c^jyidxi + cjyidxi = (c + eJ') Jycfe + (c + c') cc'Jcos'* fl?0. 

If we suppose the rod to make a complete revolution, so 
as to return to its original position, and if we denote by (O), 
(C), (P), the areas of the curves described by the points, 
(7, (7', and P, respectively, we shall have (since in this case 
the angle revolves through 2w) 

c'{C) + c{C') = {c + d) (P) + 7r(c+ c')cc\ 
m^e^ = (P) . ..'. 

c + c ^ ' 

This determines the area (P) in terms of the areas ((7), 
(C) and of the segments c, c\ 

When the extremities (7, C move on the same* identical 
curve we have ((7) = (C), and hence [C] - (P) = -kcc. 

Consequently, if a chord of given length move inside any 
closed curvCy having a tracing point P at the distances c and c 
from its ends, the area comprised between the two curves is equal 

to TfCc\ 

Should the extremities, instead of revolving, oscillate 
back to their former positions, then ((7) = o, [C) = o, and 
.'. (P) = - tree'. The negative sign implies that the area is 
described in a direction contrary to that in which the rod re- 
volves. Should the rod also oscillate, we have (P) = o, which 
indicates that the area described consists of two equal loops, 
one positive and the other negative. 

• This holds also where the extremities move on curves of equal area. 
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148. Areas by Approximation. — In many cases it is 
necessary to approximate to the value of the area included 
within a closed contour. The usual method is by drawing a 
convenient number of parallel ordinates at equal intervals ; 
then, when a rough approximation is sufficient, we may 
regard the area of the curve as that of the polygon got by 
joining the points of section of the parallel ordmates. 
Hence, if h be the common distance between the ordinates, 
and if 

Voy Viy ^2, &C., Vn^ 

represent the system of psfrallel ordinates, the area of the 
polygon, since it consists of a number of trapeziums of equal 
breadth, is plainly represented by 

2 y^-^y^^ *^- + y^H' 

Hence the rule : add together the halves of the extreme 
ordinates^ and the whole of the intermediate ordinates^ and 
multiply the result by the common interval. 

When a nearer approximation is required, the method- 
next in simplicity supposes the curve to consist of a number 
of parabolic arcs ; each parabola having its axis parallel to 
the equidistant ordinates, and being determined by three of 
those ordinates. 

To find the area of the parabola passing through the 
points whose ordinates are ^o, yu 2^2 ; let y = a + /3:i; + yoi^ be 
the equation of the parabola, and, for simplicity, assume the 
origin at the foot of the intermediate ordinate ^i, then we 
have 

yo = a-(ih + yh^, ^i = a, ^2 = a + j3A + 7A*. 

Again, the area between the first and third ordinate is 

{a + (3x + yx^) dx = 2h{a-¥y — \ 

But yQ-\- yz = 2yi + 2yh'^ : hence the area in question is 

hi \ 
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Now, if we suppose the number of intervals n to be even^ 
and add the different parabolic areas, we get, as an approxi- 
mation to the area, the expression 

O 

Hence the rule : add together the first and last ordinatesy 
tmce every second intermediate ordinate, and four times each 
remaining ordinate; and multiple/ hy one-third of the common 
interval. 

We get a closer approximation by supposing the number 
of equal intervals a multiple of 3, and regarding the curve 
as a series of parabolse of the third degree, each being 
determined by four equidistant ordinates. To find the area 
corresponding to one of these parabolic curves, let yo, y^ ^2, y^ 
be four equidistant ordinates, and for convenience assume 
the origin midway between yi and y^ ; then if the equation 
of the paraboHo curve be 

y = a + /3^ + 70?^ + ix^y 

and the common interval on the axis of x be denoted by zhy 
we have 

yo = a- 3j3A + QyA'^ - 27oA% 

yi^a-lih-^-yh^-Sh^ 

^2 = a + j3A + 7^^ + Sh^ 

yz = a^- 3/3A + ()yh^ + Z'jlh^. 
Hence 

Again, the parabolic area between yo and y^ is 

'3A 

(a + J3j? + 7ir' + Sd?^) t?d? = 3^(20 + 67^2). 
J -3 A 

Substituting in this the values of a and 7 obtained from 
the two preceding equations, the expression for the area 
becomes . 

v{y«+?^"»+ 3(^1 + ^2)). 
4 
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If the corresponding expressions be added together we^ 
easily arrive at the following rule.* Add together the first 
and last ordinates, twice evety third intermediate ordinate, and 
thrice each remaining ordinate; and multiply hy ^ths of th& 
common interval. 

It is readily seen that these rules also apply to the 
approximation to any closed area, by drawing a system of 
lines, parallel and equidistant, and adopting the intercepts- 
made by the curve instead of the ordinates, in each rule. 

Since every definite integral may be represented by a 
curvilinear area, the methods given above are applicable ta 
the approximate determination of any such integral. 

In practice the accuracy of these methods is increased by 
increasing the number of intervals. 

149. Planimeters. — Several mechanical contrivances have^ 
been introduced for the purpose of practically estimating the^ 
area inclosed within any curved boundary. Such instruments, 
are called Planimeters. The simplest and most elegant is 
that of Professor Amsler of Schaffhausen. It consists of 
two arms jointed together so as to move in perfect freedom 
in one plane. A point at the extremity of one arm is made^ 
a fixed centre round which the instrument turns ; and a 
wheel is fixed to, and turns on, the other arm as an axis, and 
records by its revolution the area of the figure traced out by 
a point on this arm. From its construction it is plain that 
the revolving wheel registers only the motion which is. 
perpendicular to the moving arm on which it revolves. 

In the practical application of the instrument it is neces- 
sary that the two arms, CA and AB, should return to their 
original position after the tracing point B has been moved 
round the entire boundary of the required area. 

We shall commence by showing that the length registered 
by the wheel in a complete revolution is independent of its^ 
position on the moving arm ; i.e., is the same as if the wheel 
be supposed placed at the joint. 

* This and the preceding are commonly called " Simpson's rules" for cal- 
culating areas : they were however previously noticed by Newton (see Opuscula». 
Method. Diff., Prop. 6, scholium) as a particular application of the method of 
interpolation. The student is referred to Bertrand's Cal. Int. ch. zii.^ £qcJ^^mb 
more general and accurate methods of appio:dmQA.VoTi oi ^^\.^<& ^ixA^^^^^au j^^^f 
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To prove this, suppose P to represent the point on the 
^rm at which the centre of the revolving wheel is situated. 
Let -4'jB' represent a new position of AB very near to AJB, 
And P' the corresponding position of the point P. Draw 
PN perpendicular to A'B'; then PN is the length registered 
by the wheel while the arm moves 
from AB to the infinitely near 
position -4'jB'. 

Next, draw AN^ perpendicular, 
•and AL parallel, to A'B". 

Let PN^ ds\ Air=d8, AP = e, 
PAL = di>: then PN^PL^ AN\ 
<iT ds^ = ds^-c d<l>. 

Now, if we suppose AB after 
A complete circuit of the curve, to 
return to its original position, we 
have obviously S (^^) = o ; and 
therefore S {ds') = S (^^), i.e., the 
whole length registered by the revolving wheel at P is the 
«ame as if it were placed at A. 

Next, let X and y be the co-ordinates of B with respect to 
rectangular axes drawn through C, and let -4C = a, AB = 6, 
Z ACX = ; and suppose the angle which BA produced 
makes with the axis of x ; then we shall have 

a; = a cos + J cos ^, y = a sin + J sin 0. 

Hence xdy-ydx = a^dO + b^d(t> + ab cos{0 - (j)) d{0 + <!>). 

Also ds = AN' = AA' sin ^^'iVT = a d9 cos (0 - 0) . 

But + = 20- (0-0), 

.-. a6 cos (0-0) rf(0 + 0) 

= 2^6 cos (0 '-<ii)d9 - ah cos (0 - 0) c? (0 - 0) 

= 2b ds-ab cos {0 - <i>) d{0-(ti). 
Consequently 

xdy-ydx = a^d9 ■¥ b^dcfi -^^ 2b ds - ab oos {0 - ^) c?(0-0). 

J?u4 fcf Art. 139, the area traced out \sy B m ^ ^qtck^IqI^ 
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revolution is represented by ^\(xdy -ydx) taken around tha 
entire curve. 

Also, since AC and AB return to their original positions,, 
the integrals of the terms a^ddy b^dip and ab cos {d-ft>)d{d- 0) 
disappear ; and hence the area in question is equal to b8y 
where S denotes the entire length registered by the revolving^ 
wheel. 

On account of the importance of this principle, the fol- 
lowing proof, for which I am indebted to Prof. Ball, based 
on elementaiy geometrical princi- ^ 
pies, is also added. 

Let C, A, B represent, as before, 
the positions of the fixed centre, the 
joint, and the tracing point, respec- 
tively; and suppose R to represent 
the position of the roller, or revolv- 
ing wheel; then draw CP and RS 
perpendicular to AB, 




Let 



AC^Oy AB = b, AR = I, BC = r. 



Now, if the instrument be rotated about C through an 
angle without altering the angle CABy it is easily seen 
that the circumference of the roller is rotated through an ara 
represented by 



Again, if the instrument be rotated about 8 through a 
small angle the roller does not revolve. 
Hence a curve can be drawn through By 
such that, if the tracing point B be 
moved along it, the roller will not 
revolve. 

Now, let X/i, XV ^® ^^^ t^o adjacent 
circles described with C as centre, and 
suppose aa and /3j3' two adjacent non- 
rolling curves, such as just stated: and 
suppose the tracing point B to move lowsii ^\^ft \s^^s&2K:i5J^ 
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ismall area aa^'fi : then the arc through which the roller has 
turned is represented by 

rSrSO area of aa^'^ 



■since aj3 = rS9; and Sr = aa^ sin j3. 

Now suppose the instrument works correctly for the area 
AX Va, then it will work correctly for the area AA'/3'j3 ; for, 
start from a to A, X', a', then the area aAA'a' must be regis- 
tered, since the roller does not turn in moving from a' to a ; 
proceed then from a to ii\ (i, a, then, by what has been just 
proved, the area a^'fia will be added. Hence the instrument 
"will work correctly for the strip XXf/fx. 

Again, suppose the instrxmient works correctly for the 
«jea A/i/o, then it will work correctly for X'luip ; for, suppose 
we start from A to p, fi, and back to A : then start from A to 
ft, f/y y and A ; the two journeys from X to fi and /u to A 
will neutralize each other, and it follows that if the instrument 
works correctly for the area Xfuip, it will work correctly for 
the area AVp • hence, if the instrument works correctly for 
any portion of the area, however small, it works correctly for 
the entire area. 

The student will find a description of Amsler's Planimeter, 
with another mode of demonstration, in a communication by 
Mr. F. J. Bramwell, C. E., to the British Association. — See 
Report, 1872, pp. 401-412. 
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ExiMFLES. 

I. Find the whole area between the curve 



its asymptotes. 


Jns. 2vab, 


2. Find the whole area of the curve 




flV = «*(»^-a;2). 


8«2 

" 5* 


3. Find the whole area of the curve 




C)'^ (!)•- ■■ 


„ - Tab, 
4 



4. Find the whole area included between the folium of Descartes 

^^ + y^ - Sflwcy = o 

^nd its asymptote. „ 



3rt' 



2 



5. In the logarithmic curve p = a*, prove that the area between the axis of 
jc and any two ordinates is proportional to the difference between the ordinates. 



6, Find the area of a loop of the curye 

r = a cos n0, 

"7 . Find the area of a loop of the curve 



» • 

n 



T 



r — a cos wd + i sin nO. „ (a* + b"^) -. 



n 

The equation of the curve may be written in the form 

r = \/ «* + ** cos (wff + a), 

\^'here tan a = — ; and consequently its area can be found firom the pre- 
cuJing example. 

8. Find the area of a loop of the curve 

r* = fl^ cos nB + i* sin n9, ^^ ^ 
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9. Find the area of the tractrix. 

The characteiistic property of the tractrix is that the intercept on a tangent 
to the curve hetween its point of contact and a fixed right line is constant. 

Denoting the constant hy a, and taking the origin at the point for which 
the tangent OA is perpendicular 
to the axis, we have, F being 
any point on the curve, 

^ = - tan FTN = - ^ ^ 
ax ^a^^yt 




Hence the element of the area of 
the tractrix is equal to that of a 
circle of radius a. 

It follows immediately that the whole area between the four infinite branches 
of the tractrix is equal to ira*. This example furnishes an instance of our being 
able to determine the area of a curve from a geometrical property of the curve^ 
without a previous determination of its equation. 

If the equation of the tractrix be required it can be derived from its differ* 
ential equation 

or = ■, 

firom which we get / -^ 5 

a; + v a-* + y« = a log — . 

lo. If each focal radius yector of an ellipse be produced a constant length e^ 
show that the area between the curve so formed and the ellipse is ve {ib + e)^ 
b being the semi-axis minor of the ellipse. 



II. Find the area of a loop of the curve r** = d^ cos nB. 

Ans. 

2 



IT \2 nl 



12. If a right line carrying tbree tracing points Ay By Gy move in any manner 
in a plane, returning to its original position after making a complete revolution ; 
and if {A)y iB)y {C) represent the entire areas of the closed curves described by 
the points Ay By (7, respectively, prove that 

AB X {C) + BCx {A) + C7^ X (j5) + IT . AB.BC. CA = o, 

in which the lines AB, BC, &c., are taken with their proper signs ; i. e.,. 
AB = - BAy &c. 

13. If a curve he referred to its radius vector r and the perpendicular^ on 
the tangent, prove that its area is represented by 



'I 



prdr 
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14. Show that the whole area of the inverse of the ellipse -x + 7? = i is 

a^ 0* 

represented by 






)3«\2 (a3 "*" ^2 "^ \d^ b-i) U- " *v r 



where a, i3 are the co-ordinates of the origin of inversion, and k is the radius of 
the circle of inversion. 

15. A given arc of a plane curve turns through a given angle round a fixed 
point in its plane ; what is the area described ? 

16. A chord of constant length (e) moves about within a parabola, and 

tangents are drawn at its extremities ; find the total area between the parabola 

and the locus of intersection of the tangents. ^ trd^ 

Ana. — . 

2 

17. From the centre of an ellipse a tangent is drawn to a semicircle 
described on an ordinate to the axis major ; prove that the polar equation of the 
locus of the point of contact is 

■" ^ + 4a2 tan2 a ' 

IT tfib 

and that the whole area of the locus is - 



2 2a4- i 



18. Apply the three methods of approximation of Art. 148 to the calculation 

, adopting — as the common 

I +a? 12 

interval in each case. Ans. (i)^ .693669. (2), .693266. (3), .693224. 

The real value of the integral being log 2, or .693147, to the same number 
of decimal places. 

19. Prove that the sectorial area bounded by two focal yectors r and / of a 
parabola is represented by 

where c is the chord of the arc, and a the semiparameter. 

20. Given the base of a triangle, prove that the polar equation of the locus 
of its vertex, when the vertical angle is double one of its base angles, is 

0(2COS29 + l) 

r = -i — i. 

2 cos B 

Hence show that the entire area of the loop of the curve is ^ — ^— . 

21. Prove that the area of the pedal of the cardioid r = (i — cos 9) taken 
with respect to an internal point at the distance e from the pole is 

^(5«' - 20^ + 2c2). (Camb. TVipoaJBxam., 1S76). 
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CHAPTER VIII. 

LENGTHS OF CURVES. 

150. Leng^tli of Curves referred to Bectangular Axes. — ^The 
usual mode of considering the length of a curve is by treating 
it as the limit of a polygon when each of its sides'is infinitely 
small. If the curve be referred to rectangular axes of co- 
ordinates, the length of the chord joining the points (a?, p) 

and {x-\- dxy y + dy) is y^c^ + dy'^y and, consequently, if « 
represent the length of the curve measured from a fixed point 

on it, we shall have da = ^da? + dy'^ ; 



taken between sidtable limits. 

The value of ~ in terms of ^r is to be got from the equa- 

tion of the curve, and thus the finding of s is reducible to a 
question of integration. 

The determination of the length of an arc of a curve is 
called its rectification. 

It is evident that if y betaken for the independent variable 
we shall have 



s 



AHrh 



Again, when x and y are given fimctions of a single 
variable 0, we have 



8 



-mxm^- 



In each case the form of the equation of the curve deter- 
mines which of these f ormulse should be employed. 
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The curves whose lengths can be obtained in finite terms 
are very limited in number. "We proceed to consider some 
of the simplest applications. 

151. The Parabola. — ^Writing the equation of the parabola 

d'CC u 
in the form y^ = 2;wa?, we get 



Hence 



8 



dy m' 
^-^yf-^m'dy. 



The value of this integral can be obtained from that of 
the area of a hyperbola (Art. 130), by substituting y for x, 
and m* for - a*. 

Thus we have 



y\/f + ^>^' . w. , _ fy + y,v^ + 



S = 11-^-:: + _ loff ( i 

2m 2 ^ \ m 



mr 



(0 



the arc being measured from the vertex of the curve. 

152. The Catenary. — The equation of the catenary, as 

before observed, is 



Hence 



y = -l^ ^ e "" ). 



dx 



dx^\ da? 






•^le^ + e *» 



) 




n X m X n t Z. _\ 

.-. 8^\ \edx->r\ \e'^ dx^-\^ - e'^\ 
If s be measured from the vertex F, we have 

(X Xk 

Comparing this with Art. 13 1, we see that 

area OVFN^ a x arc VT. 
p 2 



+ const. 



(4 
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Again, if NL be drawn perpendicular to the tangent Pi, 

we have sin LPN =-— = -. Hence NL = y sin LPN = a ; 

ds y 

and PL = (y* - a*)* = arc FP. This result shows that the 
catenary is the evolute of the tractrix (see Ex. 9, page 208). 

153. Semi-cubical Parabola. — The equation of this curve 
is of the form ay^ = ^r*. 
Hence 

_^ a^ dy _^ fx^ ds f gx^ 



.•.«=( i+— I dx^ — ( i+— ) + const. 
If the arc be measured from the vertex, we get 



s 



■rA{-ll-\ 



154. Bectification of Evolutes. — It may be noted that the 
rectification of the semi-cubical parabola is an immediate con- 
sequence of its being the evolute of the ordinary parabola 
(see Dif. Cal., Art. 239). In like manner the length of any 
curve can be foimd if it be the evolute of a known curve, 
from the property that any portion of the arc of the evolute 
is the difference between the two corresponding radii of cur- 
vature of the curve of which it is the evolute. 

For example, we get by this means the lengths of the 
cycloid, the epicycloid and the hypooycloid. 

Again, since the equation of the evolute of an ellipse is 

(fl^)l + (6y)l = (a'^-6^)!- 

the length of any arc of this curve can be at once foimd. 

This can also be readily got otherwise ; for, writing the 
equation in the form 



©■^1)"- 
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and making x = a sin^^, we get y = /3 cos'^, and 

da = [da? + rf^ji = 3 sin ^ cos (o* sin'*^ + /3* oos'0)irf^ 
3 (a" sin'0 + /3' oos»i 



Hence 



fl?(a^ sin^0 + /3' cos^0). 



a = (5l£^!l±^^2^% const. 

If the arc be measured from the point a? = o, y = j3, we 
get the constant 

_ -j3^ _ {€? sin> + i5' cos»^ - jB^ 

If a = /3, the expression for ds becomes 3a sin ^ cos ^e;?^ ; 
hence we get 8 = - a sin ^^^ the arc being measured from the 
same point as above. 

Examples. 

I. Find the length of the logarithmic curve y a ca*. 

dx b t 

Ilcre log y = jT log a + log c, .*. ^ = -, where b = 



dy y log a 

Hence . = J ^ J^^,_^+J__ 

= (,.,,.)»+, log (^l±i^>i^*. 

2. Find the length of the tractrix. 

Here, by definition (see fig. page 208), we haye P7s a, 

y d!ff a 

.*. sin PIW= -, hence t- = - -t 
a' ^y y' 

.*.« = - a I ~ Bs — a logy + const. 

If the arc be measured from the vertex A, we get 

arc^P= a log f-J 
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3. Find in what cases the cnnres represented hy o*^ = «^« are rectifiable. 
Here we have 

2m 



=n-m'C)"-> 



2in 



Substituting b for g^, and making i + i« ** = 2«, this becomes 



«*a * 






n 



This expression is immediately integrable when — is a positive integer. 



2I» 



Hence if — = r, the equation becomes of the form ay^r = a?**^i. 

Again, if — be a negative integer, the expression under the integral sign 

2llt 

becomes rational, and can accordingly be integrated. This leads to the form 
y^ e oa?*^^. Accordingly, all curves comprised in the equation oy*» = on^-^ 
are rectifiable, m being any integer. (Compare Art. 62). 

155. The Ellipse. — ^The simplest expression for the arc of 
an ellipse is obtained by taking a? = a sin 0, whence 

y = 6 cos 0, and ds = {a? cos*0 + h^ sin*^)M^, 

.•.«=/ [a^ cos'*^ + V sin*0)it/0. 

It is often more convenient to write this in the form 

« = a J (i - ^ Bm^(t))^d(jif (3) 

e being the eccentricity of the ellipse. 

It may be observed that is the complement of the eccen^ 
trie angle belonging to the point (a?, y). 

The length of an elliptic quadrant is represented by the 

IT 

definite integral a\ {i - ^ &iD?i^)^d^. 

"We postpone the further consideration of elliptic arcs to 
a subsequent part of the chapter. 

156. Bectification in Polar Co-ordinates. — If the curve be 
referred to polar co-ordinates we plainly have (Dif. Cal., Art. 
180) (fe* = rfr^ + r^dS^ ; hence we get 
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8 = 



""^W^^^' °'' = 



I + -^j dr. (4) 



For example, the length of the spiral of Archimedes, 
r = aO, is given by the equation 



s = l|(r2 + a^)it/r. 



Comparing this with the formula (i) for the parabola, it 
follows that the length of any arc of the spiral, measured 
from its pole, is equal to that of a parabola measured from its 
vertex. 

Examples. 

I. Cardioid, r = a (i + cos d). 

Here — - = — a sin d, and hence 



» = a J { (i + cos &)* + sin'fl) J dW = 20 J cos - <f& « 4« sin - + constant. 

2 2 

The constant hecomes zero if we measure 8 from the point for which $ - o, 
a. Logarithmic spiral, r == a?. 

Here, \ib= , , we get 

log a 

Accordingly, the length of any arc is proportional to the difference hetween 
the vectors of its extremities ; a result which also follows immediately from the 
property that the curve cuts its radius vector at a constant angle. 

3. r"» = a»» cos md, 

dr 
Taking the logarithmic differentials, we get t— = - tan mB ; 

d8 

= sec mO, 



rde 



Hence s^a If cos m0 j "* 

Or, writing for mSy 



1 
— 1 

d$. 



1 
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This is readily integrated when — is an integer (see Art. 56). 

Whatever be the yahie of m we can express the complete length of a loop of 

the enrve in Oamma-functions. For if we integrate between o and -, we db- 

Tiouslj get the length of half the loop. 

Hence the lengtiii of the loop (Art. 123) is 



V 



- r 



\2m) 



r 



/ m+ i \ 
\ 21/1 / 



157. Formula of Legendre on Bectification. — ^Another for- 
mula* of considerable utility in rectification follows imme- 
diately from the result obtained in Art. 192, Dif. Cal. For, 
if this result be written in the form 

^^ =i?, we get « - ^ = fpduf. (5) 

Consequently, the total increment of s - ^ between any two 
points on a curve is equal to / pdio taken between the same 
two points. 

For example, in the parabola we have « = , and 

^ ^ cos <o 



hence 

8 



- t = a\ = a log: tan (- + -) + const. 

J cos CO ° \4 2 J 



If we measure the arc from the vertex of the curve, and 

dt) 
observe that t = -^j this gives 

aci> 



8 



a sm (i> 1 J /t cti\ 

= 5 — + a log tan - + - . 

oos*ai ° \4 2/ 



The student can without diiflficulty identify this result with 
that given in Art. 151. 



* This theorem is due to Legendre. See Traits des Fonotions EUiptiqnes, 
tome ii., p. 588. 
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158. Application to Ellipse. Fagnani's Theorem. — ^In 
the ellipse we have 

p^ = a^ cos^w + V^ sin^w. 

Hence, measuring the arc 
from the vertex A^ and observ- 
ing that in this case PiVis to be 
taken with a negative sign, we 
have 

AP + PN= [" {a" cos^w 4 b^ sin^ai)irfw, 

where a = z ACN. 

But, in Art. 155, we have found that if ^ be measured 
from the vertex By the arc is represented by 

J (a* 008^0 + J* sin'*0)irf^. 

Consequently, if we make L BCQ = a = z ACNy and draw 
QJf perpendicular to the axis major meeting the curve in P', 
we shall have 

arc BP" = arc ^P + PiV", 

or, taking away the common arc PP^y 

BP-AF^ PN. (6) 

This remarkable result is known as Fagnani's theorem*, 
and shows that we can in an indefinite nimiber of ways find 
two arcs of an ellipse whose difference is expressible by a right 
line. 

We add a few properties connecting the points P and P' 
in this construction. 



* Fagnani, Produzioni Mathematice, 1750. It may be noted that if we in- 
tegrate me equation of Art. 116, Dif. Cal., taking the angle C as obtuse, and 
adopting zero for the lowest limit in each integral, we obtain 



siu'^^ db 



= I *y \ — l^ 8in*<: <^ + ^^ sin a 4hi 3 sin (T, 
J 



where a, i, e are connected by the relation 

cos c = cos a cos d — sin a sin h y i — A;^ sinV. 

This equation furnishes a relation between three elliptic arcs, from which 
Fagnani*s theorem can be readily deduced, as well as many other theorems con- 
cected with such arcs. See Legendre, Fono. Ellip., tome i., eh. 9. 
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Examples. 

I. If (:p, y) and (a?', y') be the co-ordinates of P and P*, respectiyely ; prove- 
the following : — 

(i). P2f = ^—, (2). PJV= P'iV", (3). CN. CN' = C4 . C3, 



a 



(4). CP* + CiV"2 = C^2 + CB2. 



2. Diyide an elliptic quadrant into two parts whose difference shall be equal 
to the difference of the semiaxes. 

. This takes place when P and F* ioincide; in which case CN^ '^ab, and 
FN^a-- b. 

We shall designate the point so determined on the elliptic quadrant as Fag- 
nani's point. 

3. Show that if a tangent be drawn at Fagnani*s point, the intercepts be- 
tween its point of contact and its points of intersection with the axes are re-> 
spectively equal in length to the semiaxes of the ellipse. 

4. If the lines PiV and F'N' be produced to meet, show that they intersect 
on the confocal hyperbola which passes through the points of intersection of the 
tangents to the ellipse at its yertices. Show also that this hyperbola cuts the- 
ellipse in Fagnani*s point. 

159. The Hyperbola. — ^In the hyperbola we have 

Hence, measuring the arc from the vertex A of the curve, we 
find, since w is measured below the axis, 



PN-AP=^ [" (a' cos^w - V sin^ai)ifl?a;, 



(7) 



where o = z. ACN. 

As we proceed along the hyperbola 
the perpendicular p fiminishes, and 
vanjishes when the tangent becomes 
the asymptote. 

Moreover, as the limit of w in this 

* a 

case becomes tan"^ y> it follows that the 



difference between the asymptote and 

the infinite h;f|)erbolic arc, measured 

from the vertex, is represented by the 

definite integral 




1 



. -1 « 

tan 5 



(a' cos'cii - W sin'*ci>)5rfw. 
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Examples. 

1. If fl > ^, prove that 

Ka-^h cos 0)i d^ 

is represented by an elliptic arc, and that the semiaxes of the ellipse are th& 
greatest and least values of (a + ^ cos 0)^. 

2. lta<b, prove that 

is represented by the difference between a right line and a hyperbolic arc. 

1 60. Landen's Theorem on a Hyperbolic Arc. — ^We next 
proceed to establish an important theorem, due to Landen ;* 
namely, that any arc of a hyperbola can be expressedin terms of 
the arcs of two ellipses. 

This can be easily seen as follows : — In any triangle^ 
adopting the usual notation, we have 

c = a cos -B + J cos A. 

Now, representing by C the external angle at the vertex 
Cy we have C = A + £, and hence 

cdC={a cos jB+ J cos^) dA + (a cos-B+ J cos A) dB. 

Consequently, supposing the sides a and b constant, and 
the remaining pai:ts variable, we have 

J cdC=jaQoaBdA +J6cos AdB -h zaain J5+ const., 
or 

ya'+b'+zaboosC dC=^\ya'-l)'aia'A dA + Wi;'-d'ain'jS dB 

+ 2a sin J5 + const. (8) 

Now, if we suppose a > 6, ^d^-O^&m^A dA represents 
(Art. 155) the arc of an ellipse, of axis major 2a and eccen- 
tricity -. Also ^/6^ - a' sin'^JS dB represents (Art. 159) the 

* Landen, Philosophical Transactions, 1775. 
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difference between a right line and the arc of a hyperbola 
whose axis major is b and eccentricity j- . 

Again, ^a^ + 6'^ + 2abco&C= J(a - by sin* — +(a+i)'*oos'— , 

^ it 2 

and consequently the integral 



\ ya'-^- 1)' -\-2ab 008 CdC 



represents an arc of the ellipse whose semiaxes are a + 6 and 
<i - b. 

Hence, Landen's theorem follows immediately. 

It should be noted that the limiting values Ay B and t7 
are connected by the relations 

asm B = b smAy and C = A + B. 

Again, if we suppose the angle A to increase from o to tt, 
the external angle C will increase at the same time from o to tt, 
while B will commence by increasing from o to a, and after- 
wards diminish from a to o, f where a = sin"^ - j. Moreover, in 

the latter stage b cos A is negative, and dB also negative ; 
consequently the term b cos A dB is positive throughout the 
entire integration, and the total value of 

y/ j2 - a^ sin*J5 dB is represented by 2 y^6- - or sin^B dB. 

C 

Hence, substituting for — , and integrating between the 

limits indicated, we get, after dividing by 2, 



I 



{ {a + bY sinV + (« - 6)' cos*0}irf0 



IT 

= p («» - 6' 8mM)i c?^ + I" " (J* - a' sin''^)* dB. > (9) 
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Accordingly, the difference between the length of the asymp^ 
tote and of the infinite arc of a hyperbola is equal to the diffefi** 
ence between two elliptic quadrants. This result is also due ta 
Landen. 

We next proceed to twQ important theorems which maybe- 
regarded as extensions of Fagnani's theorem. 

1 6 1. Theorem* of Dr. Graves. — ^If from any point P on the 
exterior of two confocal ellipses, tangents FT and FT ba 
drawn to the interior, then 

the difference {FT + FT ^.^ Il^ls^o 

- TT) between the sum of -^ R ^--^ ivv.s 

the tangents and the arc 
between their points of con- 
tact is constant. 

For, draw the tangents 
QS and Q,& from a point Q, 
regarded as infinitely near 
to P, and drop the perpen- 
diculars PJVand QiV'; then, 
since the conies are confocal, 
we have 

lFQN=lQFN\ .'.FN'^QN. 

Also FT=TR + RN'=TR^R8^8N'=TS^SN 

= TS+SQ- QK 

In like manner 

Fr = FN' + S'Q - r8\ 

or FT+Fr -Tr=Q8+ Q8' - 88\ 




♦ This elegant theorem was arrived at by Dr. Graves, now Bishop of Lime- 
rick, for the more general case of spherical conies, from the reciprocal theorem, 
viz : — If two spherical conies have the same cyclic arcs, then any arc touching^ 
the inner will cut from the outer a segment of constant area. (See Graves* 
translation of Chasles on Cones and Spherical Conies, p. 77, Dublin, 1841). 

It should be remarked that the theorems of this and of the following article 
were investigated independently by M. Chasles. The student will find in th& 
Comptes Rendusy 1843, 1844, a number of beautiful applications by that great 
geometrician of these theorems, as well to properties of confocal conies, as also 
to the addition of elliptic functions of the first species. 
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Hence, PT + PT - TT^ does not change in passing to 
the consecutive point Q ; which proves the proposition. 

The analogous theorem, due to Professor Mac Cullagh, 
may be stated as follows : — 

162. Theorem. — If tangents PT, PT' be drawn to an 
ellipse from any point on a con- 
focal hyperbola,^then the differ- 
ence of the tangents is equal to 
the difference of the arcs TiTand 
KT. 

The proof is left to the stu- 
dent, and is nearly identical with 
that given for the previous theo- 
rem. 

This result still holds when 
the tangents are drawn from a 
point on an ellipse to a confocal 
hyperbola, provided that the tan- 
gents both touch the same branch of the hyperbola ; as can be 
seen without difficulty. 

As an application* we shall prove another theorem of 
Ijanden ; viz., that the difference between the lengths of the 
asymptote and the infinite branch of a hyperbola can be ex^ 
pressed in terms of an arc of the hyperbola. 

For, let the tangent at A meet the 
asymptote in 2), and suppose a con- 
focal ellipse drawn through D. Then, 
regarding DT as a tangent to the 
hyperbola, it follows, by the theorem 
just established, that the difference 
between DT and JTTis equal to the 
difference between DA and AK. 

Consequently the difference be- 
tween the asymptote CT and the 
hyperbolic branch ^T is equal to 
DA + DC - 2KA. Consequently 
the required difference is expressible 
in terms of given lines and of the 
hyperboUc arc AK. 




indebted to Dr. Ingram for this application of Fro£ Mac Cullag1i*s theorem. 
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We next proceed to consider two important curves whose 
rectification depends on that of the ellipse. 

163. The Limason. — From the equation of the lima9on, 

df* 
r = a cos + J, we get -^ = - a sin 0, 

du 

and hence 

ds = (a* + &2 + 2ab cos B)^ dB, 



s - 



{{a + by cos^ - + (a - by sin^ ^\^dB. 



Accordingly, the rectification of the lima9on depends on 
that of the ellipse whose semiaxes are a-t b and a- b, 

1 64. The Epitrochoid and Hypotrochoid. — The epitrochoid 
is represented by the equations (see Dif. Cal., Art. 284) 

X = (a-\-b) oosB - c cos — r— By 



y = (a + 6) sin - c sin — 7— B. 

Hence 

dx , 7 \ ( . /I c , a-\- b ^\ 
^ = -(a+6)J8m0-jSm-3-e}, 

J=(a + 6)joo8e-^co8-^ej. 



Squaring and adding we get 

|6^ + c^-2tccos-T->, 



'^Y _ /^ + ^^* 



,dBj \ b 



•'• ^ , 1 6' + c'- 26c cos -7-} rf&. 



Hence, substituting — - for 0, we get 

Cv 

2(a + J) 
« = - 



— M{(6 + c)'sin»0 + (6-c)^cos»irf0. 
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Consequently the length of an arc of the epitroohoid is eqnal 
to that of an ellipse. This theorem was discovered by Pascal. 

The corresponding form for the hypotroohoid is obtained 
by changing the sign of b. 

165. Steiner's Theorem on Bectiflcation of Sotdettes. — ^If 
any curve roll on a right line, the length of the arc of the 
roulette described by any point is equal to that of the cor- 
respondiQg arc of the pedal, taken with respect to the 
generating point as origin. 

For (see figure. Art. 145), the element Off of the roulette 
is equal to OPdu). 

Again, to find the element of the pedal. Since the 
angles at N and N' are right, the quadrilateral NN'TO is 
inscribable in a circle, and con- 
sequently NN' = OT sin NON\ 
But, in the limit, NN' becomes 
the element of the pedal, and OT 
becomes OP : hence the element 
of the pedal is OPdu); conse- 
quently the element of the pedal 
is equal to the corresponding 
element of the roulette, .'. &c. 

We proceed to' point out a few elementary examples of 
this principle. In the first place, it follows that the length 
of an arc of the cycloid is the same as that of the cardioid ; 
and the length of the trochoid as that of the lima9on. 
Again, {/ an ellipse roll on a right line, the length of the roulette 
described by either focus is equal to the corresponding arc of the 
auxiliary circle. 

Moreover, it is easily seen, as in Art. 146, that if one 
curve roll on another, the elements ds and ds\ of the roulette 
and of the corresponding pedal are connected by the relation 




cfe = ds\ I + 



^) 



In the case of one circle rolling on another, this relation 
shows that the arcs of epicycloids and of epitrochoids are 
proportional to the arcs of cardioids and of lima9ons : which 
agrees with the results established already. 
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We next proceed to the rectification of the Oval of 
Descartes. 

1 66. Oval of Descartes. — This curve is defined as the 
locus of a point whose distances, r and /, from two fixed 
points are connected 
by the equation 

mr + 1/ = dy 

where /, m, d are 
given constants. 

For convenience 
we shall write the 
equation in the form ► 




mr-{-l/ = nCy (lo) 

where c is the dis- 
tance between the 
fixed points. 

The polar equa- 
tion of the curve is 
easily got. For, let 
-Pand Fi be the fixed points, and L Fi FP = 0, then we have 

/^ = r^ -\- (? - 2rc cos ; 
also from (lo), 

P/^ = {nc - mrYy 

hence the polar equation of the locus is readily seen to be 



r^ - 2rc 



mn - P cos „ w* - P 



m'-P 



■hC 



m'-P 



= o. 



(") 



For simplicity, we shall write this in the form 

r^ - 2rQ, + (7 = o. (12) 

Solving this equation for r, we get 

r = Q ± ^Q^-Cy or FPi = Q, + ^0?'Cy FP = Q,- ^/0?-C . 

It can be seen without difficulty that, so long as /, m, f} are 
real and unequal, the curve consists of two ovals, one lying 
inside the other, as in the figure. 

Q 
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Again we get from (12), by difPerentiation, 

(r - Q) rfr = rSh'dOj where Q' = ^ ; 



dr Q' Q! , da ^Q,'' -i- OT" - C 
— 7K = ^ = — J ; nence — ^ = . — . 



Qv^Q^ + Q'^-Cc^e 



Or (fe = ^ , ; ± ^Of^Ql^-CdQ, (13) 

the upper sign corresponding to the outer oval, and the lower 
to the inner. 

Henoe the difference between the two corresponding 
elementary arcs is equal to 

2yQ'- + O''-(7rf0, or, 2 v/a*+ lah cos0-\-b^- CdO, 

(writing Q in the form a + J cosfl), which plainly represents 
the element of an eUipse. Consequently, the diJOPerence 
between two corresponding arcs of the ovals can be repre- 
sented by the arc 01 an ellipse. This remarkable theorem is 
due to Mr. W. Roberts (liouville, xv., p. 195). Some years 
after its publication it was shown by Professor Genoochi 
(Tortolini, 1864, p. 97) that the arc* of a Cartesian is expres- 
sible in terms of three eUiptic arcs. 

In order to establish this result, we commence by proving 
one or two elementary propertiesf of the curve. 

Suppose a circle described through F, jF\, and P ; and let 
PQ be the normal at P to the oval, meeting the circle in Q, 
and join FQ and F^Q; then let z FPQ = w, and PiPQ = w' ; 

df* dr 

and since m^- + /-j- = o, we have /sin c«>'= m sin w, 

as as 

.-. FQ : FiQ = l:m. 



* For the proof of this theorem giyen in the text, I am indebted to Mr. 
Fanton. ,, 

t For an account of the fundamental properties of the Cartesian Oval, the 
student is referred to a Note at the end of my Differential Calculus. 
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Also, since mr + 1/ = nc ; and (by Ptolemy's theorem) 

FPF^Q + F.P'FQ = FFi'PQy 

we have 

FQ ^ F\Q ^ PQ 

I m n ' 

Hence, denoting the common value of these fractions by 
u, we have 

FQ = iuy FiQ = muy PQ = nu. 

Again 

dr O' v^Q*-(7 

tan (o = -— 7^ = — , .'. cos CO = 



rdd ^Q?^C' " ^a'-hiX'-hC 

Hence the first term in the expression for ds in (13) is 
equal to 

QidO c mn - P00&6 ^ 

= —5 — rj au, 

cos (t> nr - r cos a> 

Again, let z FPFi = \P, /. PF^C = 0, 

and we have the two following relations between the angles 
0, 0, t//, 

^ = d + \py /sin0 + msin^ = nBmxp. (14) 
Hence, 

d<j>-dO = c?i//, /cosflc^fl + mcos^rf^ = n cos ipdif^y 

.', {mn'-Pco&0)dO = w(/j + /cos0)c?^-n(w + /oosi/')rf{/f, 
or 

mn - P GOsO ,^ w + /cosA,^ m + /cos(^-, , . 

dO = m -d6-n -dxl. (15) 

cos 01 cosw ^ cosw ^ ^ ^ 

Again, from the triangle FPQy we have 

rcosu) = PQ + jPQcos0 = (/j + /cos0)w, 

^ + /COS0 r /t; r-- — ' 7 

/. = - = v^/* + n'+ 2m COS 0. 

COS Ccl t^ 

Q 2 
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In the same maimer it can be shown that 

wj + Zoosd /- ; T 

= - = vP-\-7n* + 2lmQO^\fj, 



cos w u 

Hence we have 



f Qid9 mC f /rr ; ^ 

I = —z ;r a// + n*+ 2mcos0a0 

Jcosw m^-Py ^ ^ 



m 



—77 k/^' -\- m^-h zlm cos \p d\p. (16) 



2 



Each of these latter integrals is represented by the arc of an 
ellipse, and, accordingly, the arc of a Cartesian Oval is 
expressible in the required manner. 

It should be noted that the limiting values of 0, 0, and xf/ 
are connected by the relations given in (14). 

Again, it can be shown without difficulty that the axes of 
the ellipses are the lines {AB, CD), (-4(7, -BD), and {ADy BC)y 
respectively : a result also given by Sig. Genocchi. First, 

with respect to the ellipse whose element is y^Q^+Q'^^-C dB^ 
it is plain that its axes are the greatest and least values of 

2 v^Q^+I2'*-C, or of 2 ^/a^ + ^* + 2ah cos - C: but these 

are 2 ^{a -^by - C and 2 ^/{a - by - (7, which are plainly 
the same as the greatest and least values of PPi ; and, 
consequently, are AB and CD. 

Again, from the equation mr + // = nc^ we get 

mFB-^llFB-^c) = nc, .-. FB = i^Lzil^. 

In like manner 

FC = i??±i)£. 

Again, since we get the points on the outer oval by 
chan^g the sign of /, we have 

m-l m-l 
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and consequently, 



AD = ^^„ £0= '"^ 



m- V I + m* 

but these are readily seen to be the values for the axes of the 
ellipses in (i6). 

It should be noted that if we substitute in (13) the values 
for a and 6, the expression for the element ds becomes of the 
f oUowing symmetrical form 



mc 
d8 = 



m'-P 



fiC 



^P + n^ + zln ooa<^ d<ji — -^/ P-\-m^ -\- zlmGO&ypdxfj 

± —z — - ^/m^ + ^* - 2mn cos 6 dO, (17) 

We shall conclude the Chapter with a brief account of 
the rectification of curves of double curvature. 

167. Rectification of Curves of Double Curvature. — ^If the 
points in a curve be not situated in the same plane, the curve 
is said to be one of double curvature. The expression for its 
length is obtained in an analogous manner to that adopted 
for plane curves: for, if we refer the curve to a system of 
rectangular axes in space, and denote the co-ordinates of two 
consecutive points by (a?, y, 2), {x-hdxy t/ + rfy, « + efe), we get 
for the element of length, dsy the value 

ds « ^dx^ + dp^+ dz\ 

The curve is commonly supposed to be determined by the 
intersection of two cylindrical surfaces, whose equations are 
of the form 

f{xyp) = o, 0(^,2) = o. 
From these equations, if —^ and — be determined, the 

OiX/ OX- 

formula of rectification is 



s 



=lh(JJ^(£)T- <-) 
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When 2 is taken as the independent variabley this formula 
becomes 



B 



-\ 



\'<thmt-- 



the limits being in each case detennined by the conditions of 
the question. 

The simplest example is that of the helix, or the curve 
formed by the thread of a screw. From its mode of 
generation it is easily seen that the helix is represented by 
two equations of the form 



z 
a? = a cos I T I, y = fl sm I 7 ,. 

Ol \0J 



Hence 



dx a . fz\ 

— = --smlT , 
dz \oJ 



/. ds = li -h —j dZy 



dy a fz\ 

or s = I I + -7^ 1 s : 



the arc being measured from the point in which the helix 
meets the plane of mi/. 

This result can be easily established geometrically. 



Examples. 
Find the length of the curve whose equations are 



2a 



z = 






„ t x^ x^\\ / x^\ sfi 

Here ^^ = (i + -.+ — 5) ^^ = (i + ^j ^* = «+ 6^ = ^ + ^ : 

the arc being measured &om the origin. 

This is a case of a system of curves which are readily rectified ; for, in general^ 
whenever 





tdyy _ dz 
\dx) "'^ dx' 


we have 


1 dy^ <fen* / dz\ 


«nd therefore 


da - dx + dZf or a =: x-\-z + const. 
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Thus, if y =f{x) be one of the equations of a curve, we get -~ = /'(«)i and 
hence, if a second equation be determined from the equation 

the length of the curve is represented by ^ + 2 + const. : the value of the 
constant being determined by the conditions of the problem. 
For instance, if y = a sin a;, we get JT (x) = a cos Xy and 

dz a* a«, . . 

-- s= — cos'* X, . •. jB = — (x + cos a? sin »). 
dx 2 ' 4 ^ ' 

Hence the length of the curve of intersection of the cylindrical surfaces 

I y = asinx, 2 = — (x + cos a; sin ;c) 

4 

iaz-\-X'j the length being measured from the origin. 

2. y = 2^ax — x. z = X — A -. ' Ana. a «= « + y-2. 

3\« 



s 

a . - 



3. -^ - ^ = I, a? = -(c« + ^ »), the length being measured from the 

Or 9 2 

point of intersection of the curve with the plane of xy. 
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Examples. 

I. Find tlie leng;th of any arc of the catenary 



y = l u* + rij, 



and show that the area between the curve, the axis of dr, and the ordinates at 
two points on the curve, is equal to a times the leng^ of the arc terminated by 
those points. 

— , and hence find the length, of a 

parabolic arc. 

fxdx 
— J — may be represented by an are of 

a circle, and find the limiting values of x for its possibility. 

— ^ dXy 

where a is the semiaxis major, and e the eccentricity. 

5. Express the length of an elliptic quadrant in a series of ascending powers 
of its eccentricity. 

2 ( \2/ I \2 .4/ 3 \2.4.6/ 5 ) 

6. Prove that the integral of 

x^dx 



can be represented by an arc of the ellipse whose semiaxes are a and jS. 

7. Show that the rectification of the sinusoid y = d sin x is the same as that 
of an ellipse. 

8. Prove that the whole length of the Jlr«^ negative pedal of an ellipse, taken 
with respect to a focus, is equal to the circumference of the circle described on 
the axis minor as diameter. 

9. Show that the length of an arc of the curve r s? a sin m0 is equal to that 
of an arc of the ellipse whose semiaxes are a and na. 

10. If from the equation of a curve referred to rectangular co-ordinates, we 
form an equation in polar co-ordinates, by taking r = y and rd9 = dx^ then 
the lengths of the corresponding arcs of the two curves are equal, and the area 
r ydx of the former curve is equal to the corresponding sectorial area of the 
latter. 

11. Prove that the difference between the lengths of the two loops of the 
limaqon r b cos + d is equal \o%b\ a being greater than h. 

12. Being given three points A^ jB, C on the circumference of an ellipse^ 
show that we can always find, at either side of C, a fourth point D such that the 
difference between AB and CD shaU be equal to a right line. 
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13. If a circle be described toucbing two tangents to an ellipse and also 
toucbing tbe ellipse, prove tbat tbe point of contact witb tbe ellipse divides tbe 
elliptic arc between tbe points of contact of tbe tangents into two parts, wbose 
•difference is equal to tbe difference of tbe lengtbs of tbe tangents (Cbasles, 
Oomptes Rendus, 1843). 

14. Prove tbat tbe entire lengtb of any closed curve is represented by 
{ Pds 

9 
point, and p tbe lengtb of tbe perpendicular from any fixed point on tbe tangent. 

6^' A- I ds d^ -4- I 

15. \iey = — '■ — be tbe equation of a curve, prove tbat -7- = , and 

hence rectify tbe curve. 

16. Calculate approximately, by tbe tables of Art. 113, tbe wbole lengtb of 

a loop of tbe curve r* = a* cos - Q, 

5 



1 taken round tbe entire curve ; p being tbe radius of curvature at any 



Here, by Ex. 3, p. 207, tbe required lengtb is 

(I) 




or 2 



flV^i 



r 



13 o 

Hence, taking logarithms, and observing that -^ <= i>625, and ^ =1.125, we 

o o 

get as tbe required approximation a x 3.294S8. Tbe figure of tbis curve is 
exhibited in Aji;. 26 1 , Dif. Cal. 

17. In a Cartesian Oval whose two internal foci coincide, prove tbat tbe 
difference of the two arcs, intercepted by any two transversals from tbe exter- 
nal focus, is equal to a straight line which may be found. [Tbe above curve 
is tbe inverse of an ellipse from a focus.] — Paopessor Crofton, £due. Times, 
June, 1874. 

From (11) page 2 25 , it follows, making n = m, that tbe equation of the lima^on, 
in tbis case, is 

, c* cos fl - m* - 

which is of tbe form r' + zr (a cos B — p) + (a — i5)2 = o. 

Hence, by (10), tbe difference between two corresponding elementary arcs 
is 

4Vol8 cos - dd, 

2 

Consequently, if di and 02 be tbe values of for tbe two transversals in 
question, we get the difference of the corresponding arcs 



= 8 v oj8 1 sm sin — j . 



Also, it can be readily seen that tbe distance between the vertices of tbe 
lima^on is 4\/a3< .*. &c. 
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1 8. Show tibat the length of an arc of the ellipse 
is represented by the integral 

«.^[ 'A . 

J (a»co8«tf + d^sin^tf)" 
This result is easily seen, for we have da = pdB^ and p = — ,-, .-. &o. 

19. Show, in like manner, that the length of a hyperbolic arc is represented 
by 

«.^f £? 

J (a* cos^e - ^ sin^tf) * 

20. Hence proye that the integral 

fdx 

is represented by an elliptic arc when aV > ba\ and by a hyperbolic arc when 
Qb* < ba\ 

21. Proye that the differential of the arc of the curye found by cutting in 
the ratio n : i the normals to the cycloid 

y = a + ^ cos t#, X — au -v b sin. Uf is 



^(a + nby + ^nab sin* - du, 

22. Each element of the periphery of an ellipse is diyided by the diameter 
parallel. to it, find the sum of all uie elementary quotients extended to the 
entire ellipse. Ans, «■. 

22. In the figure of page 217, if a » Z ACN\ and fi= L BCN, proye that 

tana__ tanjS 

IT" ~r' 

23. Find the length, measured from the origin, of the curve 



»2 



(a + x\ 
——-1 -«. 



24. Find the length, measured from ^ « o, of the curye which is represented 
by the equations 

X = (2a — b) sin ^ — (a — J) sin^^, 

y = (2b — a) cos ^ — (4 — a) cos^^. 

Ans. < = J (a + J) ^ + t (j> - *) sin^ cos ^. 
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CHAPTER IX. 



VOLUMES AND SUEFACBS OF SOLIDS. 



168. Solids — The Priam and Cylinder. — The moat simple 
solid 13 the cube, whicli is aocordingly the measure of all 
Bolids, as the square is that of all areas. Henoe the finding 
the volume of a solid is called its cubalure. Before proceed- 
ing to the application of the Integral Calculus to finding the 
volumes and surfaces of solids, we propose to show how, in 
certain cases, such volumes and surfaces can he found from 
geometrical considerations. In the first place, the volume of 
a rectangular parallelepiped is measured bj the continued 
product of three adjacent edges ; and that of any parallelepi- 
ped by the area of a face multipHed-by its distance from zha 
opposite &ce. 

A^ain, the volume of a right prism is measured by the 
product of its altitude Lato the area of its base. For example, 
the volume of the right prism represented 
in the figure is measured by the area of 
the polygon ABODE, multiplied by the 
altitude AA'. Again, since each lateral 
face, AB B'A' for example, is a rectangle, 
it follows that the sum of the a^as of aU 
the faces (exclusiTe of the two bases), i. e. 
the area of the surface of the prism, is equal 
to the rectangle under the alritude and the 
perimeter of the polygon which forms it« 



perm 
base. 




This and the preceding result still hold 
in the limit, when the base, instead of a 
polygon, is a closed curve of any form, in which case the sur- 
face generated is called a cylinder. Hence, if V denote the 
volume of the portion of a cylinder bounded by two planes 
drawn perpen(ucular to its edges, h its height, and A the area 
of its base, we get V = AA. 
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Again, if S denote the superficial area of a cylinder, 
bounded as before, and S the length of the curve which forms 
its base, we have 2 = SA. 

169. The Pyramid and Cone. — If the angular points of 
a polygon be joined to any external point, the solid so 
formed is called a pt/ramid. Any section of a pyramid by a 
plane parallel to its base is a polygon similar to tifiat 
which forms the base, and the ratio of their homologous 
sides is the same as that of the distances of the planes from 
the vertex of the pyramid. Hence it follows that pyramids 
standing on the same base, and whose vertices lie in a plane 
parallel to the base, are equal in volume. For, the sec- 
tions made by any plane parallel to the base are equal in 
every respect ; and, consequently, if we suppose the pyra- 
mids divided into an indefinite number of slices by planes 
parallel to the base, the volimies of the corresponding slices 
will be the same for all the pyramids ; and hence the entire 
volimies are equal. 

Also, if two pyramids have equal altitudes, but stand on 
different polygonal bases, the volumes of the pyramids will 
be to each other in the same proportion as the areas of the 
polygonal bases. For, this proportion holds between the 
areas of the sections made by any plane parallel to the base ; 
and consequently between the slices mcide by two infinitely 
near planes. 

Again, the pyramid whose base is one of the faces of a 

<3ube, and whose vertex is at the centre of the cube, is 

the one-sixth part of the cube ; for the entire cube can be 

divided into six equal pyramids, one for each face. Hence, 

denoting the side of a cube by «, the volume of the pyramid 

a' 
in question is represented by ~ ; i. e. by the product of the 

area of its base into one-third of its height. 

Now, if we vary the base, vdthout altering the height, 
from what has been established above, it follows that the 
volume of any pyramid is the area of its base multiplied by 
one-third of its height.* 

* This demonstration is taken from Glairaut's '* Elemens de G^ometrie." 
The student is supposed familiar with the more ancient proof^ from the property 
that a triangular prism can be divided into three pyramids of equal yolume. 
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If the base of the pyramid be any closed curve, the solid 
so formed is called a cone ; and we infevthat the volume of a 
cone is equal to one-third of the product of the area of its base 
into its height. 

If the base of a pyramid be a regular polygon, and the 
vertex be equidistant from the angular points of the polygon, 
the pyramid is called a right pyramid. 

In this case eaoh/aee of the pyramid is an isosceles triangle, 
whose area is the rectangle under the side of the polygon 
and half the perpendicular of the triangle.. Hence the sur- 
face of the pyramid is equal to the rectangle under the semi- 
perimeter of the regular polvgon and the perpendicular 
common to each face of the pyJramid. 

Again, if we suppose the number of sides of the regular 
polygon to become infinite, the pyramid becomes a right 
cone ; and we infer that the entire surface of a right cone is 
equal to the rectangle under the semi-circumference of its 
circular base and the length of an edge of the cone. 

Hence, if a be the semi-angle of the cone, I the length of 
an edge, and r the radius of its base, we have r = ^ sin a, and 
the simace of the cone is represented by tt^ sin a. 

If a right cone be divided by two planes ABCy DEFy 
perpendicular to its axis, as in figure, the o ' 

part intercepted by the planes is called 
a truncated cone. 

The surface of a truncated cone is 
easily expressed ; for, if OA = /, OD = /', 
the required surface is tt sin a (/* - ^*), 
or TT (/ - r) (/ + /') sin a. 

Now, if the circular section LMIfhe 
drawn bisecting the distance between 
ABC and BUF^ the circumference of 
the circle LMNv& tt (/+ /') sin a. Hence 
the surface of the truncated cone is equal 
to the rectangle imder the edge AB and the oiroumf erence of 
LMN its mean section. 

1 70. Siirface and Volume of a Sphere. — ^To find the super- 
ficial area of a sphere ; suppose a regular polygon inscm)ed 
in a semicircle, and let the figure revolve around the diameter 
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AB ; then each side of the polygon, PQ tor example, will 
cLescribe a truncated oone. 

Now, from the centre C draw CD perpendicular to PQ, 
and construct as in figure; then, by the preoeding^ Artide, 
the surface generated by PQ is 
equal to 27r PQ . DL 

Again, by similar triangles, 
we have DC : DI^ FQ : JfJV, 
.'.FQ.DI=DC.MN. 

Accordingly, since the per- 
pendicular CDia of same length 
for each side of the polygon, the 
surface generated by the entire polygon in a complete revo- 

lution is equal to 27r CD . AB = 47r iP cos - ; where n repre- 
sents the number of sides of the polygon, and iJ the radius of 
the circle. 

If we suppose n to become infinite, the solid generated 
hy the polygon becomes a sphere; and we get ^ttIP for tiie 
entire surface of the sphere. Hence, the surface of a sphere is 
equal to four times the area of one of its great circles. 

Again, it is easy to find the surface generated by any 
number of sides of the polygon. Thus, for example, that 
generated by all the sides lying between the points A and Q 
is plainly equal to 27r CD . AN, 

Hence, in the limit, the surface generated in a complete 
revolution by the arc -4 Q is equal to zir . AC . AN, Such a 
portion of a sphere is called a spherical cap. 

Again, suppose the points A and Q connected ; then, since 
AQt ^ AB , ANj it follows that the area of the spherical cap 
generated by the arc -4Q is equal to the area of the circle 
whose radius is the chord AQ. 

The volume of a sphere is readily found from its surface; 
for we may regard the volume as consisting of an infinitely 
great number of pyramids, having their common vertex at 
the centre, and whose bases form the entire surface. But the 
volume of each pyramid is represented by the product of one- 
third of its heiffht (i. e. the radius) by its base. Hence the 
entire volume oi the sphere is one-third of its radius multi- 
plied by its surface, i. e. — Ii\ 
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Examples. 

1. If a sphere and its circumscribing cylinder be cut by planes perpendi* 
cular to the axis of the cylinder, prove that the intercepted portions of the 
surfaces are equal in area. 

2. Prove that the volume of a sphere is to that of its circumscribing cylinder 
in the proportion of 2 to 3 : and that their surfaces also are in the same propor- 
tion. These results were discovered by Archimedes. 

171. Siurfaces of Bevolution. — ^In the preceding we have 
regarded a sphere as generated by the revolution of a circle 
around a diameter. In general, if any plane be supposed to 
revolve around a fixed line situated in it, every point in the 
plane will describe a circle, and any curve lying in the plane 
will generate a surface. 

Such a surface is called a surface of revolution ; and the 
fixed line, round which the revolution taJkes place, is called the 
axis of revolution. 

It is obvious that the section of a surface of revolution 
made by any plane drawn perpendicular to its axis is a 
circle. 

If we suppose any solid of revolution to be cut by a series 
of planes perpendiciilar to its axis, the volimie of the solid 
intercepted between any two such sections may be regarded 
as the limit of the sum of an indefinite number of thin cylin- 
drical plates. 

Now, if we suppose the generating curve to be referred to 
rectangular axes, the axis of revolution being that of ^, the 
area of the circle generated by a point {a, y) is plainly equal 
to TTtf^ and the cylindrical plate standing on it, whose thick- 
ness is dx^ is represented by Try' dx. 

Hence, the element of volimie of the surface of revolution 
is Tiy'^dxy and the entire volume comprised between two sec- 
tions, corresponding to the abscissse a and /3, is obviously 
represented by the definite integral 



"J." 



fdx, 

in which the value of y in terms of x is to be got from the 
equation of the generating curve. 
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In like manner, the volume of the surface generated by 
the revolution of a curve around the axis of y is represented 
by IT Ix^dijy taken between suitable limits. 

Again, we may regard the surface generated by any 
element ds of the curve as being ultimately a portion of the 
surface of a truncated cone, as in Art. 1 70 ; and henoe the 
surface generated by cfo in a complete revolution round the 
axis of a; is repesented by zwyds; and accordingly the entire 
surface generated is represented by 

2ir J j/ds, 

taken between proper limits. 

We proceed to apply these formulae to a few elementary 
examples. 

172. The Sphere. — Let ar* ^■ y* = a^ be the equation of the 
generating circle ; then, substituting a^ - a? for y*, we get for 
the volume 

V=^Tr j {a^ -x^) dx-iria^x j + const 

If we take o and a as limits, we get for the volume of 

o 

the hemisphere ; .'. the entire volume of the sphere is ^ 

as in Art. 170. 

To find the volume of a spherical cap, let h be the length 
of the portion of the diameter cut off by the bounding plane^ 
and we get for the corresponding volume 



r {a^'(x?)dx^Trh' 

J a-h 



a — 
3. 



Again, to find the superficial area, we have 

ds =f 'i + -^ j dx-{ I + — j(fo = -^j;, .*. yds = adx. 

Hence, the surface of the zone contained between two 
parallel planes corresponding to the abscissae Xi and Xq is 



27r 



adx = 27ra {xi - Xq) ; 

J aro 
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that is the product of the circumference of a great circle by 
the breadth of the zone. This agrees with Art. 170. 

173. Bight Cone. — If a denote, as before, the angle which 
the right line which generates a cone makes with its axis of 
revolution, we get y = x tan a, taking the vertex of the cone as 
origin, and the axis of revolution as that of x ; accordingly, 
the element of volimie is ir tan ^a a?dx. 

Hence, if h denote the height of the cone, we get its volume 
equal to 



TT tan^a 



TT 

J? dx-- tan^aA^ 



i. e. - X area of its base, as in Art. 169. 
3 

Again, to find its surface, we have d% = sec a dx^ 

rh 

.*. 27r J yds = 27r tan a sec o I xdx = nh^ tan a sec a ; 
which agrees with the result already obtained. 

Examples. 

1. The base of a cylinder is a circle whose area is equal to the sorflEUse of a 
sphere of radius 5 ft. ; being given that the volume of tbe cylinder is equsl to 
the sum of the volumes of two spheres of radii 9 ft. and 16 ft., find the height of 
the cylinder. Ana, 64}^ ft. 

2. A solid sector is cut out of a sphere of 10 ft. radius by a cone, the angle 
of which is 120° ; find the radius of the sphere whose solid contents are equal to 

those of the sector. Ana. 5\/ 2. 

3. Two cones have a common base, the radius of which is 12 ft. ; the alti- 
tude of one is 9 ft. , and that of the other is 5 ft. ; find the radius of a sphere 
whose entire simace is equal to the sum of the areas of the cones. 

Ana. 2*y 11 ft. 

174. Paraboloid of Bevolution. — ^Writing the equation of 
a parabola in the form y^ = 2 ma?, we get for the volume of the 
solid generated by its revolution round the axis of x 

TT 

2T:m J xdx = Timo? + const. = —y^x + const. 

R 
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'Henoe, the volume of the surface generated by the revo- 
lution of the part of a parabola between its vertex and the 

point (oTi, i/i) is represented by — yi'ari, i. e., is equal to half the 

volume of the circumscribing, cylinder. 

Again, to find the surface of the paraboloid, we have 

Hence, the surface of the paraboloid, between the same 
limits as above, is represented by 

175. Spheroids of Bevolution. — If we suppose an ellipse 
to revolve round its axis major, the surface generated by the 
revolving curve is called o, prolate spheroid. If it revolve round 
the axis minor, the surface is called an oblate spheroid. 

The volume of a spheroid is easily obtained ; for, taking 

— + |j = I as the equation of the generating ellipse, we get. 



it"' 



on substituting J^ ( i - — ) for y% 



a^ 



h' t ttP / x' 



{a^ -x^)dx = ^ X («'- — ] + const. 
47r 



Hence the entire volimie is — aV. In like manner, the 

3 

4.7r 
volume of an oblate spheroid is — hc^. 

3 

176. Surface of Spheroid. — In the case of a prolate sphe- 
roid we have 

«« = I + -T~i dx, 
••. yds = (^y^ + ^a:^ Ye;^ = (^J'- ^ e'A^dxJ-^f^^x^Jdx. 



Surface of Spheroid. 243 

Hence, if CN = «„ CM = 3:0, we get for S, tiie zone 
generated in a oomplete 
revolution by the are J*Q, 

Now, if we take CD ~ -, 

and conftruct an ellipse 

wlioae semiaxes are CD and CB, it is easily seen (Art. 129) 

that the elementary area lietween two consecutive ordinates 

of this ellipse is — (— - ^] dx. Hence it followe that the 

urea of the zone generated by the are PQ, is n- times the area 
of the portion PiQiQjP, of this ellipse. 

Again, if AEi be the tangent at the vertex of the ori^al 
ellipse, we see that the entire surface of the spheroid is 4jr 
■" the area BCAEi ; but this is seen, without difficulty, to ba 




ah , 



(■) 



lu like manner, we get for the surface S generated by the 
revolution of an ellipse round its minor axis 



'!(•■ 



If this be 
obvious reduotione, 



1, as in Art. 151, we get, after some 



a'eV + h* 



\i 



rlog 



aey+ (aVy' + fi')l 



If this be taken between the limits o and b, and doubled, we 
get for the entire surface of the ellipsoid 
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It is readily seen, as in the former case, that the surface 
of any zone of this ellipsoid is ir times the area of a corre- 
sponding portion of the hyperbola 



a^ (j^e^y*' 



a' 



= I 



hounded by lines drawn parallel to the axis of x. 

The area of the surface generated by the revolution of a 
hyperbola round either axis admits of a similar invesiigation. 



N L 



Examples. 

I. Find the rolume of tbe surface generated by the revolution of a cycloid 
round its base. 

Here, referring the cycloid to DA and 
J)B as co-ordinate axes, we haye (see Dif. 
Cal., Art. 273) 

a? rr a (0 + sin 0), y = a(i+cos^), 

where I PCL = 0. 
Hence 




AN 



dV = »y' dx = »a3(i + cos ^yd<f> ; 
,'. for the entire Tolume F, we get 

Te aira» 1(1 + cos <l>yd<l> = t6ira^ f cos^ - <f^ 

Jo Jo 2 



Hence 



= ^iircfi I * cos'^ddd, making ^ = e. 



a. Find the whole surface generated in the same case. 
Here 8 = 2ir \pd8 ^ 4ira* I (i + cos ^) cos - <f^ ; 

hence the entire surface is 

Jo 2 ^ 3 
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3. Find the volume and the surface of the solid generated by the reyolution 
of the tractrix round its axis. 

(r). Here we have 



lience the volume generated by 
the portion -4 Pis 

jv 3 

The volume generated by the 



2ir 




2ir 



entire tractrix is — a^\ i. e. half 

3 
the volume of the sphere whose radius is OA. 

(2). The surface generated by AP is 

I yds - 2ira I dy (see page 313), 

= 2va (a — y). 

Hence the entire surface generated is itra^ ; i. e. half the surface of the sphere 
of radius OA. 

4. Find the volume, and also the surface, generated by the revolution of the 
catenary around the axis of x, 

(i). Here the volume of the solid generated 
by FF is represented by \ 

-A 



y*dx = 1 Vtf«+«« ■{■ 2 I dx 

Jo 4 Jo 



2x 2x 



= f(^('"''- '"")■' "1 



= — (y« + ax) : 

2 




where s = PV, 
(2). Again since 



we have 



2irjyds= —I y- dx. 
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Ck)n8eqa6nU7 the surface generated by FV in a complete revolution U 
X the Tolume generated ; i. e. = » (y# + awr). 

5. In the same curve to find the surface generated by its roTolution round 
the axis V, 



Here 



X r 

xe « dx. 



5 = 2ir I xd$ = V \xe^dx + ir I 
Again 

I xe^ dx = axe** -a I 
Also the yalue of 



^xl 



(IT.) 



I 



J* 

X 



xe "dx 



is obtained by changing the sign of a in the last result. 
Hence 



I, 



X 
X >- 



X X 

xe ^ dx = a^ ~ axe « — a^e «. 



-^ = 



I 2a* + ax [e^-e") -a''\e'' +/«/ J 



177. If a closed curve, which is symmetrical with respect 
to a right line, be made to revolve 
round a parallel line, then the su- ^ 
perficial area generated in a com- 
plete revolution is equal to the 
product of the length of the mov- 
ing curve into the circumference 
of the circle whose radius is the 
distance between the parallel lines. 

This is easily proved, for let 
APBJP' be any curve, symmetrical o 
with respect to -4-B, and suppose QX to be the axis of revo* 
lution ; and draw jPJV", QM two infinitely near lines perpen- 
dicular to the axis. It is evident that PQ = P'Qf. Again, let 





-^ 


A 




^ 


a) 


D 


E 
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:> 


n 


M 


X 
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PN^y, PN= /, PQ = P'Q' = ds, DN^b; then the sum of 
the elementary zones described by PQ and P'Q' in a complete 
revolution is 

2ir{y •¥ iPjds - ^irbds. 

Consequently the surface generated by the entire curve is 
2irh8y where 8 denotes the whole length of the curve. 

A similar theorem holds for the volume of the solid geme- 
rated: viz., the volume generated is equal to the product of 
the area of the revolving curve into the circumference of the 
same circle as before. 

For the volume of this solid is plainly represented by 

T J (y' - y ') dxy 
or by 

'^iiy-y) {y + y') ^ = ^tt* J (y - y) dx. 
But the area of the curve is represented by 

\{y - y) d^ ' 

consequently, denoting this area by -4, and the volume by V, 
we have 

F= 27r6x A, 

In these results the axis of revolution is supposed not 
to intersect the curve ; if it does, the expression zirb x A 
represents the difference between the volimies of the surfaces 
generated by the portions of the curve lying at opposite sides 
of the axis of revolution ; as is readily seen. A similar alte- 
ration must be made in the former theorem in this case. 

If a circle revolve round any external axis situated in its 
plane, the surface generated is called a spherical ring. From 
the preceding it follows that the entire surface of such a ring 
is ^ir'^ab ; where a is the radius of the circle, and b the dis- 
tance of its centre from the axis of revolution. 

In like manner the volume of the ring is 2tr^a^b. 

178. Guldin's Theorems. — ^The results established in the 
preceding Article are but particular cases of two general pro- 
positions, usually called Ghildin's Theorems, but originally 
enunciated by Pappus (see Walton's Mechanical Problems, 
p. 42, third Edition). They may be stated as follows : — 
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(i). If a plane curve revolve round anj external axis, 
situated in its plane, the area of the surface generated is equal 
to the product of the perimeter of the revolving curve by the 
length of the path described^ during the revolution, by the centre 
of gravity of that perimeter. 

(2). Under the same circumstances, the volume of the soUd 
generated is equal to the product of the area of the generating 
curve into the path described by the centre of gravity of the re- 
volving area. 

To prove the former, let S denote the whole lengpth of the 
curve, 0?, y, the co-ordinates of one of its points, x, y, the co- 
ordinates of the centre of gravity of the curve ; then, as is 
shown in Elementary Mechanics, we have 

y ^ s ' 

.*. 2TryS = 2Tr j yds, 

i. e. the surface generated by revolution round the axis of x 
is equal to the product of /S, the length of the generating 
curve, into 27ry , the path described by the centre of gravity. 
To prove the second proposition ; let A denote the area 
of the generating curve, and dA the element of area corre- 
sponding to any point x, y. Also let i, y be the co-ordmates 
of the centre of gravity of the area, then 

_ ^ S^ ^ ijy^ (substituting dxdy iordA), 

.'. 27ry^ = 2ir II ydxdy = ir j y^dx ; 

where the integral is supposed taken for every point round 
the perimeter of the curve : but, from Art. 171, the integral 
at the right-hand side represents the volume of the solid ge- 
nerated ; hence the proposition in question follows. 

For example, the volume of the ring generated by the 
revolution of an ellipse around any exterior line situated in 
its plane, is evidently zir^abc, where a and b are the semiaxes 
of the ellipse, and c is the distance of its centre from the axis 
of revolution. 

It may be noted that these results still hold if we suppose 
the curve, instead of making a complete revolution, to turn 
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round the axis tkrougli any angle. For, let B be the circular 
measure of the angle of rotation, and in the former case we 
have 

By8 = dlyd8. 

But 9y is the length of the path described by the centre 
of gravity, and J yds is the area of the surface generated by 
the curve, /. &c. 

In like manner the second proposition can be shown to 
hold. 

Again, Ghildin's theorems are still true if we suppose the 
rotation to take place around a number of different axes in 
succession ; in which case the centre of gravity, instead of 
describing a single circle, would describe a number of arcs of 
circles consecutively ; and the whole area of the surface ge- 
nerated will stiU be measured by the product of the length of 
the generating curve into the path of its centre of gravity ; 
for this result holds for the pjurt of the surface corresponding 
to each axis of revolution separately, and therefore holds for 
the sum. 

Again, in the limit, when we suppose each separate rota- 
tion indefinitely small, we deduce the following theorem. If 
any plane curve move so that the path of its centre of gravity 
is at each instant perpendicular to the moving plane, then the 
surface generated by the curve is equal to the length of the 
curve into the path described by its centre of gravity. 

The corresponding theorem holds for the volume of the 
surface generated. 

179. The method given in Art. 171 of investigating the 
volume bounded by a surface of revolution can be readily ex- 
tended to a solid bounded in any manner. For, if we sup- 
pose the volume divided into slices by a system of parallel 
planes, the entire volume may, as before, be regarded as the 
limit of the sum of a number of infinitely thm cylindrical 
plates. Thus, if we suppose a system of rectangular co-ordi- 
nate axes taken, and the cutting planes drawn parallel to that 
of xy ; then, if Az represent the area of the section made by 
a plane drawn at the distance z from the origin, the entire 
volume is denoted by 

lAzdz, 

taken between proper limits. 
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The area ^s is to be determined in eacli case as a function 
of z from the conditions of the bounding surface. 

For example, to find the volimie of the portion of a cone 
cut off by any plane ; we take the origin at the vertex, and 
the axis of z perpendicular to the cutting plane ; th.en, if B 
denote the area of the base, and h the height of the cone, it 
is easily seen that we have 

JJs2 

-4a : J? = z* : AS or Az = -7^, 

/r 

B f * 
.'. V= T^ z^dz = I J? X A ; as in Art. 1 69. 

A Jo 

If the cutting planes be parallel to that of t/s, the volume 
is denoted by J AJIx ; where Ax denotes the area of the sec- 
tion at the distance x from the origin. 

1 80. Volume of Elliptic Paraboloid. — ^Let it be proposed 
to fijid the volume of the portion of the elliptic paraboloid 

cut off by a plane drawn perpendicular to the axis of the sur- 
face. Here, considering z as constant, the area of the ellipse 

— + — = 22, by Art. 128, is zirz ^pq. 

Hence, denoting by c the distance of the bounding plane 
from the vertex of the surface, we have 

V = 2Tr ^ypq zdz = TT y/pqc^. 

Jo 

This result admits of being exhibited in another form ; for if 
B be the area of the elliptic section made by the boundiiig^ 
plane, we have 

B = Zrrc^ypq. 

Hence F = i circumscribing cylinder, as in paraboloid of re* 
volution. 
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181. The Ellipsoid. — Next, to find the volume of the 
eUipsoid 

X^ XT- z^ 

The section of the surface at the distance z from the 
origin is the ellipse 

c^ y^ z^ 

a c 

the area of this ellipse, i. e. Az is 

Hence, denoting the entire volume by F, we have 



V = zirab 



'C f -^- 



Z'\ , 4 



I \dz - -Trahc, 

\ ^7 3 



182. Case of Oblique Axes. — It is sometimes more con- 
venient to refer the surface to a system of oblique axes. In 
this case, if, as before, we take the cutting planes parallel to 
that of iry, and if w be the angle the axis of z makes with 
the plane of xy^ the expression for the volume becomes 

sina;J-4.efs, 

taken between proper limits, where Az represents the area of 
the section, as in the former case. 

For example, let us seek the volume of the portion of an 
ellipsoid cut off by any plane. 

Suppose DEiyj^ to represent the section made by the 
plane, and ABAS the parallel central section. Take 0-4, 
OjB, the axes of this section as axes of x and y respectively ; 
and the conjugate diameter OC as 
axis of 2. 

Then the equation of the surface is 

or* y2 ^ 

fl'^ V c'^ 



■where OA = cl,OB = h', OC = c'. 

It "will now be oonvenieiit to transfer the origin to the 
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point C without altering the directions of the axes, when 
the equation of the surface becomes 

dr* y' 2z s' 
The area Az of the section, by Art. 128, is 

hence, denoting CfN by A, the volume cut off by the plane 
DEiy is represented by 



TraTsincj'^i^--^)^., 



or 7rfl6 smw -7- = 

But, by a well-known theorem,* we have 

a'6V sin oi = dbcy 

where a, J, c, are the principal semiaxes of the surface. 

Hence the expression for the volume V in question 
becomes 



^ = -«6^(^-^); (4) 



or, denotmg -^tq by A, 

r = irabck'(i--\. (5) 

This result shows that the volume cut off is constant for 

all sections for which k has the same value. Again, since 

ON 

•j^^ = I -ky the locus of iV is a similar ellipsoid ; and we 

infer that if a plane cut a constant volume from an ellipsoid^ the 
locus of the centre of the section is a similar and similarly 
situated ellipsoid, 

* Salmon's Geometry of Three Dimensions, Art. 96. 
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183. Application to the Elliptic Paraboloid. — The corre- 
sponding results for the elliptic paraboloid can be deduced 
from the preceding by adopting the usual method of such 
derivation : viz., by taking 

a^ = pCy h^ = qc^ 

and afterwards making c infinite : observing that in this case * 

the ratio — becomes imity. 
c 

Making these substitutions in (4) it becomes* 
V = tt-v/m A^f I -X or wh^ ^/^y since c = 00. 

Hence, if a constant length be measured on any diameter 
of an elliptic paraboloid and a conjugate plane drawn, then 
the volumef of the segment cut from the paraboloid by the 
plane is constant. 

Again, the area of an elliptic section by (3) is 

,^J2h h^\ wabc (ih h^\ 
rrab -7- — tt 5 or -7—: — -7- — ^r . 
\c c^J c sm(u\c cV 

On making the same substitutions, this becomes for the 
paraboloid 



sma> 



h. 



Now, if we suppose a cylinder to stand on tlus section,, 
the volume of the portion cut off by the parallel tangent 
plane to the paraboloid is obtained by multiplying the area 
of the section by A sin w ; and, consequently, is 



IT 



ypqh\ 



i. e. is double the corresponding volume of the paraboloid. 
This is an extension of the theorem of Art. 1 80. 



* For a more direct inTestigation the student is referred to a memoir '* On 
some Properties of the Paraholoid," Quarterly Journal of Mathematics, June» 
X 8 7 4, by Professor Allman. 
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Examples. 

1. Prove that the volume of the segment cut from a paraboloid by any plane 
is ^ths of that of the circumscribing cone standing on the section made by the 
plane as base. 

2. A cylinder intersects the plane of xy in an ellipse of semiazes OA = a, 
OB =■ bt and the plane of xz in an ellipse of semiaxes OA = 0, OC = e ; the 
edges of the cylinder being parallel to BC; find the volume of the portion of 
the cylinder bounded by the three co-ordinate planes. Ans. ^ abe. 

3. The axes of two equla right cvlinders intersect at right angles ; find the 
volume common to both. Ans, -^ffl^, where a is the radius of ei&er cylinder. 
This surface is called a Oroin. 

184. Volume by Double Integration. — In the application 
of the preceding method -of finding volumes, the area repre- 
sented by Axj instead of being immediately known, requires 
in general a previous integration ; so that the determination 
ef the volume of a surface involves two successive integra- 
tions, and consequently V is expressed by a double integral. 

Thus, as the area Ax lies in a plane parallel to that of yzj 
its value, as in Art. 126, may generally be represented by 
Js^, taken between proper limits. Hence V may be repre- 
sented by 

or, adopting the usual notation, by 

llzdydxy 

taken between limits determined by the data of the question. 
The value of z is supposed given by a. relation 2 =/(a?, y), 
by means of the equation of the bounding surface ; hence 

\zdy = lf{x,y)dy. 

In the determination of this integral we regard a? as a 
constant (since all the points in the area have the same 
value of x)y and integrate with respect to y between its 
proper limits. 

Thus, if yi and y^ denote the limiting values of y, the 
definite integral 

f{^^y)dy 
becomes a function of x; this function, when integrated 
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with respect to x between the proper limits, detenninea the 
volume in queBtion. 

If Xi and xa denote the limita of x, Y may he represented 
hy the double integral 

Wo shall exemplify this by a figure, in which we suppose 
the volume bounded by the plane of xy, by a cyfinder 
perpendicular to that plane, and also by any surface.* 
Let RPRQ, represent the 
section of the cylmder by the 
plane of xy ; and suppose 
PMNQ, to be the section of 
the volume hy a parallel to 
yz at the distance x from 
the origin. Let, Pi = yi, 
QL = y^, then the areaPJfi^TQ 
is represented by the integral 

The valuesf of y, and y<, in terms of x are obtained from 
the equation of the curve hPRQ,. 

Again, suppose P'M'N'Ql to represent the parallel section 
at the infinitesimal distance dx from PMNQ, then the 
elementary volume between PMNQ and P'M'N'^ is repre- 
sented by 




dx £ 



Now, if RT and RT' he tangents to the hounding curve, 



* The determiDation of a Tolame of any form U virtually contained in this. 
For, if we suppose the surface circum scribed by a uyliniler perpendicular to the 
plane of xy, the required volumo will become the difference between two 
cyliodeie, bounded by the upper and lower portions of the surface, rcBpecttvely. 
See Bertrand, Cal. Int. ^ 44.7. 

t In our investigation we have aBBuraod that the parallels intersect the 
ourve in but two poiDte each ; the general case is omitted, as the solution in 
Bucb cases oau be rarely obtained, and alao M the inveatigation is unsnitad for 
«n elemental? tcealdse. 
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drawn perpendicular to the axis of x, and if OT^ = a?i, OT = r^, 
the entire volume is represented by 



(Vi 



J '0 jVo 



z dt/ dx. 



It should be observed that z dy dx represents the volume 
of the parallelepiped whose height is s, and whose base is 
the infinitesimal rectangle having dx and dy as 'sides ; and 
consequently the volume may be regarded as the sum of all 
such parallelepipeds corresponding to every point within the 
area RPKQ. 

It is also plain that we shall arrive at the same result 
whether we integrate first with respect to x^ and afterwards 
with' respect to y, or vice versd ; i. e. whether we conceive 
the volume divided into slices parallel to the plane of ax, or 
to that of yz. 

We shall illustrate the preceding by an example.* 

Suppose RPKQ to be the circle 

{x-aY-viy-hy = R\ 
and the bounding surface the hyperbolic paraboloid 



then we have 



xy = cz; 



y, = b- yU' - {x-a)\ ^i = 6 + ^R' -{x- a)\ 



^nd 



cy. I 

zdy = - 



'•yi 



Vo 



xydy = ^ {yi^-yo') = ^yjB'- {x--a)\ 

2C C 



Again 



Xi = a -^ Rf Xo = a - Rj 



.-. r = -- 

C Ja-R 



*yR? - {x- ayxdx. 



Now let x-a = R sin 0, and we get 



* This and the next example are taken from Cauchy's Applications G^m6« 
triques du Calcul InfLnitdsimal, p. 109. 
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tr tr 

But [" <m*9de = -, \'coB'9axiede = o, 



.-. r = 



3 



TT 



A^ain, if for the oylindrioal surface whicli has for its 
base me circle we substitute a systeta of four planes x = a?u, 
a? = X, y = ^0, y = r, we get 



-IT?* 






= (X-a^o)(r-yo) 



4c 

«i + 2a + 23 + «4 



in which z^ 229 23, 24, are the ordinates of the four comer 
points of the portion of the surface in question. 

Again, from the well-known properties of the surf ace, in 
order to construct the hyperbohc paraboloid it is sufficient 
to trace the gauche quadrilateral whose summits are the 
extremities of the ordinates 219 2a, 23, 24; then a right line 
moving on a pair of opposite sides of tbis quadrilat^al^ and 
comprised in a plane parallel to the other pair, will generate 
the paraboloid m question. 

Hence we arrive at the following proposition : — 
Having traced a gauche (j[uadrimteral on the four lateral 
faces of a right prism standm^ on a rectan^ar base,, if ^ a 
right line move on two opposite sides of this quadxiliktenj^|M 
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and be parallel to the planes of the faces which oontain the 
other two sides, then the volume cut from the prism by the 
surface so generated is equal to the product of the area of 
the rectangular base of the prism by one-fourth of the sum 
of the ed^es of the prism between the yeriioes of the 
rectangle and those of the quadrilateral. 

185. Double Integration. — ^From the preoeding Artide it 
is readily seen that the double integral 

can be represented geometrically by a yolume; and the 
determination of the double inte^al, when the limits are 
given, is the same as the finding me volume of a solid with 
corresponding limits. 

For instance, the first example in the preceding Artide is 
equivalent to finding the value of the double integral 

jjx^dxdt/ 

taken for all values of x and y subject to the condition 

{x-ay+ (y-6)»-iP<o; 

and similarly in other cases. 

When the limits of x and y are constants, as in 






•0' rb^ 

dydXy 



the double integral represents the volume cut by the surface 

from the parallelepiped whose base is the rectangle formed 
by the lines 

x^a^ x^d^ y ^hj y ^h\ 

It is plain that in this case the order of integration is 
indifferent, as already seen in Art. 115. 
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186. It is sometimes more convenient to refer the curve 
RPRQ to polar co-ordinates, in which, case we conceive the 
area divided into infinitesimal rectangles of the type r dr dO. 

The corresponding parallelepiped is represented by 
zr dr dOy and the expression for V becomes -* 

r = JSzrdrdd, 

taken between proper limits. 

For instance, if the bounding surface be a sphere, whose 
centre is the origin, we have 



and the equation becomes 

F = \\^/cr^^rdrdQ\ 



but [^a^-r'rdr = -lic^'r")^. 

Hence, if V denote the volume included between the 
sphere and the exterior surface of the cylinder, we shall have 

where we suppose each radim of the sphere to out the 
cylinder in but one point. 

For example, let the base of the cylinder be the pedal 
of an ellipse whose major axis coincides] with a diameter of 
the sphere ; then 

r" = a'cos'0 + 6'sin'd, 

and F = n«' - *')! /sin' ^ ^K 

If this be integrated between the limits o and -, we get 



2 

the |th of the entire volume ; hence the entire Yolume 



9 



s 2 
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Examples. 

I. A sphere is cut bj a right oylinder, the radius of whose base is half thtt 
of the sphere, and one of whose edges passes through the oentre of tho sphere ; 
find the Tolume common to both surfaces. 

jins. , a being the radius of the sphere. 

3 9 

a. If the base of the cylinder be the complete cunre repreaented bj the 
equation r s a cos n$j where n is any integer, find the yolume of the solid 
between the sur&ce of sphere and the external surface of the cylinder. 



187. It is readily seen, as in Art. 14I9 that the volume 
included within the surface represented by the equation 






is abc X the volume of the surface 

F{x,y,z) = o. 

For, let - = «?', r = y'> ~ = 2', and we shall have 
a he 

zdxdy - ahcz'^d^^ 
and •*. jjzdxdy = abc jjz'dx' dt^ ; 

m 

which proves the theorem. 

Hence, for example, the determination of the volume of 
an ellipsoid is reduced to that of a sphere. 

Again, if the^ point (^, y, s) move along a plane, the 
corresponding point (/, ^, zT) will describe another plane* 
Erom this property the expression for the volume of an 
ellipsoidal cap (Art. 182^ can be immediately deduced from 
that of a spherical cap (Art. 170). 

In like manner the volmne included between a cone 
enveloping an ellipsoid and the surface of the ellipsoid b 
reducible to the corresponding volume for a sphere. 
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188. Quadrature on the Sphere. — ^We next propose to 
give a brief discussion of quadrature on a spkere, and 
commence with the results on the subject usually given in 
treatises on Spherical Trigonometry. In the first place, 
since the area of a lune is to that of the entire sphere as the 
angle of the lune to four right angles, the area of a lune of 
angle A is represented by zR^A ; where It is the radius of 
the sphere, and A is expressed in circular measure. 

Again, the area of a spherical triangle ABC is expressed 
by jB* (^ + -B + (7 - ir) ; for, the sum of the three lunes 
exceeds the hemisphere by twice the area of the triangle, as 
is easily seen from a figure. 

Hence, it readily follows that the area 2 of a spherical 
polygon of n sides is represented .by 

S = iJ'{^ + 5+f7 + &c.- (n-2)ir); 

Aj By C, &c., being the angles of the polygon. 

This result admits of being expressed in terms of the 
sides of the polar polygon ; for, representing these sides by 
<i\ h\ c\ &c., we have 

-4 = TT - a', B - w '- h\ &c., 
and consequently 

S = ii'*{27r-(a+6' + c' + &c.)). 

Or, denoting the perimeter of the polar figure by 5, 

S + jBiS = 27ri2*. (6) 

This proof is perfectly general, and holds in the limit, 
when the polygon becomes any curve ; and, accordingly, the 
area bounded by any closed spherical curve is connected with 
the perimeter of its polar curve by the relation (6). 

Again, the spherical area bounded by a lesser drole 
(Art. 170) admits of a simple expression; if p denote the 
circular radius of the circle, or the arc from its pole to its 
circumference, the area in question is represented by 

27r-S'(i -oos/>) ; 
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for (see fig. Art. 170) we have 

AN= AC-CN ^ B{i -oo&p). 

This result also follows immediately as a simple case of 
equation (6). 

Again, the area boimded by the lesser cirole and by two 
arcs £awn to its pole is plainly represented by 

iPa(i -cos/o), 

where a is the circular measure of the angle between the arcs. 

We can now find an expression for the area boonded by 
any closed curve on a sphere ; for 
the position of any point P on the 
surface can be expressed by means 
of the arc OP drawn to a fixed 
point, and of the angle POX 
between this arc and a fixed arc 
through 0. These are called the 
polar co-ordinates of the point, and 
are analogous to ordinary polar 
co-ordinates on a plane. 

Now, let OP = p, and POX = w, and any curve on 
the sphere may be supposed to be expressed by a relation 
between p and oi. 

Again, suppose OQ to represent an infinitely near vector, 
and draw Pit perpendicular to OP; then, neglecting in 
the limit the area PQRy the elementary area OPQ^ by the 
preceding, is represented by 

-S^(i -COS/)) du). 

Ilence the area boimded by two vectors from O is 
e:q)ressed by the integral i?J (i -cos p) e/w, taken between 
suitable limits. 

If the curve be closed, the entire superficial area beoomea 




IP (i - 00s p)d(jj. 



The value of cos p in terms of w is to be determined in 
each case by means of the equation of the bounding curve. 
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The integral B^ cosp du) obviously represents the area 

included between the closed curve and the great circle which 
has for its pole. 

The length of the curve can also be represented by a 
definite integral; for, regarding PRQ as ultimately a right- 
angled triangle, we have in the limit, 

PQ' = PIP + JKQ* : also PR = wipdw. 

Hence de^ = dp* + sin' p rfw*, 



or ds = doj /sin*/o + 



J si] 



dpy 

du) 



J 



j^^Jsi 



dpV 



Again, it is manifest from (6) that the determination of 
the length of any spherical curve is reducible to finding the 
area of its polar curve, and vice versd. 



Examples. 

I. Find the area of the portion of the surface of a sphere which is inter- 
cepted by a right cylinder, one of whose edges passes through the centre of the 
sphere, and the radius of whose base is half that of the sphere. 

Here, the equation of the base may be written in the form r s J2 sin », 
B being the radius of the sphere, and » being measured from the tangent to the 
circular base. 

Again, from the sphere we haye r = JRamp, .*. s= » is the equation 
of the curve of mtersection of the sphere and the cylinder; hence the area 
in question is 



IT 

2i22f'(i_c08»)d« = 22Pf--. ij. 



This being doubled gives the whole intercepted area = 2» J2» - 4JP. 

In general, if r =/(ttO be the equation of the base of a cylinder, it is easily 
seen tb^t the equation oi the curve of its intersection with the sphere may be 
written in the form Bernp =/(»). 

For example, let the diameter of the right cylinder be less than half that 
of the sphere, and, writing the equation of the base in the form r » a sin », 
where a is the diameter of the section, we get B sinp s « sinw, or ginp » k mxtm 
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(whero k it < 1), ta the equmtion of the ourre of inteneotum of the sphan nd 
the cylinder. 

lience the intercepted area i« denoted by 

aJJ^f'Ci-'/i-ic^ain't*)** « »JP - 2-B« [*v^i - jc« m^^ dm. 

Hence the area in question depends on the rectification of aa t^^^j m, 

2, Find the area of the portion of the sur&ce of the oylinder integoe p t e d ty 
thd sphere, in the preceding. 

Here the area in question is easily seen to be represented by a Js A, vheie 
dt denotes the element of the curve which forms the base, oorrespondiBg to 
the edge s. 

Now (i), when the diameter of the base is equal to the radina of the aphtte, 
we have 

s = i2cosM, and di s Bdtt, 

w 

.*. area in question = 422^ I cos«<l» = 422*, i.e., the square of the di 

of the sphere. 

(2). When the diameter of the base is less than the radius of the sphett;^ 
we have 

2 I %d9 ss 20 1 V^i^ — a> sin' « A» « 2si2 Xyi - ic'sin'w dm, .\ fte. 

1 89. Quadrature of Surfaces. — ^In seeking the area of a 
portion of any surface t^ regard it as the limit of a nuxuber 
of infinitely small elements, each of which is considered as 
a portion of a plane which is ultimately a tangent plane to 
the surface. Now let dS denote such an element of the 
superficial area, and da its projection on a fixed plane which 
makes the angle with the plane of the element ; then, 
from elementajy geometry, we shall have 

da = oobO dSy or dS = seoO da. 

Hence S = fseoOda, 

taken between suitable limits. 

The applications of this formula usually involve double 
integration^ and are generally very complicated; there is, 
however, one mode by which me determination of the area of 
a portion of a surface can be reduced to a single integration, 
and by whose aid its value can in some oases be found ; vis.. 
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by supposing the surface divided into zones by a system* of 
ourves along each of which, the angle between the tangent 
plane and a fixed plane is constant ; then, if dS denote the 
superficial area of the zone between the two infinitely near 
curves corresponding to the angles and + dd; and, if dA 
be the projection of this area on the fixed plane, we shall 
have d8 = sec ctA. 

If we suppose the surface referred to a rectangular 
system of axes, the fixed plane being that of xt/; and, 
adopting the usual notation, if we take X, ju, v as the direction 
angles of the normal at any point on the surface, we get 
for d8y the area of the zone between the curves correspondmg 
to V and v + dv, the equation 

dS = BQCvdAy 

where A denotes the area of the projection on the plane of 
wt/ of the closed curve defined by the equation v = constant. 

Now whenever we can express the area A in terms of v 
and constants, then the area of a portion of the surface, 
boimded by two curves of the system in question, is reducible 
to a single integration. 

The most important applications of this method are 
furnished by surfaces of the second degree, to which we 
proceed to apply it, commencing with the p araboloid. 

1 90. Quadrature of the Paraboloid. — Writing the equation 
of the surface in the form 

— + — = 2Z. 
P ^ 

the equation of the tangent plane at the point {xy y^ z) is 

+ - — = « + Z, 

P 9. 

where X, F, Z are the co-ordinates of any point on the plane. 



* I am not aware to whom this method is due, hut it has heen employed 
in a more or less modified form hy M. Catalan, LiouviUe, tome iv*, p. 323, hy 
Mr. Jellett, Gamh. and Dub. Madi. Journal, vol. i., as also hy other writers. 
Such curves are called parallel curves hy M. Lehesgue, Liouville, tome zL, p. 33a, 
«nd ^* Gurven isokliner Normalen," hy Dr. Schlomilch. 
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Comparing this with the equation 

XooflX+ Foos/u + ZooBv = P, 

we get 008 A = -ooflv, oos/ii = -oosv; 

Bubstitating in the identical equation 

ooe'A + cos'/ii + oos'v = i, 

we get — + ^ = tan'v. (7) 

Consequently the curve along which the tangent plane 
makes the angle v with the tangent plane at the vertex is 
projected on that plane into the ellipse 

— + -% = tan»v. 

The area A of this ellipse is Trpg^tan'v; accordingly, 
we have 

dA = TTpqd {taii^v)f 

.'. dS = 7r^2'secvrf(tanV) = 7r/?2'seoi/rf(sec'v) ; 

hence the area of the paraboloidal cap bounded by the 
curve V = a is 

Trpq sec vrf (sec* v) = f Trpq (sec' o - i). 

Also the area of the belt* between the curves 

V = a and v = o' is ^irpq (seo'o'-sec'a). (8) 



* This form for the quadrature of a paraboloid is, I believe, due to Mr. 
Jellett; see Camb. and Dub. Math. Journal, vol. i., p. 65. The proof given 
above is in a great measure taken from Mr. Allman's paper in the Quarterlj' 
Journal, already referred to. 
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191. Quadrature of the Ellipsoid. — ^Proceeding in like- 
manner to the elKpsoid 

or* y^ z^ 
a & 

the equation of the tangent plane at the point (a?, y, 2) is 

Xx Yy Zz 

a' V" e 

Hence, comparing with the equation 

XcosX + Fcos/u + Zqo8v = P, 
we get 

^ (? X <? y 

cos A = — r — cos 1/, cos it = -7 COS v. 

a z (r z 

Hence, we have 

cos*v— -r + 7T| = cos'X + cos*u = siu* V ; 

z^ \ar o*J '^ 

or, substituting i — ^ - — for -, 

— (a^sin'v + c^cos'vj + -^f J*sin'v + c'cos'vj = sin'i/. 

This shows that the projection on the plane of xy^ of 
a curve along which v = constant, is an ellipse. 
Again, the area A of this ellipse is 

Tra'ysin'v 

(a* sin' V + c* cos* v)* (6* sin* v + c* cos' v)^^ 

and, accordingly, the area dA of the elementaiy annulua 
between two consecutive ellipses is 

2 ,2 d^ ( sin'v ) 

dv \ (a* sin* v + c* cos* v)^ (6* sin* v + c* cos* v)^) 

The corresponding elementary ellipsoidal zone dS is 
represented by 

7rfl*6* e/ ( sin'v 



cos V dv\ (a* sin* v + c* cos* v)i (6* sin* v + c* cos* v)*) 



(^y. 
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Now» if S denote the supeifidal area* between two 
curves oorrespondine to v « o and v « a, after one or two 
reductions, it is easi^ seen that 

S = 7ra»6»c«(/+/'), (9) 

sin V dv 



where 



]a (6*sin*i; + c*oo8*v)* (a'sin'v + c'oos'v)** 

J, _ f * fmvdv 

]a (a* sin* V + c* 00s' v)* (6* sin' v + c* oos* v)*' 

It is easily shown that the former of these integrals u 
represented by an aro of an ellipse, and the latter \yy an arc 
of a hyperbola ; it being assumed that a>h > c. 

For, assuming a^ - c^ = a* e% and 6*' - c* = J» e'*, and 
making 00s v = 2;, we get 

j_^f««'* cfo 

a^L. . (i - e'x')^ (i - /*a?»)i' 



•> C08a 



Again, let ^ = sin0 in the former integral, and e'x = sinff 
in the latter, and we get 

e" r (/9 



a'ij («'*-e'sin'^(/;i* 



Now, since e > e\ the former integral represents an 
arc of an ellipse, and the latter an arc of a hyperbola. 
(See Ex. 19, p. 234.) 

* This form for the quadrature of an ellipsoid is given hy Mr. Jellett in 
the memoir already referred to. He has also shown that the ellipse and the 
hyperbola in question are the focal conies of the reciprocal ellipsoid ; a result, 
which can be easily arrived at from the forms of / and I' given above. 

For application to the hyperboloid, and further development of tliese results, 
the student is referred to Mr. Jellett's memoir. 
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192. We shall conclude this chapter with the considera- 
tion of some general f ormulde in double integration relative 
to any closed surface. We commence by adopting the same 
notation as in Art. 189, where X, ju, v are taken as the angles 
which the exterior normal at the element dS makes with the 
positive directions of the axes of x^ y, 2, respectively. 

Again, let each element of ike surface be projected on 
the plane of ^y, and suppose* for simplicity that each z 
ordinate meets the surface in but two points : then, if the in- 
definitely small cylinder standing on any element dA in the 
plane of a? y intersects the surface in the two elementary por- 
tions d8i and dS2 (where d8i is the upper and dS^ the lower 
element), and if vi and vs be the corresponding values of v, it 
is plain that vi is an acute, and vz an obtuse angle, and we 
have 

dA = cos vidSi = - cos vidSz. 

Hence, if we take into account all the elements of the surface^ 
attending to the sign of cos v, we shall have 

// cos vdS = o. 
In like manner we get 

/J cos \dS = o, and // cos jicrfS = o ; 

the integrals extending in each case over the whole of the 
closed surface. 

These formulae are comprised in the equation 

jj (a cosX + j3 oosjLc + 7 oosi/) fl?/S = o. (10) 

Again, if Zi and 22 be the values of z corresponding to the 
element dA, then, denoting hj dV the element of volume 
standing on dA and intercepted by the surface, we plainly 
have 

dV- {zi - Z2)dA = ZidSi cos vi -\-Z2d82 cosv2, 

* It is easily seen that this and the following prooft are perfectly general, 
inasmuch as each ordinate mast meet a closed suidGEMe in an even number of 
points, which may be considered in pairs. 
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and the sum of all such elements, that Is, the whole volmne, 
is evidenUy represented by 

J/ 2 cos vdS, 

Hence, denoting the whole volimie by F", we have 

V=SJ X co&XdS = fj y COS fidS == jjz 00s vdS; 

the integrals, as before, being extended over the entire 
surface. 

Again, it is easily seen that we have 

jf X cosv dS = Oy //y oosvdiS = o, jj xoobjul dS ^ o, 
/ J y cos X rf/8 = o, jj zoosXdS = o, // z oob/ul dS = o. 

For, as in the first case, it readily appears that the elements 
ure equal and opposite in pairs in each of these integrals. 
These results are comprised in the equation 

/J (aiC + /3y + 72) (o'cosX + j3'cos/Lc + 7'cosv)rfS 

= (aa'+/3i3'+77')F: (li) 
For a like reason, we have 

// xy coBv dS ^ o, // zx QOBfjL dS = o, J/ t/z cosX dS = o. 

Also, jj x^ cos vdS = Oj jj aroosfidS = o, &c. 

Next, let us consider the integral 

jj xz QosvdS. 

This integral is equivalent to jj xdV; consequently, if 
5, Pf 2, be the co-ordinates of the centre of gravity of the 
enclosed volume F, we get // xz oosvdS = jj xdV'^ xV. 

In like manner jj xz oo^XdS - zV, and similarly for the 
corresponding integrals. 

Again, the integral 

JJ 2* cos vdS 
consists of elements of the form (si* - 2j*) dA ; but 

(»!* - -2^) dA = (zi + 23) (21 - »i) dA 

« (zi + z^dV. 
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But, the z ordinate of the centre of gravity oi dV ia 



plainly — \ and consequently 



[[2'00Svt?5=2[[^-^ 



^dr^2zr. 



In like manner it can be shown that 

J/oy'cos XrfS= 2aV, JSy^oos fxdS = lyV. 

Accordingly we have 
Vx = ^j j a^ QOsXdS = f j an/ oosfidS = j j xzoosv dSf 
yy = SS!/xooBXdS=^^J!y^oosfjLdS = jjt/zoosvd8y 
Vz = jjzxcosXdS = jjzi/cosfidS =^iJjz^cosvd8. 

193. Next, if we suppose a cone described with its vertex 
at the origin 0, and standing on the elementary base dSj 
its volume is represented (Art. 169) by ^pdS, where jt> is the 
length of the perpendicular drawn from to the tangent 
plane at the point. 

Also, if r be the distance of from the point, and y the 
angle which r makes with the internal normal, we have 
j5 = r cos y. 

Hence the elementary volimie is equal to -J^ r cos yd8, and 
it is easily seen that if we integrate over the entire surf ace, 
the enclosed volume is represented by 

■J-J/r cos yds. 

1 94. Again, if we suppose a sphere of unit radius described 
with as centre, and u du) represent the superficial portion 
of this sphere intercepted by the elementary cone standing on 
dSy then it is easily seen that cos ydS = r'rfw, 

, co&ydS 
,\ dot = ;: — . 

Now if be inside the closed surface, and the integral 
be extended over the entire surface, it is plain that /J efoi = 4ir, 
being the surface of the sphere of radius unity, 



-If 



00s yds 

^ — = 4^« 
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Again, if be outside the surface, the cone will cat the 
surface in an even number of elements, for which the values 
of cos 7 will be alternately positive and negative, and, the 
corresponding elements of the integral being equal but with 
opposite signs, their sum is equal to zero, and we shaU. have 



\i 



OO& yds 

'- =0. 



If be situated on the surface, it follows in like manner 
that 



II 



-3-^ dS = 27r. 



Hence, we conclude that 

--^ dS = 4ir, 27r, or o, (12) 



\l 



according as the origin is inside, on, or outside the suiifaoe. 

The multiple integrals introduced into this and the two 
preceding Articles are principally due to Gauss. 

The student will find some important applications of them 
in Bertrand's Cal. Int., §§ 437, 455, 456, 476, &o. 
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Examples. 

1. A sphere of 15 feet radius is cut by two parallel planes at distances of 
3 and 7 feet from its centre ; find the superficial area of the portion of the sur- 
face included between the planes. Ans, 376.9908 sq. feet. 

2. Being given the slant height of a right cone, find the cosine of half its 
vertical angle when its volume is a maximum. Ans, 

3. Prove that the volume of a truncated cone of height /* is represented by 

— (222 + Er + r^), 
3 

where It and r are the radii of its two bases. 

4. A cone is circumscribed to a sphere of radius i?, the vertex of the cone 
being at the distance D from the centre ; find the ratio of the superficial area 

of the cone to that of the sphere. Ans. — — -— . 

4. Two spheres, A and Bj have for radii 9 feet and 40 feet; the superficial 
area of a third sphere C is equal to the sum of the areas of A and B ; calculate 
the excess, in cubic feet, of the volume of C over the sum of the volumes of A 
and B. Ana. 17558. 

6. If any arc of a plane curve revolve successively round two parallel axes, 
show that the difference of the surfaces generated is equal to the product of the 
length of the arc into the circumference of the circle described by any point on 
either axis turning round the other. 

If the axes of revolution lie at opposite sides of the curve, the sum of tho 
surfaces must be taken instead of the difference. 

7. Find, in terms of the sides, the volume of the solid generated by the 
complete revolution of a triangle round its side c. 

4ir »(» - a) (« - b) (» - e) 
3 c 

8. Apply Guldin's theorem to determine the distance from the centre, of the 
centre of gravity, (i) of a semicircular area ; (2) of a semicircular arc. 

Ans, (i) -^, (2) — . 

9. If a triangle revolve round any external axis, lying in its plane, find au 
expression for the area of the surface generated in a complete revolution. 

10. Prove that the volume cut from the surface 

r»» = Ax'^ + B}/^ 

by any plane parallel to that cf xy, is th part of the cj Under standing on 

the plane section, and terminated by the plane of xy, 

T 
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11. A cone is circumscribed to a sphere of 23 feet radius, the Tertez of the 
cone being 265 feet distant from the centre of the sphere ; find the ratio of the 
superficial area of the cone to that of the sphere. 

12. The axis of a right circular cylinder passes through the centre oft 
sphere, find the volume of tlie solid included between the concave surface of the 
sphere and the convex surface of the cylinder. 

Ans. — , where e is the length of the portion of any edge of the cylinder 

intercepted by the spliere. 

This question is the same as that of finding the volume of the solid generated 
by the segment of a circle cut off by any chord, in a revolution round the 
diameter parallel to the chord. 

1 3. Find the volume of the solid generated by the revolution of an arc of a 
circle round its chord. Ant, 2ira J 2 — «« j, 

where a = radius, e =■ distance of the chord from centre, and cos as—. 

a 

In this we suppose the arc less than a semicircle ; the modification when it 

is greater is easily seen. 

14. If the ellipsoid of revolution 

0* 
and the hyperboloid 

be cut by two planes perpendicular to the axis of revolution, prove that the 
zones intercepted on the two sui-faces are of equal area. 



15. Find the entire volume bounded by the surface 

e)'*(!)'^(:')'=- 



and by the positive sides of the three co-ordinate planes. uins, — . 

90 

16. Find the volume of the surface generated by the revolution of an arc of 

a parabola round its chord ; the chord being perpendicular to the axis of the 

curve. 

g 

Ana. — irb'^ey where e is the length of the chord, and b the intercept made 

by it on the diameter of the parabola passing through the middle point of the 
chord. 

1 7. A sphere of radius r is cut by a plane at distance «?from the centre ; find 
the difference of the volumes of the two cones having as a common base the 
circle in which the plane cuts the sphere, and whose vertices are the opposite 
ends of the diameter perpendicular to the cutting plane. 

uifw. |iri(ra-<P). 
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18. Find the area of a spherical triangle; and prove that if a curve traced 
on a sphere have for its equation sin X =/(0> ^ denoting latitude, and / longi- 
tude, the area between the curve and the equator = lf{t)dL 

19. Show that the volume contained between the surface of a hyperboloid 
of one sheet, its asymptotic cone, and two planes parallel to that of the real 
axes, is proportional to the distance between those planes. 

20. Find the entire volume of the surface 



©'*©'*©'- - 



5.7 



2 1 . The vertex of a cone of the second degree is in the surface of a sphere, 
and its internal axis is the diameter passing through its vertex ; find the volume 
of the portion of the sphere intercepted within the cone. 

22. Prove that the volume of the portion of a cylinder intercepted between 
any two planes is equal to the product of the area of a perpendicular section 
into the distance between the centres of gravity of the areas of the bounding 

sections. 

23. If ^ be the area of the section of any surface made by the plane of «y, 
prove, as in Art. 192, that 

A = J/cos vdS, 

the integral being extended through the portion of the surface which lies above 
the plane of xy» 

24. If a right cone stand on an ellipse, prove that its yolume is represented 
by 

-{OA. 0-4')^sin2ocoso; 
3 , 

where is the vertex of the cone, A and A* the extremities of the major axis 
of the ellipse, and a is the semi-angle of the cone. 

25. In the'same case prove that the superficial area of the cone is 

- {OA + OA') (OA . OAy Bin o. 



T 2 
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CHAPTER X. 

i 

MOMENTS OF INERTIA. ' 

195. Moments of Inertia. — The following terms and integrals ' 
are of such frequent occurrence in mechanical investigations 
that it is proposed to give a brief discussion of them in this \i 
Chapter. j] 

If each element of the mass of any solid body be supposed 
to be multiplied by the square of its distance from any fixed 
right line, and the sum extended throughout every element 
of the body, the quantity thus obtained is called the moment 
of inertia of the body with respect to the fixed line or axis. 

Hence, denoting the element of mass by dniy its distance 
from the axis by /;, and the moment of inertia by 7, we have 

/ = ^p'dm. (i) 

In like manner, if each element of mass of a body be 
multiplied by the square of its distance from a plane, the 
sum of such products is called the moment of inertia of the 
body relative to the plane. 

If the system be referred to rectangular axes of co- 
ordinates, then the expression for the moment of inertia 
relative to the axis of z is obviously represented by 

S {ix^ + if) dm. 

Similarly, the moments of inertia relative to the axes of 
X and y are represented by S (^* + z^) dm and S (ar* ^- s'^) dm^ 
respectively. 

Again, the quantities 'SiO^dm, ^fdm, ^z^dm are the 
moments of inertia of the body with respect to the planes 
of 1/z, zx and xi/y respectively. Also- the quantities S xt/ dnij 
S zxdm^ ^yzdm are called the prodttcts of inertia relative to 
the same system of co-ordinate axes. 

In like manner the moment of inertia of the body with 
reference to a, point is ^r^dm^ where r denotes the distcuace of 
the element dm from the point. Thus the moment of inertia 
relative to the origin is S {x^ + y^ + z^) dm. 
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196. Moments of Inertia relative to Parallel Axes, or 
Planes. — The following result is of fundamental importance. 
Thr moment of inertia of a hodi/ with resj)ect to any axis exceeds 
Hs moment of inertia with respect to a parallel axis drawn 
through its centre of gravity^ hj the product of the ina^s of the 
hod If into the square of the distance between the parallel axes. 

For, let / be the moment of inertia relative to the axis 
through the centre of gravity, /' that for the parallel axis, 
M tlie mass of the body, and a the distance between the axes. 

Then, taking the centre of gravity as origin, the fixed 
axis through it as the axis of s, and the plane through the 
parallel axes for that of sr, we shall have 

/= S (or + y-) f/;w, r = S{(a? + a)» + y'}rfw. 

Hence /' - / = la ^dm + a^^dm - a^My 

since ^xdm = o, as the centre of gravity is at the origin, 

.-. r = I^a^M. (2) 

Consequently, the moment of inertia of a body relative to 
any axis can be found when that for the parallel axis through 
its centre of gravity is known. 

Also, the moments of inertia of a body are the same for 
all parallel axes situated at the same distance from its centre 
of gravity. ^ 

Again, it may be observed that of all parallel axes, that 
which passes through the centre of gravity of a body has the 
least moment of inertia. 

It is also apparent that the same theorem holds if the 
moments of inertia be taken with respect to parallel planes, 
instead of parallel axes. 

A similar property also connects the moment of inertia 
relative to any point with that relative to the centre of 
gra\ity of the body. 

In finding the moment of inertia of a body relative to 
any axis, we usually suppose the body divided into a system 
of indefinitely thin plates, or lamincPy by a system of planes 
perpendicular to the axis : then, if we find the moment of 
inertia for a lamina, we seek by integration to find that of 
the entire body. 
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197. Badius of Gyration. — If k denote the distance from 
an axis at which the entire moss of a body should be concen- 
trated without altering its moment of inertia relative to the 
axis, we shall have 

ifF = /= ^r'dm. (3) 

The length k is called the radius of gyration of the body 
with respect to the fixed axis. 

In homogeneous bodies, which shall be here treated of 
principally, since the mass of any part varies directly as its 
volume, the preceding equation may be written in the form 

where dV denotes the element of volume, and F^the entire 
volume of the body. 

Hence, in homogeneous bodies, the value of A; is indepen- 
dent of the density of the body, and depends only on its form. 

We shall in our investigations represent the moment of 
inertia in the form ^ ^,^ 

and, it is plain that in its determination, for homogeneous 
bodies, we may take the element of volume for the element 
of mass, and the total volume of the body instead of its mass. 
Also, in finding the moment of inertia of a lamina, since its 
radius of gyration is independent of the thickness of the lamina, 
we may take the element of area instead of the element of 
mass, and the total area of the lamina instead of its mass. 

198. HA and B be the moments of inertia of an in- 
finitely thin plate, or lamina, with respect to two rectangular 
axes OX, OF, lying in its plane, and if C be the moment 
of inertia relative to OZ drawn perpendicular to the plane, 

we have n a t> / \ 

= -4 + -B. (4) 

For, we have in this case A = ^ifdm^ B = Sic*c?m, and 

Again, for every two rectangular axes in the plane of the 
lamina, at any point, we have 

^a^dm + ^y^dm = const. 

Hence if one be a max., the other is a min., and vice versd. 

We shall, in all investigations concerning laminae, take C 
for the moment of inertia relative to a line perpendicular to 
the lamina. 
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199. Uniform Bod, Bectangular LamiiLa. — We commence 
with the simple case of a rod, the axis being perpendicular to 
its length and passing through either extremity. 

Let X be the distance of any element dm of the rod from 
the extremity, then, since the rod is xmiform, dm is propor- 
tional to dxy and we may assume dm = fidx : hence, the 
moment of inertia /is represented by n^x^dx, or by 



PL 01? dx, 

Jo 



where / is the length of the rod. 

Hence / = ^ = jf i!. 

3 3 

If the axis be drawn through the middle point of the rod, 
perpendicular to its length, the moment of inertia is plainly 
the same for each half of the rod, and we shall have in this case 

P 
1= M-. 

12 

Next, let us take a rectangular lamina, and suppose the 
axis drawn through its centre, parallel to one of its sides. 

Here, it is evident that the lamina may be regarded as 
made up of an infinite number of parallel rods of equal 
length, perpendicular to the axis, each having the same 
radius of gyration, and consequently the radius of gyration 
of the lamina is the same as that of one of the rods. 

Accordingly, we have, denoting the lengths of the sides 
of the rectangle hy 2a and 2b, and the moments of inertia 
round axes through the centre parallel to the sides, by A and 
-S, respectively, 

A = ^Mb\ B = ^Ma\ (5) 

Hence also, by (4), the moment of inertia round an axis 
through the centre of gravity, and perpendicular to the plane 
of the lamina, is 

-Mia^^V). (6) 

3 
By applying the principle of Art. 196 we can now find 
its fmoments of inertia with respect to any right line either 
lying in, or perpendicular to, the plane of the lamina. 
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200. Rectangular Parallelepiped. — Since a parallelepiped 
may be conceived as consisting of an infinite number of 
laminae, each of which has the same radius of gyration 
relative to an axis drawn perpendicular to their planes, it 
follows that the radius of gyration of the parallelepiped is 
the same as that of one of the laminse. 

Hence, if the length of the sides of the parallelepiped be 
2fl, ih and 2r, respectively ; and, if -4, jB, C be respectively 
the moments of inertia relative to three axes drawn through 
the centre of gravity, parallel to the edges of the parallel- 
epiped, we have, by the last, 

^= ^ J/Cft' + c'), 5 = -J!f(aHc^), C^-Mia' + b''). (7) 

o o 

201. Circular Plate, Cylinder. — If the axis be drawn 
through its centre, perpendicular to the plane of a circular 
ring of infinitely small breadth, since each point of the ring 
may be regarded as at the same distance r from the axis, ite 
moment of inertia is r^dm^ where dm represents its mass. 

Hence, considering each ring as an element of a circular 
plate, and since dm = ii2irrdr, we get for C, the moment of 
mertia of the circular plate of radius «, 



C = ZTTfi i^dr = -^-— = J/ — 

Jo 2 2 



Consequently, the moment of inertia of a ring, whose 
outer and inner radii are a and ft, respectively, with respect to 
the same axis, is 

27r/i i^dr = TT/i = M . 

Jft 22 

Again, by (4), the moment of inertia of a circular plate 

about any diameter is M—. since the moments of inertia are 

4 
obviously the same respecting all diameters. 

In like manner, the moment of inertia of a ring relative 

to any diameter is 

M . 
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Also, the moment of inertia of a right cylinder about 
its axis of figure is 

M-, 

a being the radius of the section of the cylinder. 

202. Bight Cone. — To find the moment of inertia of a 
right cone relative to its axis, we conceive it divided into an 
infinite number of circular plates, whose centres lie along the 
axis ; and, denoting by x the distance of the centre of any 
section from the vertex of the cone, and by a the semi-angle 
of the cone, we have 



!.'' 



10 



where h is the height of the cone, and h the radius of its 
base. 



TT 



Hence, since by Art. 1 69 the volume of the cone is - Z>7^, 

3 
we have 



10 



(8) 



203. Elliptic Plate. — ^Next let us suppose the lamina an 
ellipse, of semi-axes a and 6; and let A and B be the 
moments of inertia relative to these 
axes, respectively. 

Describe a circle with the axis 
minor for diameter, and suppose the 
lamina divided into rods by sections 
perpendicular to this axis. Let S be 
the moment of inertia for the circle 
round its diameter. 

Then, denoting by dB and dS the moments of inertia 
of corresponding rods, we have 

dB'.dBT = (npY : {npj = {oaY : [ohy = a' : J» ; 

.-. Biff = a^: h\ 
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But ^, by Art. 201, is 



4 



.-. J? = r- = — (r. 

46 4 

Similarly, A ^ — •i^ 

Hence the moment C round a line through the centre of 
the ellipse, perpendicular to its plane, is 

M 

-{a' + b% (9) 

4 

It is plain, as before, that the expression for the moment 
of inertia of an elliptical cylinder relative to its axis is of the 
same form. 

204. Sphere. — If we suppose a sphere divided into an 
infinite number of concentric spherical shells, the moment of 
inertia of each shell is plainly the same for all diameters, 
and, accordingly, representing the mass of any element of a 
sheU by dm, and by a?, y, z any point on it, we have 

^a^dm - ^y^dm = ^z^dm. 

But S (ar* + y^ + z^) dm = S i^dm, 

.-. S (ar* + y^) dm = - ^r'dm. 

Hence, the moment of inertia of a shell with respect to 

2 
any diameter is - wr*, where m represents the mass of the 

shell. 

Again, for a solid sphere of radius JB, since the volume 
of an indefinitely thin shell of radius r is ^irr'^dr, we get 

^r'dv = 47r f r'dr = ^ttE' = ^ VE\ 
Jo 5 5 

Hence the moment of inertia of a solid sphere relative to 
any diameter is 

-MB'. (10) 

5 
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205. Ellipsoid. — Let the equation of an eUipsoid be 



x^ ir z" 

— + .^- — I — = I • 

a» 6* c* ' 



and suppose A, B, C to be the moments of inertia relative to 
the axes a, b, c, respectively ; then 

C = iil,{x' + y^)dV = ft {{\{x'' + if)dxd)/dz. 



Now let 



and we get 



7 = *' -6=^' 



c 



C = /x fl6c [ [ [ (a'a;" + JV) dx'dydz, 

where the integrals are extended to all points within the 
sphere 



x"- + y"- + z'^ =,i 



But, by the last example we have 



a;" dx'di/dz' = [ f f /" dafdydz' = j-n, 



In like manner 



A = 



— nu abc (a" + b^) = — (a" + b'). 
15 5 



5 5 



(") 



It should be remarked that the moments of inertia of the 
ellipsoid with respect to its three principal planes are 

M M M 

— a^, — 6', — c', respectively. 

D O o 
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206. Moments of Inertia of a Lamina. — Suppose that any 
plane lamina is referred to two rectangular axes drawn 
through any origin 0, and that a is the angle which any 
right line through 0, lying in the plane, makes with the 
axis of X ; then, if / be the moment of inertia of the lamina 
relative to this line, we have 

/ = ^p-dni = 2 (// cos a - ar sin a)' dm 

= cos^ a S ^' dm + sin" a^x*' dm - 2 sin a cos a'Stxy dm 
= a cos-a + h sin'a - ih sin a cos a ; (12) 

where a and h represent tlie moments of inertia relative to 
the axes of x and //, respectively ; and h is the product of 
inertia relative to the same axes. 

Again, suppose X and Y to be tlie co-ordinates of a point 
taken on the same lino at a distance R from the origin, and 

X Y 

we get cos a = -p> sina = — ; and, consequently 

• IBr = aX^ + hY^ - 2h XY. 

Accordingly, if an ellipse be constructed whose equation is 

aX' + hY' - 2h XY = const., (13) 

wc have 

IR^ = const. ; 

and, consequently, the moment of inertia relative to any line 
drawn through the origin varies inversely as the square of 
the corresponding radius vector of this ellipse. 

The form and position of this ellipse are evidently inde- 
pendent of the particular axes assumed ; but its equation is 
more simple if the axes, major and minor, of this ellipse had 
been assumed as the axes of co-ordinates. Again, since in 
this case the co-efficient of XY no longer exists in the 
equation of the curve, we see that there exists at every point 
in a body one pair of rectangular axes for which the quantity 
h or ^xydm = o. 

This pair of axes are called the principal axes at the 
point ; and the corresponding moments of inertia are called the 
principal moments of inertia of the lamina, relative to the point. 
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Again, if A and B represent these principal moments of 
inertia, equation (12) becomes 

I = A cos^a + JB silica, (14) 

Hence, for a lamina, the moment of inertia relative to 
any axis through a point can be found when the principal 
moments relative to the point are determined. 

The equation of the ellipse (13) becomes, when referred 
to the principal axes, 

AX' + JBY' = const. 

207. Komental Ellipse. — Since the moments of inertia 
for all axes are determined when those relative to the centre 
of gravity are known, it is sufficient to consider the case 
where the origin is at the centre of gravity. With reference 
to this case, the ellipse 

AX' + BX' = const., (15) 

is called the momental ellipse of the lamina. 

Again, if two difPerent distributions of matter in the 
same plane have a common centre of gravity, and have the 
same principal axes and principal moments of inertia, at 
that point, they have the same moments of inertia relative 
to all axes. . 

This is an immediate consequence of (14). Hence it is 
easily seen that the moments of inertia for any lamina are 

the same as for a system of four equal masses, each — , 

4 
placed on the two central principal axes, at the four dis- 
tances ± a and ± 6, from the centre of gravity, where a and b 
are determined by the equations 

A = -Mb% B = ^-Ma\ 

2 2 

Again, if two systems of the same total mass, in a plane, 
have a common centre of gravity, and have equal moments 
of inertia relative to any three axes, through their common 



286 Moments of Inertia. 

oontre of gravity, they have the same moments of inertia for 
all axes. 

This follows immediately since an ellipse is determined 
when its centre and three points on its circumference are given. 

Again, it may be observed that the boundary of an 
elliptical lamina may be regarded as the momental ellipse of 
the lamina. 

For, if / be the moment of inertia relative to any 
diameter making the angle a vdth the axis major, we have 

I ^ A cos' a -^ B sin' a. 
But, by Art. 203, 

A = ^h\ B^^a\ 

4 4 

M 
.*. / = — (J)^ cos'a + a^ sin'a) 

4 

M ,,,/cos'a sin'a 
= — a^h' — ^ + -^ 

' M a^V 

4 r' * 

Hence the moment of inertia varies inversely as the square 
of the semi-diameter r ; and, consequently, the ellipse may be 
regarded as its own momental ellipse. 

208. Products of Inertia of Lamina. — Suppose the lamina 
referred to its principal axes at a point ; and let p and q 
be the distances of any element dm from two axes, which 
make the angles a and /3 with the axis of x ; then, we have 

^pq dm = S (y cos a - a; sin a) (y cos /3 - x sin j3) dm 

= cos a cos/3 S tf dm + sin a sin)3 S x^ dm 

- sin {a '\-P):2.xy dm 
= A cosa cos/3 + 5 sin a sin j3, 

since A = ^i/drn^ B = ^x^dm^ and ^xi/dm = o. 

Hence, if ^pqdm = o, we have 

A cos a cosj3 + J? sina sin/5 = o, 
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and accordingly the axes are a pair of conjugate diameters 
of the momental ellipse 

AX' + J?r^ = const. 



Hence, if two laminae in the same plane have for any point 

two pairs of axes for which ^pqdm = o and ^p'q^dm' = o, 

they have the same principal axes at the point. This 

follows from the easily established property that if two 

ellipses have two pairs of conjugate cQameters in common, 

they must be similar and coaxal. 

209. Triangular Lanuna and Prism. — Suppose a triangular 

lamina, whose sides are o, 6, c, to be divided into a system 

of rods parallel to a side a ; and, let 

A represent the moment of inertia 

relative to a line parallel to the 

side a, and drawn through the 

opposite vertex ; also, let p be the 

perpendicular of the triangle on 

the side «, and x the distance of an 

elementary rod from the vertex; 

then we have, since the mass dm of the elementary rod may 

ax 
be represented by /i — dx, 



y^ ^ 


\ 


^ 


\ 


y^ r 


\ 



ax 
A = ^01? dm = iL^^ — dx 

P 



= /^ 



a 
P 



ap-^ 
4 



{(x^dx = fi-^ = — p^ 



M 

2 



In like manner, let B and C be the moments of inertia 
relative to lines drawn through the other vertices parallel 
to h and c ; and let q, r be the corresponding perpendiculars 
of the triangle, and we have 

M ^ M , 

B = — q-, C = — r. 

2 2 



Again, if A99 Boy Co, represent the moments of inertia 
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relative to three parallels to the sides, drawn through the 
centre of gravity of the lamina, we have, by (2), 

Ao = ~Mp\ Ih = ~Mq\ Co'-^M,\ (16) 

Also, if Ax^ -Bi, (7„ be the moments of inertia relative 
to the sides (t, 6, c, respectively, it follows, in like manner, 
from (2), that 

A, = '^Mp\ B, = ^^Mq\ C, = ijf/^ (17) 

Again, it is readily seen that the values of A^ A^^ -4i, &c., 
are the same as if the whole mass M were divided into three 
equal masses, placed respectively at the middle points of the 
sides of the lamina. 

Consequently, by Art. 207, the moments of inertia of the 
triangular lamina relative to all axes are the same as for 

three massfes, each — , placed at the middle points of the 

sides of the triangle. 

Hence, if I be the moment of inertia of a triangular 
lamina with respect to the perpendicular to its plane drawn 
through its centre of gravity, we have 

/= ^Mlcr-vlr + c'). (18) 

This expression also holds for the moment of inertia of a 
triangular prism with respect to its axis* 

In like manner, the moments of inertia of the triangular 
lamina relative to the three perpendiculars to its plane^ 
drawn through its vertices, are 

and the same expressions hold for a triangular prism relative 
to its edges. 



* By the axis of a prism is iinderstood the right line drawn through its 
centre of gravity parallel to its edges. 
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210. Momental Ellipse of a Triangle. — It can be shown 
without difficulty that the ellipse which touches at the middle 
points of the sides may be 
taken for the momental ellipse 
of the triangle. 

For, let Xy y, z be the 
middle poiuts of the sides, 
and it is easily seen that O 
is the centre of this ellipse; 
also, if, /,, Jg,* /a be the 
moments of inertia of the lamina relative to the lines 
flw?, hy, t'Zy respectively, it can be readily shown from (17), 
that we have 



jti ! jLj r JL3 — 




I 

• 


I 


I 


M«- 


{^y 


{czf 


I 

• 


I 

• 


I 



{oxY ' {oyY ' {ozy 

Accordingly, by Art. 207, the ellipse x^z may be taken for 
the momental ellipse of the lamina. 

211. Tetrahedron. — ^If a solid tetrahedron be supposed 
divided into thin laminae parallel to one of its faces, and if 
Ay B, Cy D represent its moments of inertia with regard 
to the four planes drawn respectively through its vertices 
parallel to its faces ; then, denoting the areas of the corre- 
sponding faces by a, ft, c, d, and the corresponding perpen- 
diculars of the tetrahedron by p^ g, r, s, respectively, it is 
easily seen, as in Art. 209, that we shall have 

A = ^x^dm = u^a^a-zdx = ju~ a^dx 

P P Jo 

^P^ 3 XT , 

5 5 
In like manner we have 

£ = ^Mq\ C = ^Mr'y D - ^if«^ 
5 5 5 

u 



Z90 
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Again, if Aoj Boy Co, Do be the ooiresponding moments of 
inertia relative to the parallel planes drawn through the 
oentre of gravity of the tetrahedron, we have, by (2), 

Ao - lMp\ Bo - ^Mq\ Co = ^Jfr», 2)o = ^afi'. (19) 



80 



80 



Also, if -4i, -Bi, Ci, Di be the moments of inertia relative 
to the four faces of the tetrahedron, we have 

Ai^—Mp\ B,^—Mq\ C^—Mr'y B^^—M^. (20) 
10 10 ^ 10 10 ^ ' 

212. Solid Ring.* — If a plane closed curve, which is 
symmetrical with respect to an axis AB, be made to revolve 
round a parallel axis, lying in 
its plane but not intersecting the 
curve, to prove that the moment 
of inertia / of the generated solid, 
taken with respect to the axis of 
revolution, is represented by 

where Jf is the mass of the solid, 

h the distance between the parallel 

axes, and k the radius of gyration of the generating area 

relative to its axis. 

For, if the axis of revolution be taken as the axis of ar, 
and, if y, F be the distances of any point P within the 
generating area from AB, and from OXy respectively ; and, 
if dA be the corresponding element of the area, then the 
volume of the elementary ring generated hy dA is 27r Yd Ay 
and its mass iivfiYdA ; hence the moment of inertia of this 
elementary ring, relative to the axis of X, is ZTTjj.Y^dA; 
accordingly, we have 

/= ZTTfi^Y^dA = 27r/u2(A + y)'rf-4 
= 27r/u S {h^ + 3% + 3 V + f) ^-4- 




* This discussion was given by Mr. Townaend in the Qnarteriy Journal of 
liuthematics, toI. x., p. 203. 
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Moreover, since the curve is symmetrical with respect to 
the axis AB^ it is easily seen that we have 

'S.ydA = o, ^fdA = o. 

Also; by definition, ^y^dA = Ak^. 

I = 2TrfihA (A' + 3A:^). 

Again, by Art. 177, M = 2irfihAy 

.-. /= M{h' + 3k^). (21) 

This leads immediately to some important cases. 

Thus, for example, the moment of inertia of a circular 
ring, of radius a, round its axis is 



M 



{''^'A 



Again, if a square of side a revolve round any line in its 
plane, situated at the distance h from its centre, we have 

I = Mih' + a"). 

There is no difficulty in adding other examples. 

213. We shall conclude tMs chapter with a short discus- 
sion of the general case of the moments and products of 
inertia, for any body, or system. 

Let us suppose the system referred to three rectangular 
planes, and let jt?, g, r represent the respective distances of 
any element dm from the three planes 

iccosa + y cos/3 + 2COS7 = o, 

xeoBa + y cos/3' + z cosy' = o, 

-_, a? cosa" + y cos/3" + z 00S7" = o. 

Then 

^pqdm = S(ircosa + ycos/3 + zco8'y)(a*cosa'+ycos/3'+2coS'y')(3f»f 

= cosa oosa' ^a^dm + eos(i co8/3' ^y'^dm + cosy cosy' Ss'e/m 
+ (cosa cos /3' + cos/3oo8a') ^xydm 

+ (cosycosa' + cosa cosy') ^zxdm 

+ (cos /3 cos y' + COB 7 COB /3') ^yzdm\ 

and we get similar expressions for ^prdm and ^grdm. 

u 2 
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Now, suppose that we take 

^x^dm = a, ^y^dm = 6, ^z^dm = c, 
^yzdm = f, '2zxdm = g, ^xydm = h; 

then the preceding equation may be written 

^pqdm = cos a (a 008a' + A cos/3'+ ^ cosy') 
+ cos)3 {h ooBa + 6 cosjS' +/COS7') 
+ CO87 {g cosa +/ cos/3' + c COS7') ; (22) 

along with similar expressions for ^rpdm and 2 qrdm, 

214. Principal Axes. — Next, let Tis suppose that the 
planes are so assumed as to satisfy the equations 

^pqdm = 0, S ;7?(/w = o, S qrdm = o ; 

then it is easily seen* that these planes are a system of con- 
jugate diametral planes in the ellipsoid represented by the 
equation 

fl?X* + JF* + cZ» + 2/YZ + 2gZX + 2kXY = const. (23) 

Hence it follows that at any point there exists one system of 
rectangular planes for which the corresponding products of 
inertia^ for any body^ vanish: viz., the principal planes of the 
preceding ellipsoid.^ 

These three planes are caUed the principal planer of the 
body relative to the point, and the right lines in which they 
intersect are called ^q principal axes for the point. 

Again, every two solids have for every point at least one 
common system of planes for which ^pqdm = o, S rpdm = o, 
^qrdm = o, ^p'qdm' = o, ^r'p'dm' = o, ^qVdn/ = o; 
where the unaccented letters refer to the elements of one 
solid, and the accented to those of the other. 

This is obvious from the property that every two con- 
centric ellipsoids have one common system of diametral planes. 

* Salmon's Geometry of Three Dimensions, Art. 73. 
t The exceptional cases when the ellipsoid is of reyolution, or is a sphere, 
will be considered subsequently. 
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Again, if two solids have for any point more than one 
system of planes for which the foregoing six products of 
inertia vanish, they must have the same principal planes at 
the point. This follows since the two ellipsoids in that case 
must be similar and coaxal. 

215. Let us now suppose the co-ordinate planes to be the 
principal planes of the body for the origin, then the moment 
of inertia relative to the plane 

a?cosa + y cos/3 + 200S7 = o 
is 
^p^dm = '2{x(ioaa + y cos ft -^ zoosyY dm 

= cos'^aSar^fl^m + cos'jSSy^rfw + cos'y Ss'cfow, (24) 

since in this case we have 

^xydm = o, ^zxdm = o, lit/zdm = o. 

Again, let / be the moment of inertia of the body relative 
to the line through the origin whose direction angles are 
«> i3, 7 ; then we have 

.-. I = cos'^a S {f + z") dm + cos' /3 2 («* + a?') dm 

+ cos* 7 S (a?* + y*) dm ; 
or 

I = A Qos^a + £cos'/3 + Ccos*7, (25) 

where Ay By C are the moments of inertia of the body 
relative to its three principal axes. 

Ay By C are called the three principal momenta of inertia 
of the body relative to the origin. 

If the centre of gravity be taken as the origin, the 
corresponding values of Ay By C are called the principal 
moments of inertia of the body. 

We suppose, in general, that A is the greatest, and C the 
least of the three principal moments. 

It follows from (25) that the moment of inertia of a 
body relative to any line passing through a given point is 
known, whenever the angles which the line makes with the 
principal axes are known, as also the moments of inertia 
relative to these axes. 
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216. EUipsoid of Gyration. — Suppose, as before, the solid 
referred to ita three prmcipal axes at any point, and let a, b,c 
be the ooiresponding radii of gyration, i. e., let 

A = Ma\ B = Mb\ = Mc\ 

and / = ify^ ; then equation (25) becomes 

A* = a*cos*a + 6*cos'/3 + c'cos'y. (26) 

Now, if we suppose an ellipsoid described having the 
principal axes for the directions, and a, i, c for the leDgtb 
of its corresponding semi-axes; then (26) shows that the 
radius of gyration of the body, relative to the perpendicular 
from the origin on any tangent plane to this ellipsoid, is 
equal in length to this perpendicular. (Sahnon's Geometry 
of Three Dimensions, Art. 89,) 

The foregoing ellipsoid is called the ellipsoid of gyration 
relative to the pomt. It should, however, be observed that 
by the ellipsoid of gyration of a body is meant the ellipsoid 
in the particular case where the origin is at the oenjbre of 
gravity of the body. 

217. Moxnental Ellipsoid. — If X, TyZhe the co-ordinates 
of a point R taken on the right line through the origin 0, 
whose direction angles are a, ^, 7 ; we have 

X = OJZcosa, T = Oi2 C0SJ3, Z = OR oosy. 

Substituting the values of cos a, cos/3, cosy, deduced 
from these equations, in (25), it becomes 

/• OR^ = AX^ + BY^ + CZ^. 

Suppose now that the point R lies on the ellipsoid 

AX^ + BY^ +CZ^ = const, (27) 

and we get I. OR? = A, denoting the constant by A ; 

Hence the moment of inertia relative to any axisy dratcn 
through the origin^ varies inversely as the square of the cor^ 
responding diameter of the ellipsoid (27). 
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From this property the ellipsoid is called the momental 
ellipsoid at the point. 

When the origin is taken at the centre of gravity of the 
body this ellipsoid is called the central ellipsoid of the body. 

If two of the principal moments of inertia relative to any 
point be equal, the momental ellipsoid becomes one of re- 
volution, and in this case all diameters perpendicular to its 
axis of revolution are principal axes relative to the point. 

If the three principal moments at any point be equal, the 
ellipsoid becomes a sphere, and the moments of ineri;ia for all 
axes drawn through the point are equal. Every such axis ifl 
a principal axis at the point. 

For example, it is plain that the three principal moments 
for the centre of a cube are equal, and consequently, its 
moments of inertia for all axes, through its centre, are equal. 

218. Equimomental Cone. — Again, since 

cos' a + cos' /3 + cos' 7=1, 
equation (25) may be written in the form 

(A - /) cos'a + (jB - /) cos']3 + (C - /) cos'7 = o ; 

hence the equation 

(^-/)X' + (5-7)1^+ (C-/)Z' = o, (29) 

represents a cone such that the moment of inertia is the same 
for each of its edges. Such a cone is called an equimomental 
cone of the body. 

Again, the three axes of any equimomental cone, for any 
solid, are the principal axes of the solid relative to the vertex 
of the cone. 

When 1= By the cone breaks up into two planes ; viz., 
the cyclic sections of the momental ellipsoid. 

For a more complete discussion of the general theory of 
moments of inertia and principal axes, the student is referred 
to Eouth's S.igid Dynamics, Chapters I. and II. ; as also 
to Mr. Townsend's papers in the Camb. and Dub. Math. 
Journal, 1846, 1847. 
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Examples. 

Find tbe expressions for the moments of inertia in the following, the hodies 
being supposed homogeneous in all cases. 

I. A parallelogram, of sides a, h^ and angled, with respect to its sides. 

Ant, — ^sm'tf, — a'^sinrB, 
3 3 

a. A rod, of length a, with respect to an axis perpendicular to the rod and 
at a distance d from its middle point. 



Ans. 3£f—-\-dA. 



3. An equilateral triangle, of side a, relative to a line in its plane at the 
distance d from its centre of gravity. 



Ant. Jff^+dA, 



4. A right angled triangle, of hypothenuse «, relative to a perpendicular to 
its plane passing through the right angle. 

Ant, M-2. 
6 

5. A hollow circular cylinder, relative to its axis. 

Ant, M , where r and r' are the radii of the bounding circles. 

2 

6. A truncated cone with reference to its axis. 

Ant. r= — 775, where b and b' are the radii of its bases. 

; 10 ^ — ^ * 

I 

7. A Hght cone with respect to an axis drawn through its vertex perpen- 
dicular to its axis. 

Ant, — ( ^ + ~ ) » "'^^cro ^ denotes the altitude of the 

cone, and b the radius of its base. 

8. An ellipsoid with respect to a diameter making angles a, /3, 7 with 
its axes. 



Ant. -~(a»sin*a + *2sin'i3 + c»sin2'yy 



9. Area bounded by two rectangles having a common centre and whose 
sides are respectively parallel, with respect to an axis through their centre 
perpendicular to the plane. 

M («2 + A2) ab - (a'a+ 4'2)a'y 

"*"*• n ^-37'^^ • 
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10. A square, of side a, relative to any line in its plane, passing through its 

ocntre. 

a* 
Ans. M — . 
12 

1 1. A regular polygon, or prism, with respect to its axis. 

Ans. — ( i2*+ ir*) , where R and r are the radii of the 
circles circumscrihed, and inscribed to the polygon. 

12. Prove that a parallelogram and its maximum inscribed ellipse have the 
same principal axes at their common centre of figure. 

13. Prove that the moments and products of inertia of any triangular 
lamina, of mass Jf, are the samu as for three masdes, each — , placed at the 
three vertices of the triangle, combined with a mass -M placed ac its centre of 
gravity. 

14. Prove that the moments and products of inertia of any tetrahedron are 

the same as for four masses, each — , placed at the vertices of thi; tetrahedron, 

4 ^° 

combined with a mass - M placed at its centre of gravity. 

15. If a system of eqnimomental axes, for any solid, all lie in a plane 
passing through its centre of gravity, prove that they envelope a conic, having 
that point for centre, and the principal axes in the plane for axes. 

16. Prove also that the ellipses obtained by varying the magnitude of the 
moment of inertia form a conf ocal system. 

17. Prove that the sum of the moments of inertia of a body relative to any 
three rectangular axes drawn through the same point is constant. 

18. Prove that a principal axis belonging to the centre of gravity of a body 
is also a principal axis with respect to every point on its length. 

19. Prove that the envelope of a plane for which the moment of inertia of 
a body is constant is an ellipsoid, confocal with the ellipsoid of gyration of 
the body. 

20. If a system of equimomental planes pass through a point, prove that 
they envelope a cone of the second degree. 

21. For different values of the constant moment the several enveloped cones 
are confocal ? 

22. The common axes of this system of cones are the three principal axes of 
the body for the point P 

23. The three principal axes are the normals to the three surfaces confocal 
to the ellipsoid of gyration, which pass through the point. 
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CHAPTER XI. 

ON MSAN VALUB AND PBOBABILITY. 

219, One of the most remarkable applications of the Integral 
Calculus is to the solution of questions on Mean or Average 
Values and Probability. In this Chapter we will consider a 
few of the less diffioTilt questions on these subjects, which 
will serve to give at least some idea of the methods to be 
employed. We will suppose the student to be already 
acquainted with the general fundamental principles of the 
theory of Probability. 

HEAir VALUES. 

220. By the Mean Value of n quantities is meant their 
arithmetical mean, i. e., the n** part of their sum. 

To estimate the Mean Value of a continuously varying 
magnitude, we take a series of n of its values, at very close 
intervals, n being a large number, and find the mean of these 
values. The larger n is taken, and consequently the smaller 
the intervals the nearer is this to the tru(^ value. 

This mean value, however, depends on the law according 
to which we suppose the n representative values to be 
selected, and will be different for different suppositions. 
Thus for instance, if a body fall from rest till it attains the 
velocity «?, and if it be asked, what is its mean velocity 
during the fall ? If we take the mean of the velocities at 
successive equal infinitesimal intervals of limey the answer 
will be -J- 1? : but if we consider the velocities at equal 
intervals of spaee^ it will be ^v. The former is the most 
natural supposition in this case, because it is the answer to 
the question — ^What is the velocity with which the body 
would move, imiformly, over the same space in the same 
time? — a question which implies the former supposition. 
We ooidd &ame a similar question, of a less simple kind, to 
which the second value above would be the answer. 
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Again, if we wish to determine the mean value of the 
ordinate of a semicircle, we might take the mean of a seriea 
of ordinates equidistant from each other ; or through equi- 
distant points of the circumference ; or such that the areas 
between each pair shall be equal ; in each case the mean 
value will be different. 

Thus we see that the Mean Value of any continuously 
varying magnitude is not a definite term, as might be 
supposed at first sight, but depends on the law assumed as to- 
its successive values. 

221. Case of One Independent Variable. — ^We will there- 
fore suppose any variable magnitude y to be expressed as a 
function ^ (x) of some quantity x on which it depends, and 
its mean value taken as x proceeds by equal infinitesimal 
increments h from the value a to the value b. Let n be the 
number of values, then nh = b-a. The mean value is 

- I (fl) + ^ (a + A) + ^ (a + 2A) + . . . . |. 
But (Art. 90), 

A j (a) + (a + A) + (fl + 2/i) + . . . . I = <p{x) dx^ 

Hence the mean value is 

I f* 
M = J I {x) dx. (i) 



b - a 



Ja 



EXAJIPLES. 

1. To find the mean value of tlie ordinate of a semicircle, supposing the^ 
series taken equidistant. 

if ss — I ^/r* - x^ dx a - r, 

yiz. , the length of an arc of 45^. 

2. In the same case, let us suppose the ordinates drawn through equi» 
distant points on the circumference. 

I fw 2 

if = — I rsintf <ftf =s -r; the ordinate of the centre of gravity of the arc. 
» Jo *■ 
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3. Determine the mean horizontal range of a projectile in vacuo for dif- 
ferent angles of elevation from 45**- 9 to 45°+ ; given the initial relocitj V. 

If a be the angle of elevation, the range is 

J2 = — sin 2a. 

Heuce Jf = — - 1 — sin 2 a <^a, between the limits 45* + $ ; 

29] g ^ -rj _ , 

,^ F* sini^ 
g 2O 

2 r* 

The mean value for all elevations, from 0° to 90**, is . 

» g 

4. A number n is divided at random into two parts ; to find the mean value 
of their product. 



if" I 

M = - \ X (n — x)dx = -n\ 



5. To find the mean distance of two points taken at random on the circum- 
ference of a circle. 

Here we may evidently take one of the points A as fixed, and the other M 
to range over the whole circumference ; since by altering the position of A, we 
should only have the same series of values repeated ; let he the angle between 
AB and the diameter through ^; as we need only consider one of the two 
4Bcmicircles, 

if = -L [* 2rcos0d0 = — . 
JwJo » 

6. To find the mean value of the reciprocals of all numbers from n to 2fi, 
when n is large. 

That is, to find the mean value of the quantities 

I I I I I II 



«* fi I, *» 2' n «; 

n n n 

that is, the mean value of the function — , as x goes by equal increments from 

tix 

J to 2 ; 

'« dx 



I n dx I 

.'. M = I — = -log 2. 

2-iJi«a; n 



7. To find the mean values of the two roots of the quadratic 

x'^ — ax ■\-h = o, 

the roots being known to be real, but b being unknown, except that it is 
positive. 

a' 

That is, h is equally likely to have any value from o to — ; hence for the 

4 
greater root, a, 
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I fi"" 
if =1-2 «^* 



4 f 
= -^ 1 o(2a-a)£fa; 



6 

The mean value of the smaller root is 7 a. 

6 

The mean squares of the two roots are — a*. — a*. These might be deduced 

24 24 

from the former results, as 

M{x'^) - aM{x) + ibr (*) = o. 

222. If JIf be the mean of m quantities, and M' the mean 
of w' others of the same kind, and if fi be the mean of the- 
whole m + m' quantities, we have evidently 

fi = ■ — r-. (2) 

m 4- m 

Thus if we have to find the mean distance of one ex* 
tremity of the diameter of a semicircle from a point taken at 
random anywhere on the whole periphery of the semicircle ; 
since the mean value when it falls on the diameter is r, and 

Aft* 

the mean value when it falls on the arc is — , we have 

TT 



AT 

2r . r + nr — 

TT or 



M = 



2r + irr 2 + tt 



22^. Case of Two or More Independent Variables. — 

If s = ^ {xj y) be any function of two independent 
variables, and a?, y be taken to vary by constant infinitesimal 
increments A, k^ between given Unfits of any kind, the mean 
value of the function z wUl be 

M = ihp^, (3) 

both integrals being taken between the given limits. 

The easiest way of seeing this is to suppose a?, y, z the^ 
co-ordinates of a point ; and to conceive the boundary repre- 
senting the limits traced on the plane of xy^ and then ruled 
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by lines parallel to a?, y at intervals *, h apart. We have 
thus a reticulation of infinitesimal rectangles hk ; and if at 
«ach angle an ordinate z be drawn to the surface 2 = (a?, y)^ 
as the number of ordinates will be the same as that of 
rectangles, we shall have 

volume j j zdxdy = sum of ordinates x hk. 

Also the plane area j j dxdy = number of ordinates x hk ; 

so that dividing the sum of the ordinates by their number, 
the above expression results. 

It may be shown, in like manner, that for three or more 
independent variables a similar expression holds. 

lib is evident that the above expression, viewed geometri- 
cally, gives the mean value of any function of the co-ordinates 
of a series of points imif ormly distributed over a given plane 
area. 

Examples. 

1. Suppose a straight line a divided at random at two points, to find the 
Average value of the product of the three segments. 

Let the distances of tlie two points X, F, from one end A of the line, he 
called X, y. Consider first the cases when x>y\ the sum of products for these 
is half the whole siun ; hence 

2. A nmnher a is divided into three parts ; to find the mean yalue of one 
part. 

Let jr, y, a - jr - y, he the parts ; 



fa ra^u 
.1. ''•'' , 



dxdy 




This value might he deduced, without performing the integrations, by con- 
sidering that the expression is the ahscissa of the centre of, gravity of the 
triangle OAB ; OA^ OB bein^ lengths taken on two rectangular axes, each = a. 
Of course the result in this case requires no calculation ; as the sum of th« 
mean values of the three parts must be = a ; and the three means must be eqnal. 



a» 



The m$aH tquan of a part is -j 
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3. A number a is divided at random into three parts: to find tHe mean 
yalue of the least of the three parts : also those of the greatest, and of the mean. 

I^t «, y, a — « — y, he the greatest, mean, and least parts. The mean value 

f f a? dx dv , 

of the greatest is if = -7-7-; — 7— ' the limits of both B 

jjdxdy 

integrations being given by 

If X, y be the co-ordinates of a point, referred 
to the axes OA, OB, taking OA ^ OB ^ a, the 
above limits restrict the point to the triani^le A VS 
{AM being drawn to bisect OB) ; and the above 
value of M is the abscissa of the centi*e of gravity 

of this triangle ; L e., - of the sum of the abscissas of its angles ; hence 

3 




M 



I / I I \ II 
3\ * 3 / '8 

The ordinate of the same centre of gravity, viz., 



l(^a-^-a\ = 4 
3\* 3 / »8 



is the mean value of the mean part ; hence the mean values of the three parts 
required are respectively j 



I' 5 I 



4. To find the mean square of the distance of a point within a given 
square (side = 2a), from the centre of the square. 



if = -i- r C (:r2 + y2) dxdy = -«». 

4»^ J-a J-a \ ' 3 



It is obvious that the mean square of the distance of all points on any plane 
area from any fixed point in the plane is the square of the radiue of gyration of 
the area round that point. 



5. To find the mean distance of a point on the circumference of a circle 
from all points iuside the circle. 

Taking the origin on the circumference, and the diameter for the axis, 
if dS be any elemeut of the area, we have 

,^ UrdS I n f2«coe# 321, 

ira* vu* J IT J 9* 
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224. Many problems on Mean Values, as well as oi> 
Probability, may be solved by particular artifices, which, if 
attempted by direct calculation, lead to difficult multiple 
integrals which could hardly be dealt with. 

Examples. 

I. To find the mean distance between two points within a giren circle. 

If M \*e the required mean, the sum of the whole nuxnber of cases is 
represcuted bj 

now let us consiidfT what is the differential of this, that is the sum of the new 
cases introduced hy giving r the increment dr. If Mo be the mean distance 
of a point oit the eireumferenee from a point within the circle, the new cases 
introducid hy taking one of the two points A on the infiniteainud annulus 
ivrdr, are 

irr*ifo. iirrdr; 

doubling thi.<<, for the cases when the point 3 is taken in the annulus, we get 

d. {(irr^fM] = 4'K^Mot^dr. 

Now i/o = — (Ex. 5, Art. 223), 



12X f*" 
.-. ir»r*J!f = IT r^dr, 

9 JO 

ir '^^ 
.*. M = r. 

4ii» 

2. To fi"d the mean square of the distance between two points taken en 
any plunc area A. 

Let dS, d6* be any two elements of the area, A their mutual distance and 
we have 

Now fixing the element dS^ the integral of A^dS' is the moment of inertia 
of the area A round dS ; so that if iT = radius of gyration of the area round dS 

M ^ -^UK^dS; 

let r = distance of dS from the centre of gravity G of the area, k the radius of 
gyration round (7, then 

\ M ^ k^-^^iit^'dS = 2l<?; 

n 

thus the mean square is twice the squaie of the radius of gyration of the area 
round its c«*ntre of gravity. 
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225. The mean distance of a point P within a given 
area &om a fixed straight line (which does not meet the 
area) is evidently the distance of the centre of gravity Q 
of the area from the line. Thus if -4, B are two fixed 
points on a line outside the area, the mean value of the area 
of the triangle APB = the triangle AOB. 

From this it will follow, that if X, F, Z are three points 
taken at random in three given spaces on a plane (such that 
they cannot all be cut by any one straight line), the mean 
value of the area of the triangle XYZh& the triangle OQ'Q'\ 
determined by the three centres of gravity of the spaces. 

Example. 

I. A point P is taken at random 
•within a triangle ABCy and joined with 
the three angles. To find the mean value 
of the greatest of the three triangles into 
which the whole is divided. 

Let G he the centre of gravity, then if 
the ^eatest triangle stands on AB^ P is 
restricted to the figure CHOK, and the 
mean value of AFB is the same as if P 
Avere restricted to the triangle GCK\ . 
hence we have to find the area of the -^ 
triangle whose vertex is the centre of gravity of GCK, and hase AB ; 

.-. M = - (ACB + AKB + AGB) = i/i+i + i^ ^J?C?, 
3 II 3\ a 3/ 

hence the mean value is -^ of the whole triangle. 

' I c 

The mean values of the least and mean triangles are respectively - and -^ 

of the whole. 

226. If Jf be the mean value of any quantity depending 
on the positions of two points (e.g., their distance) which are 
taken, one in a space A, the other in a space B (external to 
A) ; and if Jf ' be the same mean when both points are taken 
indiscriminately in the whole space A + B; Ma^ Mb the 
same mean when both points are taken in Ay and both in B, 
respectively; then, 

{A + By M' = 2 ABM + A^Ma + B'Mb. (4) 

If the space A == By 

4Jf' - iM+Ma-^Mb; 
if, also, Ma - MBy 

2M' ^ M+Ma\ 

X 
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thus if Jf be the mean distanoe of a point within a semi- 
oirole from one in the opposite semioircle, Mx that of two 
points in one semicircle, we have (Art. 224) 

To determine M or Mi \a rather difficult, though their 
sum is thus found. 



Examples. 

I. Two points Xy Y are taken at random within a triangle. Wliat is the 
mean area If of the triangle XYC^ formed by joining them with one of the 
angles of the triangle ? 

Bisect the triangle by the line CD ; let Mi be the mean value when both 
points fall in the triangle ACD; M2 the value when one falls in ulCD and the 
other m BCD; then 

2M « J!f 1 + M2. 

But Ml = - M; and M2 = OG'C, where Q, 0' are the centres of grayity 
oiACDf BCD, this being a case of the theorem in (225) ; hence M2 =-ABCy 

*"^ Jf = ±ASO. 

27 , 

2. To find the mean area of the triangle formed by joining an angle of a 
square with two points anywhere within it. 

By a similar method this is foimd to be 

13 
— ^ of the whole square. 

3. What is the mean area of the triangle formed by joining the same two 
points with the centre of the square ? 

We may take one of the points X always in the square OA ; take the whole 
square as unity ; then if Jf be the meaui the sum 
of all the cases is 

iif-ijf.+ aijG + iifa, 

Ml, M2, Mz being the mean areas when the second 
point Y is taken respectively in OA, OB, and OC 
But Mz = Ml, for to any point Yin. OC there cor- 
responds one Y* in OA, which gives the area 
OXY' = OXY\ 

.-. JMr= -M1 + -M2, 
2 2 

But ifi = j^ • -, Jlf2 = ^ ; hence if = -^ of the whole squai©.* 

* In such questions as the above, relating to areas determined by pointi 
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227. If two spaces A + C^ B + C have a common part 
C, and M be any mean value relating to two points, one 
in A + C, the other in. B + C; and if the whole space 
A + B + C =Wy and Mw be the same mean when both points 
are taken indiscriminately in JF; Ma when taken in -4, &c., 
then 

2{A + C) {B-hC)M = TrMw+ C'Mc- A'Ma- B'MBy (5) 

as is easily seen by dividing the whole number W^ of cases 
into the different classes of cases which compose it. 

Example. 

I . Two segments, ABy CD, of a straight line have a common part C!0 ; to 
find the mean distance of two points taken, one in AB, the other in CD, 

2AB,CD.M=AD^.-AD+CB!^.^CB^AC^.-AC-BIfi.^BD, 

3 3 3 3 

since the mean distance of two points in any line is - of the line ; 

_ AB^ ■{ CB^ - AC^ " DB^ 
•■* ^^ 6AB.CD 

2 28, The consideration of probability often may be made 
to assist in determining mean values. Thus, if a given 
space 8 is included within a given space -4, the chance of a 
point P, taken at random on A, falling on 8, is 

8 

But if the space 8 be variable, and M{8) be its mean value 

M{8) ... 

P = — -J—' W 



taken at random in a triangle or parallelogram, we may consider the triangle as 
equilateral, and the parallelogram as a square. This will appear from orthogonal 
projection ; or hy deforming the triangle into a second triangle on the same 
base and between the same parallels, when it is easy to see that to one or more 
random points in the former there correspond a like set in the latter, determining 
the same eireas. This second triangle may be made to have a side equal to a 
side of an equilateral triangle of the same area ; and then be deformed in like 
manner into the equilateral triangle itself. Likewise a parallelogram may be 
deformed into a square. 

X 2 
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For, if we suppose 8 to have n equally probable values 
^19 Siy S3 ... .y the chance of any one 81 being taken, atid of 
P falling on /Si, is 

I 8, 

Pi = --7-: 

nA 

now the whole probability p =Pi +P2 +i?3 + . . . ; which leads 
at once to the above expression. 

The chance of two points falling on 8 is 

P = — ^- • (7) 

In such a case, if the probability be known, the mean value 
follows, and vice versd. Thus, we might find the mean value 
of the distance of two points X, Y taken at random in a line, 
by the consideration that if a third point Zbe taken at random 

in the line, the chance of it falling between X and JT is - ; as 

3 
one of the three must be the middle one. Hence the mean 

distance is - of the whole line. 
3 

Examples. 

I. From a point X taken anywliere 

in a triangle, parallels are drawn to two C^ 

of tte sides. Find the mean yalue of ^^^\ 

the triangle TTXV. y/^ \ 

If a second point H* be taken at y\^ ^A 

random within ABC, the chance of y^ \ ^y^ \ 

its falling in XUV is the same as the y^L. -,-^^- -\ 

chance of X falling in the corresponding >^ ,---;/^\x \ 

triangle X' 17" F'; that is, of X' falling X.'''''X \ ^ \ 

on the parallelogram XC, Hence y^-''' j/^ \ **'«. \ 

y-' X \ 'A 

mean value of CTXF'ss mean value of XC. a u V B 

But the mean value of ('l7Xr+ XC) is - ABC\ as the whole triangle can he 
divided into three «uch parts by drawing through X a parallel to AB* Thus 

MijrXV) = |^-»C'. 

The mean value of JJV is -AB. For ITT is the same fraction of ^B that tho 

3 
altitude of X is of that of C\ see Art. 225. 



* The triangle may be considered equilateral ; see note, p. 306. 
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Cob. Hence, if p = perpendicular from X on ABy h = altitude of triangle 
ABC, 

M(p'i) = i^*. 
If we take the area ABC as unity, we have, since UXV: AXB = AXB : ABC, 

(AXBy = UXV, 



Thus the mean square of the triangle AXB is -. If two other points Y, Z ar« 

taken at random in the triangle, the chance of both falling on AXB is thus the 

same as that of a single point falling on UXV\ i, e., t- Hence we may easily 

infer the following theorem : — 

If three points X, Y, Z are taken at random in a triangle, it is an even 
<;)iance that F, Z both fall on one of the triangles 
AXB, AXC, BXC. 

2. In a parallelogram ABCD a point X is taken at 
landom in the triangle ABC, and another Y in ADC, 
Find the chance that X is higher than Y, 

Draw XH horizontal, the chance is 

mean area of ASK-^ ADC. 

But J[mr= Z ITT, and the mean area of -1 17"^= 7 ^C» 

I ^ 



<Ex. i) ; hence the chance is 



6* 




3. If be a point taken at random on a triangle, and lines drawn through 
it from the angles, to find the mean value of the triangle DEF, (Mr, Miller,) 

It will be sufficient to find the mean area of the triangle AEF, and subtract 
tliree times its value from ABC. If we put a, $, y for the triangles 
JJOC, AOC, AOB, it is easy to prove 



ABF = 



fiy 



(a + i8)(a + 7) 



*ABC. 



If we now put the whole area ABO=^ i, and 
if dS be the element of the area at 0, 

the integration extending over the whole triangle. 

Now if p, ^ are the perpendiculars from on the sides b, e, it may be easily 
£hown that the element of the area is 




48 = ^'^ 



Bin A be sin^ 



d$dy = idfidy. 
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ThuB the mean value of AEF becomes 

Jo Jo («-i8)(i-7) Jo^ ^'^'i-)3 

Again, bj Art. 95, the definite integral 



I 



I -p 6 

-3- 



Hence the mean value of the triangle DEF is 

10 — »', 
that of u^SCbeing unity. 

It is curious that the same value, 10 — v*, has been found by Col. Clarke to 
be the mean area of a triangle formed by three lines, drawn from A^B^ C to 
points taken at random in <;, ^, respectively. 

4. To find the average area of all triangles having a' given perimeter (2«). 
By this is meant that the given perimeter is divided at random in every possible 
way into three parts, «, b^ e, and only those cases are taken in which a, by e can 
form a triangle ; then the mean value of 



^ = V^*^«-a) (a-*) («-<?) Ax Y B 

has to be foimd. 

Take AB = w, let X, Y be the two points of division, AX = a?, AT^y; 
these are subject to the conditions 

Now J, y 

-" = V («-a)(y-«)(«-y + a^), 



V 



M{A) = 2lJlZl ^— 



.2« r* 
8 



!\ dydx 
* Jy-» 

Again, by Art. 132, we have 

f 



\/ {8-x) {jt-y + x)dx = -(2«-yP, 
y-$ o 



V^« P *J» 4« Jo 4 105 



ir 



Tlie result is therefore : — Mean area = (2*^2. 

105 

In the same case we should easily find 




«» 



Mean square of area = r—, 

60 



Mean Tallies, 



3H 



5. Three points are taken at random within a given triangle ; prove that 
the mean area of the triangle formed hy them is — of the given triangle. 

Gall the area of the given triangle A, the required mean if: we will first 
prove that if Mo be the mean area when one of the three points is restricted to 
a side of the given triangle, 

4 

Let A receive an increment of area dA, by adding to it an infinitesimal hand 
included between the base a, and a line parallel to it; the increase produced in 
the sum of all the cases is found by considering one of the random points 
X taken in this band ; the additional cases introduced will be 

A^dA.Mo. 

The whole increase is treble this, for we must consider also the cases when 
T, Z fall in this band (the cases when tvoo of the three fall on it may be 
neglected, their number being proportional to dt^^. Now the sum of the whole 
original cases is A' i(f; hence 



M 



d(A^M) = 3A«Jfo<fA; 



Now -— - is constant for all triangles (see note, 
P- 306), 

M % 

.', —d.A* = ZA^ModA. .'. I£=-Mo. 
^ 4 




Again, to find 3£o, consider the random point X fixed at a particular point 
2) of the base a, the other two points j; Z, ranging all over the triangle. Let 
M' be the mean value of DYZ; the sum of all the oases, viz.. A' Jf , may be 
decomposed into three groups, (i) when J, Z are in ABJ), (2) both in ACD^ 
(3) one in each triangle : 



.-. (ABCfM' = (ABD)i • ^ABD + (ACB)^' ^ACB + lABD • ACD • ^^, 

»7 27 9 ' 

by Ex. (i), p. 306, and because in case (3) the mean value is the area of the 
triangle formed by joining D with the centres of gravity of ABD^ ACD (Art. 
225). Put BD = ar, altitude of triangle =i?, and we get 

Now when the point X falls in the element di^ the sum of all the cases is 
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6}M*ix ; and hence, when X ranges from i^ to (7, the whole sum of cases is 

9 9 

Hence Jf© = - A ; and therefore Jf = -ifo = — A. 
9 4 «» 

Cor. Hence, if four points Ay B, C, D, are taken at random within a 
triangle, the chance that thej determine a re-entrant quadrilateral is -. For 
the chance that D falls in ABC is the mean value of ABG divided by the 
whole triangle, that is — ; and we have to add to this the chances that CfiUls 

12 2 

in ABD, &c. The chance that ABCBia convex is -. 

3 

PBOBABILITrES. 

229. The calculation of ProbabiKties, when the number 
of favourable cases, as well as the whole number of cases, 
is finite, is not a subject for the infinitesimal Calculus. 
It is when the number of cases depends on continuously 
varyinff magnitudes, and is therefore infinite, that recourse 
has to DC made to the methods of the Integral Calculus. 

The same remark applies here which we had occasion to 
make as to mean values (Art. 220). The value of the pro- 
bability wiU depend on the law according to which we select 
the series of cases which we take as representing the total 
number — ^that is, it wiU depend on which variable (or varia- 
bles) we suppose to be taken at random^ that is, to proceed by 
constant infinitesimal increments ;* in other words, to be the 
independent variable (or variables). Thus, if we have to find 
the chance of the line, drawn from a fixed point to a given 
finite straight line, exceeding a given length, the results will 
be different if, first, we suppose a series of lines drawn to 
points taken at random on the given line, or, secondly, a 
series of lines drawn in random directions from the fixed 
point. In many cases, however, the problem has an obvious 
sense which precludes any such uncertainty. 

* Of course a large numher of values taken at random for a variahle does 
not really form an equi-different series : hut, as they must give a numher of 
points (when measured along a straight line) of uniform density^ they may he 
taken, for the purposes of calculation, as equi-di£ferent. 
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230. Let us consider a simple question on chances. Two 
integers are chosen at random from o to 6 inclusive ; to find 
the chance that the greater of the two exceeds a given value, 
suppose 3. Here the whole number of cases, all equally 
probable, is easily seen to be 

1+2 + 3 + 4 + 5 + 6, 

and the number of favourable cases is 

4 + 5 + 6, 

so that the required chance is -. 

If, however, the question is not confined to integers, but 
the two numbers chosen may have any arbitrary values from 
o to 6 ; or as we may state the question : — Two quantities 
are taken at random from o to a ; find the chance that the 
greater of the two is less than a given value b :-^ 

Let X be the greater ; then for any assigned value of x 
the number of cases is measured hjx (since the lesser may have 
any value from o to a;) ; hence the number of cases when the 
greater falls between x and x-{-dx is measured hj xdx; the 

whole number of cases is therefore xdx; and the favourable 
rb Jo ^ ^2 

<5ases are x dx. The required chance is therefore p = -i» 

Jo ^ 

This instance will serve to show how the Integral Calculus 
may enter into the estimation of chances. It is true that it 
might easily be solved otherwise ; for if the two numbers are 
considered as the distances of two points taken at random in 
a line of length a, from one end of the line, and if we 
measure a distance b from that end, the problem is really to 
find the chance that both points fall within b : which chance 

is evidently — . 

231. We proceed to give a few easy questions on proba- 
bilities : general rules can hardly be given for their solution, 
the number and diversity of the questions which may be 
proposed being so great that no attempt seems to have been 
made to classify or connect them into a regular theory. We 
will give, in particular, several on Local or Geometrical 
Probability. 



314 



On Mean Value and Probability. 



Examples. 

T. If an event B is known to have occurred in a certain oentiuy, the chanee 
that it was not distant more than n years from the middle 'of the century is of 

course ; but if three events A, By C are known to have occuired in thfr 

ICO 

century, and that A preceded B^ and B preceded C, let it be proposed to find 
how this amount of knowledge alters the value of the chance for £, 

Let X be the time from the beginning of the century to the event B\ for 
any assigned value of x^ the number of triple cases is x(^ioo^ x^i hence the 
number of favourable cases divided by the whole number is 



P = 



x{ioo-x)dx 

50-n 

(100 
x{ioo — x)dx 



~ lOO ^\IOO/ 



2. Two numbers, x^ y, are chosen at random between o and a : find the 

a* 
chance that the product xy shall be less than — (its mean value). 

4 



Here 






the integral being limited by a > ar > o, a > y > o, and xy <—* We have 

4 
accordingly to integrate for y from a to o, when x is between o and a ; and from 

a^ a 

— to o, when x is between - and a ; thus 

4« 4 

a 

fSdxdy = J^ «^ + ]^ -<fc = -+-log4- 



Hence 



p = -+-log2. 
4 2 



3. Two points are taken at random in a given line a ; to find the chance 
that their distance asunder shall exceed a given value e. 

It is easy to see that the distances of two such points from one end of the 
line are the co-ordinates of a point taken at random 
in a square whose side is a. Thus to every case 
of partition of the line corresponds a point in the 
square — such points being uniformly distributed 
over its surface. 

Thus, if in the above question x, y stand for the 
distances of the two points from one end of the line, 
y being greater than x, we have to find the chance 
of y — flf exceeding e. The point P whose co- 
ordmates are a;, y, in the square OJD (side = a), 
may take all possible positions in the triangle OBD, 
if no condition is imposed on it. But if y — x> e. 
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then if we measure Off = e, the favourable cases occur only when P is in the- 
triangle SSI; hence the probability required is 



P = 



OBD 



- (H--)- 



In fact this is only performing the integrations in the expression 



P = 



n 



ye 



dydx 



i:i: 



dydx 



4. Two points being taken at random in a line r, to find the chance that no 
one of the three segments shall exceed a given n z N I> 

length e. 

The segments being as before a?, y - «, « — y» 
FE= X, FK^a-y, 1*1= y-x. There will 
be two eases : — 

(i). Ue>-a; takeOU=^Br=J)Z=BN=^e; 

then it is easy to see that the only favourable 
cases are when F falls in the hexagon UZNMJV; 
hence 

^'= — dB3 — = '-n~]- 

(2). If <j < -«; take OV = BV = tf, as before : then the only feTOurabld- 




cases are when F falls in the triangle EST 



B 



K 



P2 



OBD 



- (^)' 



V 

u 



7 

/ T 



since BST = -RT^, and Br= VT\ RE- VH 

2 

= 20 -(a- e). 

Such cases of discontinuity in the functions 
expressing iu*obabilities frequently present them- 
selves. The functions are connected by very 
remarkable laws. Thus in the present question, 
^Pi =f{c)i P2 « F(e)f we have 

fie)-f(a^e) ^ F(e) -• F{a^e). 

5. A floor is ruled with equidistant parallel lines ; a rod, shorter than the- 
distance between each pair, being thrown at random on the floor, to find the- 
chance of its falling on one of the lines {Bufon*s problem). 

Let X be the distance of the centre of the rod ftrom the nearest line, $ the- 
inclination of the rod to a perpendicular to the parallels, 2a the common distance- 
of the parallels, 20 the length of rod, then as all values of x and $ between their 
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-extreme limits are equally probable, the whole number of cases will be repre- 
«onted by « 



Cf. 



w 

dxd$ = tra. 



Now if the rod crosses one of the lines we must have e > ; so that the 

cos 9 

favourable cases will be measured by 



w 

12 rectmO 

de\ dx ^ 20. 



Thus the probability required is'^ = — . 

tra 

This question is remailcable as having been the first proposed on the subject 
now called Local Probability. It has been proposed, as a matter of curiosity, 
to determine the value of ir from this result, by making a large number of trials 
with a rod of length la ; the difficulty however here consists in ensuiiog that 
the rod shall fall really at random ; the circumstances under which it is thrown 
may be more favourable to certain positions of the rod than others ; though we 
may be unable to take account d priori of the causes of such a tendency, it will 
be found to reveal itself through the medium of repeated trials. 

232. Sometimes a result depends upon a variable (or 
variables) all the values of which are not equally probable, 
but the probability of a certain value for a variable depend- 
ing, according to some law, on the magnitude of that value 
itself (and also, perhaps, on the values of other variables). 
Thus a point may be taken in a straight line so that all 
positions are not equally probable, but the probability of the 
•distance from one end having the value a?, being proportional 
to X itself. This would be in fact supposing flie series of 
points in question as ranged along the line with a density 
proportional to a? ; as e. ^. if they were the projections on the 
line of points taken at random in the space between the line 
and another line through one of its extremities. To give an 
example : — 

Two points are taken in a line a, with probabilities 
varying as the distance from one end A ; to find the chance 
of their distance exceeding a length c. 

Let Xfj^j^ike distances from A^ y > x. Here the 
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probability of a point falling between x and a? + efo? is not 
proportional to dxy but to xdx; and the result will be 



r ''' r„ 



-c 

xdx 



c \! c^^ 



P = — —y = I I + — )l I - 



Jo '''l 



xdx ^ o /\ 



The mean values of the three divisions of the line, in the- 
same case, will be foimd to be 



8 4 I 

— a, — a, 

15 15 5 



The above value oip is also the valuirof the chance, that 

the difference of the altitudes of two points within a triangh 

/» 

shall exceed a given fraction - of the altitude of the triangle, 

a 



Examples. 

r. Two points being taken on the rides OA, OB of a square a-, the chance- 
of their distance being less than a gi^en value b is easily seen without calcula- 

tion to be — r, provided d < a, as it is the chance of a point taken at random in 
4a' 

the square falling within a quadrant of a given circle ; suppose now that two- 

points are taken on OAj and two on OB, and that we take X, T^ the two pointa 

furthest from on each side, to find the chance that their distance XY\& lesa 

than a given length b\ {b<a). 

Here the probabilitv of X falling between x and x-\-dx \& proportional 
to xdx; likewise for y, hence 



ij 



xydxdy 
p = ; 

(I xydxdf/ 
Jo 

b* 
the upper integral being limited by «* + y' < J' ; hence i> = -^. 

Thus it is an even chance that the point determined by the co*ordinatM «, y 
shall fall within the quadrant - tra'. 
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2. There is a circular target of area A ; the area of the bull's eye is a. If 
a shot is heard to strike the target, the chance of its having hit the bull's eye is 

of course — r.* If, however, t%oo shots have been fired, to find the chance that 
A 

the heat of the two has hit the bull's eje. 

This is easily solved by elementary considerations ; as the chance of both 
4n%88%ng the bull's eye is 

Hence the required chance of the best shot having hit it is 



a I a\ 



3. Let it be proposed, however, to find the chance of the best of the two 
«hots (t. «., that nearest the centre) having hit any given area a, traced out on 
the target. 

The number of caseton which the worst shot falls on any element <£S, at a 
distance r from the centre, is irr^dS; hence the chance of the worst shot striking 
the area a is 

JJr*rf5 (over a) m 

^ " SSt^dS (oyer A) ^ M' 

where M, m are the moments of inertia of A, a round the centre of the target. 
^ow, the probability of both shots missing a is 



hence that of a being hit (by one or both) is 

■ - i^Y' 



a2 



:and the chance of both hitting it is — . But the chance of a being hit is 

chance of best + chance of worst — chance of both ; 
hence, ifi^i be the required chance, viz., of the best shot striking a, 

m a^ (A — a\* am 

where m, M are the moments of inertia above. 



^' = 'Z-]K' 



* That is, disregarding the effect of the aim directing it with greater 
probability to the centre of the target. This would be practically correct in the 
<;use of a veryh^Uj^dtf man, who frequently misses the target idtogether. 
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233. Curve of Frequency. — In questions relating to a 

variable, the probability of any value of which is a function 

of that value itself, it is often 

useful to consider what is called 

a curve of frequency. Thus, if 

the probabilitj of a given value 

of X is proportional to ^{x)^ and 

ive draw a curve y = C<^{x)^ 

then when a great number 

of values for x are taken, the 

number in any element dx is 

proportional to the area of the curve standing on that 

element: the ordinate of any point P representing the 

density or frequency of the points at P : the abscissas of all 

points taken at random in the area of the curve are equally 

probable. 

Thus, if two points X, Fare taken at random in a straight 

line AB^ and X means always that nearest to -4, the curve 

of frequency for T will be a straight line through A^ that 

for X a straight line through B. This will often simplify 

•questions ; e. g., Suppose we have to find what is sometimes 

called the most probable value for AY^ i.e.y such a value 

AP that -4Fis equally likely to exceed or to fall short of it. 

Since the curve of frequency for 

F is a line AC, we have only to 

find P so that PD bisects the 

AB 
triangle ABC; t.e.y AP = —^; 

because as many values of ^F 
oxceed AP as fall short of it. 

The most probable value is not the mean value, viz., -ABy 

being the horizontal distance of the centre of gravity of 
ABC, from A, 

A point F is taken at random in a line AB = a, and 
then a point X is taken at random \u AT (or a rod may be 
supposed broken in two at random, and one of the pieces 
then broken in two), to find the chance of the length of 
AX falling within given limits. 

Let X, y be the distances from A ; for any assigned value 




320 



On Mean Value and Probability. 



of y, the chance of X falling between x and x-\-dx \% 
— ; hence the chance of X falling between x and x + dxy 

y 

and T falling between y and y + dyy 



is measured by 



dxdy 
ay 




hence the whole chance of X falling 
between x and a? + ob is 

dx[^ dy dx ^ a , , 

— -=- = — log- = -flteloffa?, 
a].jc y a ^x ^ ' 



if for simplicity we put a = i . 

Thus the curve of frequency for X is a logaiithmic 
curve BRy whose ordinate is 

s = - log X ; 

the frequency at A being infinitely great. 
The area of this curve from o to a? is 

^logj; 

and this is the probability of AX being between o and x ; 
the whole area, when a? = i, being i, as it ought to be, as 
it is certain that X falls in AB. The chance of X falling 
between given limits x\ ^' is of course 

a;'logJ,-a^'qog^,. 

To find the mo%t 'probable value of x we should have to 
solve the equation 

x[\ -logir) = . 



this gives x about - of the lino A£. 
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The mean value of jc is 



M = 



i: 



T'% dx 



i 



z dx 



= of AB, 

4 



This last result might have been foreseen : because if we 
take a point at random in each of the segments -4F, TBy 
the line AB is divided into four parts, the mean values of 
which must be the same, as each of them goes through the 
same series of values as the others ; the sum of the mean 
values being AB. 

Examples. 

I. A line is divided at random, and one of the parts again divided at random 
as above, to find the chance that no one of the three parte shall exceed the sum 
of the other two (i. «., that a triangle might be formed by them), {fiambridge 
Math, Tripos, 1854.) 

The probability that X, Y shall be taken in two assigned elements dx, dy 
is (taking a «= i), 

dx dy 



this differential being integrated throughout any limits gives the sum of the 
probabilities of X, Y being found in each pair of values for dx and dy which 
enter into the summation : — ^that is, the cases being mutually exclusive, the 
probability that X, Y will be found in some one of those pairs. 
In the present case the limite are equivalent to 



x<-<y < \, x>y 

2 



I 

z 



Hence 



P 






dydx. I 

-2 — = log a - -. 

y X 



2. An urn contains a large number of black and white bajls, the proportion 
of each being unknown : if on drawing m + ft balls, m are foimd white and 
n black, to find the probability that the ratio of the numbers of each colour lies 
between given limits. 

The question wiU not be altered if 
we suppose all the balls ranged in a line 
AB, the white ones on the left, the 
black on the right, the point X where 
they meet being unknown, and all posi- 
tions for it in AB being d priori equally 
probable. Then, m-i-n pointe being taken 
at random in AB, m are found to fall on 
AX, n on X9. That is, all we know of X is that it is the {m + i]'^ in 
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beginning from ^, of m + n + i points falling at random in AB, If AX = x^ 
AB = I, the number of cases for X between x and a; + ^ is measured by 

r- F- «« (I - «)»• dxJ* 

Hence the probability that the ratio of the white balls in the urn to the 
whole number lies between any two given limits a, /S — that is, that the 
distance from A of the point X lies between a and /S, is 



jp = - 



la ar»» (i — ^^dx 

!«« (i - xY^ 




The cwrve of frequency for the point X will be one whose ordinate is 

The maximum ordinate fT occurs at a point JT, dividing AB \n, the ratio 
m : n ; this is of course what we should expect ; the ratio of the numbers of 
black and white balls is more likely to be that of the numbers drawn of each, 
than any other. The value for p above is simply the area of the above curve 
between the values a, iS, of s, divided by the whole area. 

Let UB suppose, for instance, that 3 white and 2 black balls have been 

drawn ; to find the chance that the proportion of white balls is between - and - 

I 1 5 5 

of the whole — ^that is, that it differs by less than + - from -, its most natural 

h______ "56 18 

p « -J = — 5- = — nearly. 

f x»(i-xydx ^ *^ 

Jo 

The above results will apply to any event which must turn out in one of 
two ways which are mutually exclusive, this bein? the whole of our a priori 
knowledge with regard to it. The ratio of the black, or white, balls to lbs 
whole number, meaning the real probability of either event, as would be 
manifested by an infinite number of trials. We will give one more example U 
the same kind. 

3. An event has happened m times and failed n times in m + n trials. To 
find the probability that, on p + ^ further trials, it shall happen p times ani 
fail q times. 

That is, that, p-\-q more points being taken at random in AB^p shall &11 IB 
AXf and g in BX. The whole number of cases is as before 

[m+w 



f * fm + fi fi 

(AB)P*9 «^ (i - xY dx = ^~~r~ 

Jo [^[2 Jo 



"When any particular set of p points out of the jo + y additional trials, falls m 



* FoI^ a specified set of m points, out of the m + rty falling in AX tiie 
number is ^'" (i - xY^ \ ^^^ n.ucQ\i« ol *uc^ ^^\.^\% -^^ — =r-. 
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AXj the number of fisivourable cases is 









I . 2 . 3 . . . . (J9 + y) 



But the number of different sets otp points is 

I«2.3* ••j9.I.2.3*«*^ 

Henoe the probability is, putting as before \p for i .2 . 2 -- -Pt 



Pi = 






a;^(i — xy^dx 



By means of the known values of these definite integrab (p. 1 15)) we find 

Vp-\-q Vm-^-pVnA-q Tm + ft + i 

\p\q VmVn r«» + n+j9+^+r 

For instance, the chance that, in one further trial, the event shall happen, is 
This is easily verified, as the line AB has been divided into m + m + 2 



ffl + M + 3 

sections by the m + n + i points in it, including X Now, if one more trial is 
made, i, 0., one more point taken at random, it is equally likely to fall in any 
section ; and m + i sections are favourable. 

234. Errors of ObBervation. — One of the most important, 
praotioiEdly, as well as the most difficult, departments of the 
theory of Probability is the subject of Errors of Observation. 
We will give here one example of the simplest possible 
desaription. 

Two magnitudes A and B are measured ; each measure- 
ment being subject to an error, of excess or defect, which 
may amount to ± a, all values between these limits being 
supposed equally probable * To determine the probability 
that the error in the sum, A + By of the two magnitudes, 
shall lie within given limits ; also its mean value. 

Thus, the horizontal angular distance of two objects 
Ay C \a sometimes found by measuring the angle between 
A and By an intermediate object; and afterwards that 
between B and C, and adding the two angles. If each 
measurement is liable to an error ± 5', all values being 

* This supposition must not be supposed to be practLcaUy correct. The 
theory of Errors shows that the probabiUty of an error of magnitude x is pro- 
portional to ^~*«*. 

^ 2 
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B' 



p' 


V 
A' 


o 


I 



B 



H 



A' 



equally probable, to find the probability of the error of the 
result falling within assigned limits : its extreme limits 
being of course ± lo'. 

The question is more easily comprehended by means of 
a geometrical construction than by 
integration. 

Take AB = za^ then all the values 
of the first error are the distances 
fipom of points P taken at random 
in AB ; positive when in OBy 
negative when in OA. Make also 
A'B" = za, the values of the second 
error are given by points in A'B". 
Take any values, OP = x for the 
first, OF^ = ip' for the second; these values taken as co- 
ordinates determine a point V corresponding to one case of 
the compoimd error x + of ; and such points V will be 
uniformly distributed over the square HK. The value of 
the compoimd error £ corresponding to the point V is 

€ = 07 + 0?' = OS, 

if V8 be drawn at 45° to the axes. Now all values of the 
errors x, of which give a? + a?' the same, give the same value 
for € ; hence all points on the line JI correspond to com- 
pound errors of amoimt OS. Take Ss = de; the number of 
compoimd error© between e and e + de is the number of 
points between JI and a parallel to it through s. Now the 
area of this infinitesimal strip is evidently 

{2a - s) ds. 

Hence the probability of the error being between « and 
e + de is 

(20 - e) da 

P = ^ / -» 
4a 

This holds for negative values of c, provided we only consider 
their arithmetical magnitude. 

Thus the frequency of an error of magnitude £ = OS is 
proportional to JI the intercept of a line through S sloping 
The probability of the error £ falling between any 
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two given limits OS, OS' is found by measuring these 
len^Es (with their proper signs) from 0, along AB^ and 
dividing the area intercepted on the square by parallels 
through 8j S' sloping at 45°, by 4a*, the area of the whole 
square. 

Thus the chance of the errcar falling between the limits 

3 
± a (those of the two component errors), is -. 

^. . 
The mean value of the error, gtrictly speaking, is o ; but it 

is evident that for this purposer we ought to consider negative 

errors as positive ; and consequently take the mean of the 

arithmetical values of all the errors, which is the same as the 

mean of the positive errors only ; hence the mean error 

required is 

MU) = ± - a. 
3 

The most probable value, such that it is an even chance that 
the error exceeds it, since the triangle JKI must be - of the 
whole square, for that value of OS, is 

± a{2-y/2) = ±.5860. 

235. Various artifices have been employed for the solution 
of different interesting questions on Probability, which would 
be found extremely tecfious, or impracticable, if attempted 
by direct integration. For example : — 

Two points are taken at random within a sphere of radius 
r ; to find the chance that their distance 
is less than a given value, c. 

Let F = number of favourable cases, 
JF =. whole number ; then 




Let us consider the differential dFy or the additional 
favourable cases introduced by giving r the increment dr, 
c remaining imchanged. 

If one of the points A is taken anywhere (at P) in the 
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infinitesimal shell between the two spheres, then drawing a 
sphere with centre P, radius c, all positions of the second 
point, By in the lens HD common to the two spheres, are 
iavourable ; let i = volume -BD, then the number of favour- 
able cases when A is in the shell is 

/^irr^dr . i; 

doubling this, for the cases when ^ is in the same shell, 

dF = SiD^'Ldr. 

Now it may be easily proved, from the value for the volume 
of a segment of a sphere, that 

-. 27r , TT c* 

L = — <r ; 

3 4 »• 

(21 \ 

hence p = Sir*? - c'r' - -cV* -f C ) ; 

C being an unknown constant ; «. ^., involving c, but not r. 

F c^ g c' gC_ 

* 16 , . r^ 16 r* 2 r^' 

— irr^ 

9 
Now the probability = i, if r = -c, 

... I = 8-9 + -X64— , .-. ^C = T-C. 

2 C 2 04 

c' 9 c* I C* 
' r* 16 r* 32 r** 

If the two points be taken within a drcle^ instead of a 
sphere, it may be proved by a similar process, that 



c' 2 / (?\ , ^ c \ c[ (?\ \ c 



.2 



jw = - + - I--- sin-* 2 + - /4-— . 

It is a very remarkable fact, pointed out by Mr. S. 
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Boberts, that if we draw the chord JEDy the probability is, in 
the case of the circle 

2 . segment EQD + segment UPD 
area of circle £HD ' 

and also, in the case of the sphere, 

2 . volimie JEQD + volume UPD 



P = 



volume of sphere JEHD 



These results evidently suggest that there must be some 
manner of viewing the question which would conduct to 
them in a direct way. 



Examples. 

I. Three points being taken at random within a sphere, to find the chance 
that the triangle which Qiej determine shall be acute-angled. 

As the probability is independent of the radius of the sphere, it is easy to 
see that we may take the farthest from the centre of the three points as fixed on 
the surface of the sphere. For if p hid the probability of an acute triangle in 
this case, p will also be the probability of an acute-angled triangle for each 
position of the farthest point, as it travels over the whole volume of the sphere. 
Hence p will still he tiie probability when no restriction is put on any of the 
points. 

Take then A, one of the points, on the surface of the sphere ; two others Bf C 
being taken at random within it, and let us find the 
chance of ABG being obtuse'ongled ; to do this, we 
will find separately the chance of the angles A^ B, C, 

being obtuse ; the events beins mutually exclusive, the /^ \j^ 

probability required will be ue sum of these three. 

(i). To find the chance that A is obtuse, let us fix 
S ; then, drawing the plane A V perpendicular to AB, 
the chance required is 

volume of segment AHV 
volume of sphere 

Let r = OA, the radius of sphere, p = AB; e= L OAB ; then the volume of 
the segment AHV is 

Jir)'^ (i - cos a)' (2 + cos a), 

therefore when B is fixed the chance is 

J(i - cos a)* (2 -V COS a). 
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Now let B move over the whole volume of the BpherOf and we hftTe fortk 
probability Pj, that A is obtuse 



= Sli 1 I (a - 3 cos d + cos '«) f>* sin edBdp, 

or* J J « 

Hence Pa = — • 

(2). To find the chance, Fmy that B is obtuse. Fix B as before ; then the 
chance that B is ae^Ui is 

segment MHN 
sphere 

Now, volume MHN= JirH ( - + 1 - cos tf j f a -|- cos 6 - - j ; 
so that the chance is 

-} a-3cosa + co8'a + 3- (1- cos* tf) + 3 ^ cos tf - ^ j . 

Hence the whole probability (i ~ Pb) that B is acute is 

w 
"J Tj r2reiM0 t « P* P*) 

j>\3 I [2-3 cose + cos«a+3 ^(i -C06*a) +3 -^costf-^Jp'sinarfOrfp. 

'7 
Performing the integrations, we find Pg-—* 

70 

The probability for Cis, of course, the same as for ^ ; hence the whole pro- 
bability of an obtuse-angled triangle is 

70 70 70 70 

33 
Hence, the chance of an aeute-angled triangle is — . 

For three points within a eireU the chance of an acute-angled triangle is 
4 I 

a. Two points, A^ B are taken at random in a triangle. If two other points* 
C, D are also taken at random in the triangle, to find the chance that they shall 
lie on opposite sides of the line A & 
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The aides of the triangle ABO produced divide the whole triangle into seyen 
spaces. Of these, the mean value of 
those marked (a) is the same, viz., the 
mean value of ABC; or, t^ of the 
-whole triangle, as -we have eSiown in 
page 311 ; the mean value of those 
marked (fi) heing ( of the triangle. 

This is easily seen ; for instance, 
if tlie whole area a i, the mean value 
of the space FBQ ^ves the chance 
that if a fourth point D he taken 
at random, B shall fall -within the 
triangle ADC; now the mean value 
of ABC gives the chance that D shall 
fall within ABO; hut these two 
ohances areequaL 

Hence we see that liA,B,C he 
taken at random, the mean value of that portion of the whole triangle which 
lies on the same side of AB as C does, is H ^f the whole ; that of the opposite 
portion is iV> 

Hence the chance of C and D falling on opposite sides of AB is ^. 

236. Bandom Straight Lines. — ^If an infinite number of 
straight lines be drawn at random in a plane, there will be 
as many parallel to any given direction as to any other, all 
directions being equally probable ; also those having any 
given direction will be disposed with equal frequency all 
over the plane. Hence if a line be determined by the co- 
ordifiates p, en, the perpendicular on it from a fixed origin 0, 
and the inclination of that perpendicular to a fixed axis ; then 
if ^, en be made to vary by equal infinitesimal increments, 
the series of lines so given wUl represent the entire series 
of random straight lines. Thus the number of lines for 
which p falls between p and /? + £^, and a> between en and 
w+dwy wiU be measured by dp dw^ and the integral 

jj dpd<o 

between any limits measures the number of lines within those 
limits. 

It is easy to show from this that the number of random 
lines which meet any closed convex contour of length L is 
measured by Z. 

For, taking inside the contour, and integrating first 
for j?, from o to JO, the perpendicular on the tangent to the 
contour, we have ]pdu) ; taking this through four right fii,ngle8 
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for oi, we have by Legendre's theorem (p. 2 16), JV being the 
measure of the nmnber of lines. 



-1 



la- 



iV= pdw = L. 



(7) 



Thus if a random line meet a given contour, of length L, 
the ohanoe of its meeting another convex contour, of lengtli 
/, internal to the former, is 

(8) 



I 



If the given contour be not convex, or not closed, iVwill 
evidently be the length of an endless string, drawn tight 
aroimd the contour. 



Examples. 

I. If a random line meet a closed conyez contour, of length L, the chance 
of it meeting another such contour, external to the former, is 



X-T 




I. 



P = 



where X is the length of an endless band 
enyeloping both contours and crossing _ 
between them, and Y that of a band also 
enyeloping both, but not crossing. 

This may be shown by means of 
Legendre's integral aboye ; or as fol> 
lows : — 

Call, for shortness, If(A) the number 
of lines meeting an area A ; N(AfA') the number which meet both.^ taidA 
then 

N(SR0QPE:) + NfJS'Q'OR'rE') = N{8R0QPH + S'Q'OKP'W) 

+ N(,8R0QPH, S^QOKTH'), 

since in the first member each line meeting both areas is counted twice. But 
the number of lines meeting the non-cony ex figure consisting of OQPHSR and 
OQS'M'F'R' is equal to the band F, and the number meeting both these areas 
is identical with that of those meeting the giyen areas XI, £t', hence 

x= r+iv(ft,ft')- 



Thus the number meeting both the giyen areas is measured by X - Y, Hence 
tb0 theorem follows. 
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2. Two random chords cross a given convex boundary, of length L, and area 
a ; to find the chance that their intersection falls inside the boundary. 

Consider tiie first chord in any position ; let (7 be its length ; considering it as 
a closed area, the chance of the second chord meeting it is 

2C 

and fhewhole chance, of its co-ordinates falling in dp, dv, and of the second 
obord meeting it in that position, is 

iC dpdof * ^j , 
But the whole chance is the sum of these chances for all its positions ; 



.*. prob. = — I I Gdpdof, 



Now for a given value of », the value of / Q^ is evidently the area £t ; then 
taking « from v to o, 

required probability = -— -. 

The mean value of a chord drawn at random across the boundary is 

J J Cdp du> irA 



Jf = 



// dpdto L' 



237. The consideration of probability sometimes may be 
applied to determine the values of Definite Integrals. For 
instance, if n + i points are taken at random in a line, /, and 
we consider the chance that one of them, X, shall be tiie last, 
beginning from the end A of the line ; the number of favour- 
able cases, when X is in the element dxy is, calling AX^ x ; 



af^dx. 
Hence 

af^dx 

_ _ 



1: 



but the chance must be : we thus have an independent 
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proof that 



1 



3f^dx = 



W+ I 



when n is an integer. 

Again, if w + n + i points are taken, to find the chance 
that X shall be the (n% ■¥ i)thm order ; the number of favour- 
able cases, when X falls in tfor, and a particular set of m points 
falls to the left of X, is 

af*(i - xYdx ; taking / = i ; 

hence the whole number of favourable cases is 



wn 



|« J 



ir^(i - xYdx] 



this is the required probability, since /*»^^»+i = i. But the 

value is , as every point is equally likely to fall 

in the {m + i)th place ; we thus deduce the definite integral 



[ 



a^ (i -xYdx = 



m \n 



\m + n4 I 



when w, n are integers. (See p. 115.^ 

238. To investigate the probability that the inclination 
of the Hne joining any two points in a given convex area Q 
shall lie witnin given limits. 

We give here a method of reducing 
this question to calculation, for the sake 
of an integral to which it leads^ and 
which is not easy to deduce other- 
wise. 

First let one of the points -4 be Q| 
fixed ; draw through it a chord PQ = C, 
at an inclination u to some fixed line ; 
put AP = r^ AQ - r' \ then the number 
oi cases for which the diieotloii o£ tke line joining A and 
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B lies between and + dOy is measured by 

i (r^ + r'')de. 

. Now let A range over the space between JPQ and a 
parallel chord distant dp from it, the number of cases for 
-which A lies in this space, and the direction of AB is 
from to 6 + dOy is (first considering -4 to lie in the 
element drdp) 

idpdol {r' + f^)dr = ^Cdpde. 

Let p be the perpendicular on C from a given origin 0, 
and let w be the inclination of jo (we may put da) for dO)y C 
"wUl be a riven function of jo, cu ; and integrating first for w 
constant, the whole number of cases for which a> falls between 
given limits &>', cu", is 



^r dG, [C'dp; 



the integral jC^dp being taken for all positions of C between 
two tangents to the boundary parallel to PQ. The question 
is thus reduced to the evaluation of this integral ; which, 
of course, is generally difficult enough: we may, however, 
deduce from it a remarkable result ; for if the integral 

iJjC'dpdw 

he extended to all possible positions of (7, it gives the whole 
number of pairs of positions of the points Ay B which lie 
inside the area ; but this number is Q? ; hence 

l\C^dpdw = z^\ 

the integration extending to all possible positions of the 
chord C'y its length being a given function of its co-ordinates 

Cor. Hence if X, O, be the perimeter and area of any 
closed convex contour, the mean value of the cube of a chord 

drawn across it at random is -=r-. 

1j 
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Some other oases of definite int^prals deduoed from the 
theory of Probability are given in a paper in the Philo- 
sophical Tramactiona for 1868, pp, 181- 199. 

Several Examples on Mean Y alues and Probability are 
annexed ; some of them, as also some of the questions which 
have been explained in this Chapter, are 1»ken from the 
papers on the subject in the Educational TimeSy by the Editor, 
Mr. Miller, as also by Professor Sylvester, Mr. Woolhouse, 
Col. Clarke, Messrs. Watson, Savage, and others. Some few 
are rather difficult ; but want of space has prevented us giving 
the solutions in the text. 

We may refer to Mr. Todhunter^s valuable History of 
Probability for an account of the more profound and d^- 
cult (Questions treated by the great writers on the ihmtj 
of Probability. 
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Examples. 

1. A chord ia drawn joining two points taken at random on a circle : find the 
meati aite of the lesser of the two segments into which it divides the circle. 

^ irr« r' 

Am. . 

4 » 

2. Find the mean latitude of aU places north of the Equator. 

Atu. 32^.704. 

3. Find the mean square of the Telocity of a projectile tin vacuo, taken at all 
instants of its flight till it regains the velocity of projection. 

Am. F* cos' o + JF» sin' a : where V = initial velocity, and a = angle 
of projection. 

4. If d; and y are two variables, each of which may take independently any 
value between two given limits (different for each), show that the mean value 
of the product spy is equal to the product of the mean values of x and y. 

5. If X, F are points taken at random in a triangle ABC, what is the 
chance that the quadrilateral ^^XFis convex ? 

Ans, -. 
3 

For, it is easy to see that of the three quadrilaterals ABXT, ACXT, BCXT, 
one must be convex, and two re-entrant. 

6. Find the mean area of the quadrilateral formed by four points taken at 
random on the circumference of a circle. 

Ant, ■— (area of circle). 

7. A class list at an examination is drawn up in alphabetical order ; the num- 
ber n of names being large. If a name be selected at random, find tiie chance 
that the candidate aoall not be more than m places from his place in the order 
of merit. 

Ana. 2 .. (N. B. — This is not, of course, the value of the chance 

fi n* 

after the selection has been made : this may easily be found). 

S. A traveller starts from a point on a straight river and travels a certain 
distance in a random direction. Having quite lost his way, he starts again at 
random the next morning, and travels the same distance as b^ore. Find the 
chance of his reaching the river again in the second day's journey. 

An8. --. 
4 

9. Two lengths, d, b', are laid down at random in a line 0, greater than 
either : find the chance that they shall not have a common part greater than c. 



(a - b'- b' + cY 



336 On Mean Value and Probability, 

10. A person in firing lo shots at a mark has hit 5 times, and missed 5. Find 
the chance that in the next 10 shots he shall hit 5 times, and miss 5. 

An*. ^' '^''^ 8 -il-. If the first 10 shots had not been fired, so that 
19. 17. 13 4199 

nothing was known as to his skill, the chance would be — : if he 

II 

had been found to hit the mark half the number of times out of 

63 
a large nimiber, the chance would be — ^. 

1 1. If a line / be divided at random into 4 parts, the mean square of one 

of the parts is — ^ : but if the line be divided at random into 2 parts, and 

each part again divided into a parts, then the mean square of one of the 4 parts 

is - /^ 
9 

1 2. Three points are taken at random in a line /. Find the mean distance 
of the intermediate point from the middle of the line. 

Ana. ^l 
16 

13. A certain city is situated on a river. The probability that a specified 
inhabitant A lives on the right bank of the river is, of course, ^, in the absence 
of any further information. But if we have foimd that an inhabitant B lives on 
the right bank, find the probability that A does so also. 

Ana, -. N. B. — It is here assumed that every possible partition of tiie 

number of inhabitants into 2 parts, by the river, is equally pro- 
bable a priori. 

14. If A^ B, C, 2), are four given points in directum^ and 3 points are taken 
at random in AD, and one is taken in BC^ find the chance that it shall fall be- 
tween the former two. 



Ana. 2^ I - i?CH BC{AB + CD) + zAB . CD |. 



15. If 2 = a; -I- ^, where x may have any value from o to a, and y any value 
from o to by find the probability that z is less than an assigned value ei {b < a). 



Ana, 


(I) 


If 


e <by 


pi = 


c2 
2ab' 








(0 


If 


a>e>b, 


P2 = 


e-ib 

m 

a 








(3) 


If 


e > a, 


Ps- 


:.-(i 


+ 4- 


■ cy 



If we denote the functions expressing the probability in the three, 
cases by /i (a, b, e), /2(«, b, c), fz{a, b, e), we shall find Uie re- 
lation 

Ma, 6, c) -V /<a, b, c^ = f^Ca, 6, c^ -f fz(b, a, <?). 
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16. In the cubic equation 

«' + pa: + ^ = o, 

p and g may have any values between the limits ± i . Find the chance that the 
three roots are real. 

Ant, — Vs* 
45 

17. Two observations are taken of the same magnitude, and the mean of the 
results is taken as the true value. If the error of each observation is assumed to 
lie within the limits ± a, and all its values to be equally probable, show that it 
18 an even chance that l^e error in tiie result lies between tiie limits ± 0.293a. 

18. A point is taken at random in each of two given plane areas. Show 
that the mean square of the distance between the two points is 

*» + *'» + A« ; 

where A is the distance between the centres of gravity of the areas ; and, k, k' 
are the radii of gyration of each area round its centre of gravity. 

19. The mean square of the area of the triangle formed by joining any three 
points taken in any given plcuie area is 

a 

where A, A; are the radii of gyration of the area round the two principal axes of 
rotation in its plane. 

If one of the points is fixed at the centre of gravity, the value is i h^lfi, {Mr, 
Woolhouse.) 

ao. A line is divided at random into 3 parts. Find the chance (i) that they 
will form a triangle : (2) an acute-angled triangle. 

Ana, (i). i?i = i. 

(a), jpa = 3 log a - a. 

a I . A line is divided into n parts. Find the chance that they cannot form a 
polygon. 

Ana. — -r. 
a»-i 

22. If two stars are taken at random in the northern hemisphere, find the 
chance that their distance exceeds 90"*. 

Ans, — . 

IT 

23. The vertices of a spherical triangle are points taken at random on a 
sphere. Find the chance (i) that all its angles are acute ; (2) that all are obtuse. 
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24. Tbe density of an assemblage of points, bounded by a given contour, 
▼aries inversely as the distance from a point within the contour. Find the 
mean distance of the points from 0. 



,1 
1 



r^de 



Am. M rs - : takingrs/^O) as the given polar equation of the contour. 

2 f ^ 

rd6 



25. Two eqnal lines ol length a include an angle $ : to find the ehance thtt 
if two points P, Q are taken at random, one on each line, their distance FQ shall 
be less than a. 

Afu, (i). When - > ^ > - ; pi = ^ — + a cos^. 

2 3 2 sine 

„ (2). When ^> -; ps = — r-r. 
^ ' 2 2 8in9 

Here the functions are oonneoted by the relation F{B) + J^ir- 0) =^(0 +./(*'-^)- 

26. The density of a city population varies inversely as the distance from a 
centriJ point. Find the chance that two inhabitants chosen at random within 
a radius r from the centre shall not live further than a distance r from 
each other. 

Ana, p = log3+-( i J + — I •:— i+ — L t-t; whence 

3 4''ir\ 2/ iTjosma iirJ? sine 

8 

p = 0.7771. This result is easily obtained by employing the values given in 
Ques. 25. 

27. Four points are taken at random within a circle or an eUipse. Show 

• 3c 
that the chance that they form a re-entrant quadrilateral is — ^. 

16 

28. Find the mean distance of two points within a sphere. Atu. ^r. 

35 

29. Three points A, B, C axe taken within a circle, whose oentre is 0. 
Find the chance that the quadrilateral ABCO is re-entrant. 

Ana, i + -3-. 
4 S** 

30. Find the chance that the distance of two points within a square shall 
not exceed a side of the square. 

Ana, p ^ -^ -11, 

6 
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31. In the same case, to find the chance that the distance shall not exceed 
an assigned value e ; the square being a\ 

d^ / 8 I \ 

Ahb, (i). When e<ai p = -Aira^ — ac + -c«). 

«*V 32/ 

„ (a). When0>a; p = 4— 8in-i--ir-r+- — -= — \/c»-a»-a-r -—; + -. 

32. Three points are taken at random on a sphere ; the chance that in the 



I 



sphfirioal triangle some one angle shall exceed the sum of the other two is -. 

I ^ 

Also the chance that its area shall exceed that of a great oirole is -. 

33. If a line be divided at random into 4 parts, it is an even chance that 
one of the parts is greater than half the line. 

34. The mean distance of a point within a triangle from the vertex Cis 

' + -h --log ' 



3 \ a 



2<? € *a+^+«)' 

where A is the altitude of the triangle. 

35. The mean value of the distance between any two points in an equi- 
lateral triangle is 



ir = la(i.ilog3). 



This question may be solved by proving that M — ^ ifo, where Jfo is the 

mean distance of an angle of the triangle from any point within it. For, 
let Mo — fiA^, where fi is conatant, and A <« area of the triangle. Take now 
any element dS of the triangle, draw from it parallels to the sides to meet the 
base ; let 5 be the area of the equilateral triangle so formed : the sum of the 
whole number of cases will be equal to 

6!J9.fi&.dS = JfAS 

if dS is made to range over the whole triangle : if we call the whole triangle 
unity, and put dS = 2dad$ as in (Ex. 3, p. 309), S « a', and the integral 

6 
becomes — fi = M, The result then follows from (34). 

36. From a tower of height A, particles are projected in all directions in 
space, with a velocity due to a fall through a height h. Show that the mean 
value of the range is 

Jtf" = lA I x/i- x^.dx. (Prof, fFoittmhoime.) 
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37. If there be m quantitiee a, ^, «, <f . . . . each of which takes indepeo* 
denUy a friven series of values ai, «S) at, . . . . , ^, ^ ^t, . . . . &o., (the number 
of Tames is different for each), if we put 

and for shortness we denote " the mean value of «" by Mk^ prove that 

ifSa = Ma-^-Mh^ Me-^ ,, ,. ^ tMa^ 
Jf(a«)«- {:iMaf - a(lfa)« + %M{a*), 

38. Two points are taken at random in a triangle. Find the mean area of 
the ttiangular portion which the line joining them cuts off from the whole 
triangle. 

Ant. - of the whole. 
9 

39« A ship at A observes another at Bf whose course is unknown. Sup- 
posing their speed the same, prove that the chance of their coming within a given 

2 d 
distance d of the second is always -sin~^-, whatever the course taken by J ; 

* ** d 

provided its inclination to AB is not greater than cos~^ ^ : putting AB = a. 

{Camb. Math, Tripos, i^Ti, Prof. Miller.) 

40. A random straight line crosses a circle. Find the chance that two 
points taken at random shall lie on opposite sides of the line. 

128 

Ans. z : this is deduced at once from the value of if, the mean 

45*« 2M 

distance of the two points ; as the chance = — . 

2icr 

41. A point is taken at random in a triangle. What is the probability 
that if three other points are taken at random, one shall lie in each of the 
triangles JOB, BOC, CO A ? 

Am. — . This may easily be found to depend on the 
integral J J a/9 7 . 2dad$, where a, /9, 7 are the three triangles above. 

42. A line crosses a circle at random ; to find the chance that a point taken 
at random in the circle shall be distant from the line by less than the radius of 
the circle. ^ 

An8. I . 

3^ 
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MiSCELLAKSOUS EXAMPLES. 

r. If a be the sagitta of a circular segment whose base is by prove that the 
area of the segment is, approximately, 

2 a* 
= - a* + -T. 

3 a* 

2. Find the area of the inverse of a hyperbola, the centre being the pole of 
inversion ; and show that the area of the inverse of an ellipsei under the same 
circumstances, is an arithmetic mean between the areas of the circles described 
on its axes as diameters. 

3. Find the value of 

/ log (a; + v^a;* + a') dx. 

Ant, a;log(« + V a;'+a^ - V^a^+a^ 

f2ir 

4. Show, from Art. 157, that the definite integral | pcUa^ when extended 

Jo 
round any convex closed boundary is equal to the whole length of the boundary. 

5. In a spiral of Archimedes, if P, Q, and P\ Q be the points of section 
with any two branches of the curve made by a line passing through its pole ; 
prove that the area bounded by the right line and by the two branches is half 
the area of the ellipse whose semi-axes are PF' and P'Q, 



6. Find the value of 



(dx Ix + a 
X ^ ey X + b 



*;. If an ellipse roll upon a right line, show that the differential equation 
of the locus of its focus is 

8. A circle rolls from one end |o the other of a curved line equal in length 
to the circumference of the circle, and then rolls back again on the other side of 
the curve ; prove that, if the curvature of the curve be throughout less than 
that of the circle, the area contained within the closed ourve traced out by the 
point of the circle which was first in contact with the flzed curve is six times 
the area of the circle. {Camb, Math. Tripos y 1H71.) 

9. In the same case show that the entire length of the path described 
is 8 times the diameter of the circle. 

10. Prove that the area between two focal radii of a parabola and the curve 
is half the area between the curve, the corresponding perpendiculars on the 
directrix, and the directrix. 
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1 1 . Eyaloate the following integrals : 

12. If J2 a («^ 4- ttxy + te, and M a log ^-— , find, by differentia- 

tion, the relation between the integrals 



I 



ds r sbdM 



13. If a curve be such that the area between any portion and a fixed right 
line is proportional to the corresponding length of the curve, show that it is a 
catenary. 

14. Prove that the volume of a rectangular parallelepiped is to that of its 
circumscribed ellipsoid as 2 : irv/3. 



15. Prove that 



f« d% f 3 <» 

Jo v^i-K^sin'* Jo \/ic»-sii 



sin'tf 
where sin/S « lesina. 

16. If any number of triangles be inscribed in one ellipse, and circumscribed 
to another ellipse, concentric and similar, prove that these triangles have all the 
same area. 

17. Show that the value of the integral 



1: 



may be exhibited by the following geometrical construction. Let the curve 
whose equation is r*"'^^cos » = i roll on the axis of x^ take the points 

in T 2 

C^i> y\) («?2) y%) on the roulette described by the pole, such that yi s= a, ya = ^) 
then 



f: 



dy 

= *»-«!• {Mr. JeUett.) 



y/y«- 



18. If « be the length of the arc of a spherical curve measured to any point 
P, and t be the intercept on the great circle touching at P, between the point of 
contact and the foot of the perpendicular from the pule, prove that 

« - ^ = j sin p dot. 
The proof ie similar to thai oC the coTt««\vQ'ivdvci%\.\i«QT«m in piano. See Art. 158. 
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19. Prove that the yolume of a polyhedron, haying for bases any two 
polygons situated in parallel planes, and for lateral faces trapeziums, is 
expressed by the f ormida 

~(^ + -B' + 4-B"); 
o 

where ^is the distance between the parallel planes, B and ff the areas of the 
polygonal bases, and ff' the area of the section equidistant from the two bases. 

ao. If iS be the length of a loop of the curve r* s a* cosntf, and A the area 
of a loop of the curve r'" = a^** cos 2nO, prove that 

*«' 
AxS = — . 
in 

21. Find approximately the area, and also the length, of a loop of the 
oarve r^e of cos^; (see Bif. Oal., Art. 269). 



Ant. area s a' x 0.56616, 
length = a X 2.72638. 



22. Find the value of the integral 



f (I '\-x')dx 
J (i+x + a^f 



23. If ^ be the area of any oval, B that of its pedal with respect to any 
internal origin 0, and C that of the locus of the point on Uie perpendicular 
whose distance from is eq^ual to distance of point of contact £n>m ; prove 
that Af Bf Care in arithmetical progression. 

24. The arc of a curve is connected with the abscissa by the equation 
f' = ix, find the curve. 

25. If the co-ordinates of a point on a curve be given by the equations, 

jr = £ sin 20 (i + cos 20), y = e cos 20(i - cos 20), 
prove that the length of its arc, measured from the origin, is 

- sin 3 9. 
3 

26. Show how to ^d the sum of every element of the periphery of an 
ellipse divided by any odd power {ir + 1) of the semi-diameter conjugate to 
that which passes through the element, and give the result in the case of the 
fifth power. {Mr, W, Boberta,) 



"ii gives ^ ,.^ when r « 2. 



^'^'- / rvt, 1 f* («'oos«0 + i»sin»0)»-i<W. 
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27. A iphere inteneota a right cylinder ; prove tliat the entire surface of the 
crlinder included within the sphere is eqnal to the product of the diameter of 
the cylinder into the perimeter of an ellipse, whose axes are equal to the 
greatest and least intercepts made hy the sphere on the edges of the cylinder. 

28. Show that the equations of the involute of a circle are of the form 

«aaco60-l-a^8in0, y = aBin0 — o^cos^, 

and prove that tUe length of the arc of this involute, measured from ^ = 0, is 
one-half of the arc of a circle which would he descrihed hy a radius equal to the 
arc of its evolute moving through the angle 0. 

29. Show that the area of the cassmaid 

r* - laV cos 20 + 0* s ^ 

is expressed hy aid of an elUptio arc when ^ > a ; and by a hyperbolic arc 
when a>h. 

30. A string AB, ot given length, lies in contact with a plane convex curre 
with its end A fixed ; the string is unwoimd, and B is made to move about A 
till the string is again wound on the curve, the final position of B being B' ; 
prove that for variations of the position of A, the arc traced out by B will he a 
maximum or a minimum, when the tangents at B and B* are equally inclined 
to the tangent at A ; and will be the former or the latter, according as the 
curvature at A is greater or less than half the sum of tJie curvatures at B 
and B—{Camb. Math, Tripos, 187 1.) 



31. Find the value of 



Ce'^^'')^ An. /i-V^ 



32. Find the length and also the area of the pedal of a oissoid, the vertex 
being origin. 

8(1 /— irit^ 

Ana. — 7zlog(2 + v^3)-4fl; — . 

33. Prove that the length of an arc of the lemniscate r^ = a' cos 20 is 
represented by the integral 



TJ^Trr 



'v/2 J -v^ I - Jsin»0 

34. Integrate the equation 

cos $ (co80 - sina sin^) iM -t- cos ^ (cos^ — sina sinO) di^ = o. 

If the arbitrary constant be determined by the condition that the equation must 
be satisfied by the values (o, a) of (9, 0), show that the equation is satisfied by 
putting + - a. 
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35. Each element of the surface of an ellipsoid is divided by the area of 
the parallel central section of the surface ; find the sum of all the elementary 
quotients extended through the entire ellipsoid. Am. 4. 

36. Hence, show that 



1:1 



This depends on the expression for an element of the surface of an ellipsoid in 
terms of the elliptic co-ordinates of a point. See Salmon's €reometry of Three 
Dimensions, Art. 426. This proof is due to M. Ohasles (LiouviUe, tome iii., p. 10) . 

37. Hence prove the relation 

Fim) E{n) + F{n) E{m) - F{n) F{m) = -, 
where 

ir V 

F{m) = (* . ^ E{m) = f' ^ I - w* sin^ d rf«, 

Joy/i _w28in2^ Jo 

and w' + «* = I. 

Let V = A sin (7, and /x = v^ ^^sin*^ + A:*co8*^, in the preceding, and it 
becomes 



IT n 



fi f 1 A* sin> + A:2 cos2</» - h^ giu^tf 

I I — — T ■ a9 a<p 

J J v^ A* sin2 ipi- k^ cos-* <i> y/k^ - h?- sin^'d 



IT IT IT W 



a» V^A2 8in2 A + >fc2 cos"^ <1» , f 2 f^ -v/yfc* - A» siii^ % 
- ^ rfg^ + -- JL- — - rfa£/,ft 
v^Ar«-A-8m^d JoJoV^'^sin^^ + AHos^i/) 



-rr 

J Jo 



ir IT 



V^A* 8in20 ^. ^2 co8«</) ^/a-3 - A2 sin^tf ' 



This furnishes the required result on making h = mk. 

The preceding formula, which is due to Legendre, gives a general relation 
between complete elliptic functions of the first and second species, with com- 
plementary moduli. 

38. If three curves be described on the surface of an ellipsoid, along the first 
of which the perpendicular to the tangent plane makes the constant angle y with 
the axis of 2, along the second /S with the axis of ^, and along the third a with the 

axis of a, and if the angles be connected by the relations = —7— - — - ; 

then, if ^3, Az^ ^1, be the included portions of the ellipsoidal surface, prove that 



Ai - A2 Ai - A3 A2 - A 



1 



^ + -^ 4- -^ = o. {Mr. Jellett.) 



a* b^ 

2 A 
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39. Show that the results in Arts. 161 and 162 are true for spherical conies 
where the tangents are arcs of great circles on the sphere. 

40. Integrate the expression 



\/ a sin* 9 + b cos' .^ 



41. If the symhols sin hyp. ^, cos hyp. ^, represent the hyperbolic sine 
and cosine of A J[see Ex. i, p. 179) ; find the values of sin hyp. (A + B) and 
cos hyp. (^ + ^) in terms of tiie hyperbolic sines and cosines of ^ and B. 

Ant, Cos hyp. {A+B) = cos hyp. A cos hyp. B + sin hyp. A sin hyp. JJ, 
sin hyp. (A-^-B) ^ sin hyp. A cos hyp. B + cos hyp. A sin hyp. B. 

42. Prove that the value of 

)°° cos bxanax , . w v 
axia 0. - or - , 
X '42' 

according as d is >, = , or < a. 

43. Prove that 

(* sin^o; { 
^ 

= - multiplied by the lesser of the numbers a and b. 



* sin ^o; sin od? , 
— dx 



2 



44. If tf be the eccentricity of an ellipse whose semiaxis major is unity, and 
JS the length of its quadrant, prove that 

Eede wh 






45. US represent the length of a quadrant of the curve r^ s= a^ cos w9, 
and Si the quadrant of its first pedal, prove that 



^ „ m + I 
2«n 



Here (Ex. 3, p. 215), we have 



6'=--- . 

2?/» 



\2m) 



\ 2m I 
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Also, the first pedal (Dif. Gal., Art. 190) is derived by substituting 



m+ I 
instead of m^ hence 



_ (wt+ i) a Vir * \ im / 
oi = — 



/- r 



2m 



„^ (m + I) ira« ^ V^^^/ (m + l) ira\ 



4m' 



» / I \ im 



\ 2W/ 



46. In general, if 8% be the quadrant of the f»<* pe^pU of the curve in the 
last, prove that 

mil + I , 

Sn.l 8n = -— »«'. 

Here the equation of the n*^^ pedal is got (Dif. Gal., Art. 190) by substi- 

tuting instead of m in the equation of the proposed, .*. &c. {Mr, W. 

mn -i- I 

SobertSf Liou. z., p. 177.) 

47. If two confocal ellipses be such that a polygon can be inscribed in the 
one and circumscribed to the other, prove that an indefinite number of such 
polygons, can be described, and that they aU have the same perimeter. (ChaaU^ 
Comptea Itendua^ 1^43) p> S38). 

48. Being given any plane closed curve ; if dt represent an infinitely small 
superficial element of area at a point outside the curve, and tj t* the lengths of 
the tangents from the point to the curve, and 9 ihe angle of intersection of these 

tangents : prove that the sum of the quantities represented by — — y taken for 

all points exterior to the curve is equal to air*. (iVo/l CrofUm, Fhil, Trans, ^ 
1808.) 

49. Find the mean distance of two points on opposite sides of a square, whose 
side s I. 

Ant, ^ "" ' + log (I + Va.) 

« 

50. A cube being out at random by a plane, what is the chance that the sec- 
tion is a hexagon? (Ool, Clarke,) 

. y/3 cot-* V3 - Va cot-> Va ^ . 

Ana, -^ i = .04046. 

5 1 . Three points are taken at random, one on each of three faces of a tetra- 
hedron ; what is the chauce that the plane passing through them cuts the fourth 
face? (Col. Clarke.) 

Ant, -. 



*' 



34^ Miscellaneous Examples, 

52. Two stars are taken at random from a catalogue : what is the chance that 
one or hoth shall always be visible to an observer in a given latitude, X ? {Qol. 
Clarke.) 

Ant, - nmSn X + - sin x. 
2 4 

53. Find the chance that the centre of grivit^r of a triangle lies inaide the 
triangle formed by tliree points taken at random within the triai^j^ 



Ana. '— (a + — log 4 ] . 
27 V 3 / 



54- Two Joints «re taken at random in a triangle, the line joining them 
dividing the mangle into two portions : find the mean value of that portion 
which contains the centre of gravity. 



Ana, - (470 + — log 4) •^• 



55 Show that the mean distance if of a point in a rectangle from one angle 
is given by 

3ar.rf,_^log_+-jlog— , 

a and b being 49 rfdes, d the diagonal. 

56. Show that the mean distance M of two points within a rectangle is 
given by 



I 



,^ a» *» ^/ «» *»\ 5 /*S a-Vd a^ b-^d\ 



This result may be deduced from the preceding : for if /x = mean distance of a 
point within the rectangle whose sides are a;, y, from one of its angles, it is eaay 
to see that 

a'i'if=4 I I xyixdxdy^ .'. &c. 
J J 

57. Show that if if be the mean distance of two points within any convex 
area XI, we have 



Jf=^jJM'<i!pA.. 



where 2, X are the segments into which the area is divided by a straight line 
crossing it ; the eo-ordinatea of the line being p, » ; and the integration extend- 
ing to all poiitions of the line. 

This may be seen by considering that if a random line crosses the area, the 

lif 

chance of its passing between the two points is -y, L being the length of boun- 

dary : again, for any position of the line, the chance of the points lying on 
opposite sides of it is — j- ; therefore the whole chance is — ^ Af (S5'), where 
21 {XX) is the mean value of the product XX for all positions of the line. 

THE END. 



r 



